UNIVERSIDAD COMPLUTENSE DE MADRID
FACULTAD DE CIENCIAS FiSICAS

TESIS DOCTORAL

Polinomios ortogonales, relaciones de recurrencia y ecuaciones no lineales

MEMORIA PARA OPTAR AL GRADO DE DOCTORA

PRESENTADA POR

Itsaso Fernandez Irisarri

DIRECTOR

Manuel Manas Baena

© ltsaso Fernandez Irisarri, 2025



UNIVERSIDAD COMPLUTENSE DE MADRID
FACULTAD DE CIENCIAS FISICAS

TESIS DOCTORAL

Polinomios ortogonales, relaciones de recurrencia y
ecuaciones no lineales

Itsaso Fernandez Irisarri

Director

Manuel Manas Baena

Doctorado en Fisica






Indice general

Agradecimientos . . . . . ... ...
Summary

Resumen

Lista de Publicaciones . . . . . . . . ..

1. Introduccién

1.1. Objetivos de la tesis . . . . . . ..
1.2. Polinomios Ortogonales . . . . ..
1.3. Resultados. . . ... ... ... ..

1.3.1. Polinomios ortogonales discretos . . . .. ... ... ...
1.3.2. Polinomios ortogonales multiples discretos respecto a dos

PesosS. . . ...

1.3.3. Extensién a la ortogonalidad multiple respecto a g pesos .

1.4. Conclusiones y problemas abiertos

2. Publicaciones

_ O -1

13
13
28
28

34

47

53



6 INDICE GENERAL

Agradecimientos

Me gustaria expresar agradecimientos y dedicar unas palabras a algunas per-
sonas que me han acompanado durante este periodo de mi vida.

Expreso mi gratitud hacia el Departamento de Fisica Tedrica por su buena
disposicion en todo lo que he precisado.

Agradezco a mi director, Manuel Manas Baena, por aceptarme como alumna
e iniciarme en el mundo de la investigacion, asi como por ayudarme y ensenarme
a progresar como persona y académicamente.

A nivel personal, doy gracias a mi pareja, por su apoyo y comprension, dado
que sin ellos no habria llegado hasta aqui.

Agradezco de todo corazdén el carino y apoyo mostrado por mis padres, ya
que sin ellos no habria podido realizar esta tesis.



INDICE GENERAL 7

Summary

The purpose of this Thesis is to obtain non-linear relatiosnships for recu-
rrence coefficients from several types of orthogonal polynomials using matrix
analysis techniques in order to study the discrete orthogonality with one weight
and to expand it to the multiple discrete orthogonality with weights that satisfy
Pearson equations.

Firstly, for the purpose of studying the discrete orthogonality, Gauss-Borel
factorization is applied to the moment matrix, which in this case is reduced to
a Choslesky factorization. In this case, polynomials are expressed in terms of 7
functions, which are generalized hypergeometric functions wronskians. Also, the
Laguerre-Freud matrix is introduced, which is a banded matrix and its struc-
ture depends of the Pearson equation polynomials degrees. The Laguerre-Freud
matrix codes the shifts for the independent variable of polynomials and it is
used to obtain the Laguerre-Freud equations, which are fulfilled for the recu-
rrence coefficients. Besides, several systems of equations and relevant equations
are obtained: the recurrence coefficients form a Toda system, the 7 functions
fulfill a Toda equation and the squared norms of the polynomials satisfy Nijhof-
Capel Toda equations. In order to conclude the discrete orthogonality research,
several orthogonal polynomial families are estudied: generalized Charlier, ge-
neralized Meixner, and those families in which the first moments are given by
generalizaed hypergeometric functions 1 Fy, o Fy, 3F y o Fy (which is also known
as Hahn I case), and the Laguerre-Freud equations are obtained for them. For
the generalized Charlier case second and third order ordinary differential equa-
tions, that are related to Painlevé equations, are obtained.

Subsequently, in order to expand that which has been studied for the discre-
te orthogonality to discrete multiple orthogonality, Gauss-Borel factorization is
applied to the moment matrix. For the multiple orthogonality, polynomials are
written in terms of 7 functions which are multiple wronskians of hypergeometric
equations. In addition, the Laguerre-Freud matrix, which is a banded matrix,
is introduced and models spectral parameter shifts for type I and type II poly-
nomials, and it is used to obtain the Laguerre-Freud equations. Analogously to
the discrete orthogonality, multicomponent expansions of the Toda system are
obtained for the recurrence coeflicients, an expansion of the Toda equation for
7 functions and an expansion of the Nijhoff-Capel Toda equations fulfilled by
the squared norms of the polynomials. Finally, some families of multiple ortho-
gonal polynomials are studied: Charlier, generalized Charlier, Meixner II and
generalized Meixner II.

Conclusions obtained are:

= The Laguerre-Freud equations for the recurrence coeflicients are related
to Painlevé equations for the discrete orthogonality.

= The number of non-null diagonals that are contained in the Laguerre-
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Freud matrix depends on Pearson equations polynomials degrees: for the
discrete orthogonality the number of non-null sub-diagonals is given by
the o polynomial degree and the number of super-diagonals is given by
the 6 polynomial degree, and for the multiple orthogonality with g weights
(where ¢ > 2) the number of sub-diagonals is given by ¢M, where M =
max{deg oM, ..., deg J(Q)} and the number of super-diagonals is given by
the 0 polynomial degree.

The number of Toda equations and the number of involved variables in-
crease as the number of weights increases.

The 7 function for the discrete orthogonality fulfills a second order difference-
differential equation and for the discrete multiple orthogonality with two
weights a third order difference-differential equation is fulfilled.

The Toda type system which is fulfilled by the recurrence coefficients has
q + 1 equations, where ¢ > 1, and has a general form.
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Resumen

El objetivo de esta tesis es obtener relaciones no lineales para los coeficientes
de la recurrencia de varios tipos de polinomios ortogonales usando técnicas de
andlisis matricial en el estudio de la ortogonalidad discreta para el caso de un
peso y su extensién a la ortogonalidad multiple con pesos que satisfacen ecua-
ciones de Pearson.

En primer lugar, a la hora de estudiar la ortogonalidad discreta se aplica la
factorizacién de Gauss-Borel, que en este caso se reduce a una factorizacién de
Cholesky, a la matriz de momentos. En este caso, los polinomios se expresan
en términos de funciones 7, que son wronskianos de funciones hipergeométricas
generalizadas. Ademads, se introduce la matriz de Laguerre-Freud, que tiene una
estructura a bandas y dependera de los grados de los polinomios de la ecua-
cion de Pearson, que modeliza los saltos en la variable independiente de los
polinomios y se emplea para obtener las ecuaciones de Laguerre-Freud, que son
relaciones que satisfacen los coeficientes de la recurrencia. Por otro lado, se ob-
tienen varios sistemas de ecuaciones y ecuaciones relevantes: los coeficientes de
la recurrencia forman un sistema de ecuaciones de Toda, las funciones 7 satisfa-
cen una ecuacion de Toda y las normas al cuadrado de los polinomios satisfacen
ecuaciones de Nijhoff-Capel Toda. Para culminar el estudio de la ortogonalidad
discreta, se estudian las familias de polinomios de Charlier generalizado, Meix-
ner generalizado, y aquellas en las que los primeros momentos son las funciones
hipergeométricas generalizadas 1Fs, oFs, 3Fy v oF) (0 caso de Hahn I), obte-
niéndose las ecuaciones de Laguerre-Freud. En el caso de Charlier generalizado
se obtienen ecuaciones diferenciales ordinarias de segundo y tercer orden para
los coeficientes de la recurrencia relacionadas con las ecuaciones de Painlevé.

Posteriormente, para extender lo dicho anteriormente a la ortogonalidad
multiple discreta, se aplica la factorizacién de Gauss-Borel a la matriz de mo-
mentos para polinomios ortogonales miltiples discretos. En el caso de la ortogo-
nalidad multiple, los polinomios se escriben en términos de funciones 7 que son
wronskianos multiples de ecuaciones hipergeométricas. Asimismo, se introduce
la matriz de Laguerre-Freud, que tiene una estructura a bandas, dicha matriz
modeliza los saltos del parametro espectral de los polinomios de tipo I y tipo
IT y se emplea en la obtencion de las ecuaciones de Laguerre-Freud. De forma
analoga al caso de la ortogonalidad discreta, se obtienen extensiones multicom-
ponente del sistema de Toda que satisfacen los coeficientes de la recurrencia, de
la ecuacion de Toda que satisfacen las funciones 7 y de las ecuaciones de Nijhoff-
Capel Toda que satisfacen las normas al cuadrado de los polinomios obtenidas
en el caso de la ortogonalidad discreta. Para finalizar, se estudian los casos de
Charlier, Charlier generalizado, Meixner 1T y Meixner II generalizado.

Las conclusiones que se obtienen son:

= Las ecuaciones de Laguerre-Freud que satisfacen los coeficientes de la recu-
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rrencia en la ortogonalidad discreta estan relacionadas con las ecuaciones
de Painlevé.

El niimero de diagonales no nulas que tiene la matriz de Laguerre-Freud
depende de los grados de los polinomios de las ecuaciones de Pearson: para
la ortogonalidad discreta el nimero de subdiagonales no nulas viene dado
por el grado del polinomio ¢ y el nimero de superdiagonales viene dado
por el grado del polinomio 0, y en el caso de la ortogonalidad multiple
general respecto a ¢ pesos, donde ¢ > 2, el nimero de subdiagonales
no nulas es ¢M, donde M = méax{deg oM, ..., deg a(q)} y el nimero de
superdiagonales es el grado del polinomio 6.

Las ecuaciones de Toda aumentan en nimero y el ntimero de variables
involucradas a medida que aumenta el niimero de pesos.

La funcién 7 para la ortogonalidad discreta satisface una ecuacién dife-
rencial en diferencias de segundo orden y en el caso de la ortogonalidad
miultiple respecto a dos pesos satisface una ecuacién diferencial en dife-
rencias de tercer orden que es una expansion de la obtenida en el caso
monopeso.

El sistema de Toda que satisfacen los coeficientes de la recurrencia tiene
q + 1 ecuaciones, siendo g > 1, y tiene una forma general.
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Capitulo 1

Introduccion

1.1. Objetivos de la tesis

En esta tesis se estudian las relaciones no lineales que satisfacen los coeficien-
tes de la recurrencia y las funciones 7, para obtener dichas relaciones se define
la matriz de Laguerre-Freud ¥ partiendo de la factorizacion LU de la matriz de
momentos.

Inicialmente la factorizacién LU de la matriz de momentos se aplica al caso de
la ortogonalidad discreta respecto a un peso, obteniedo sistemas y ecuaciones que
satisfacen los coeficientes de la recurrencia y funciones 7 y aplicindolo a casos
practicos. Posteriormente se estudia y generaliza lo estudiado para polinomios
ortogonales multiples discretos respecto de 2 pesos, y también se han obtenido
resultados para la generalizacion al caso de la ortogonalidad multiple discreta
respecto a g pesos.

1.2. Polinomios Ortogonales

La Teoria de Polinomios Ortogonales nace a finales del siglo XVIII como dis-
ciplina enmarcada dentro del Anélisis y la Matematica Aplicada. Tiene muchas
aplicaciones en la resolucién de problemas de diferentes dmbitos de la Fisica,
como la Fisica Matematica, el Electromagnetismo, la ()ptica o la Mecénica
Cuéntica, por ejemplo, en la resolucion del problema del atomo de hidrégeno o
el uso de los polinomios de Zernike para describir aberraciones 6pticas en una
superficie circular. También tiene aplicaciones dentro de las matematicas [33],
[37] como la Teoria Analitica de Nimeros o la Teoria de la Aproximacién, por
ejemplo en la obtencién de los armonicos esféricos o en la resolucién de ecuacio-
nes diferenciales.

13
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Asociado a una medida positiva p introducimos un funcional

b
2[f(x)] = / F@)du) = (o, £(2)).

Una medida positiva u en un espacio medible (X, .A), donde A es una o-algebra
[6], es una aplicacién p : A — Ry tal que:

= u(0) =0,

= dada una familia numerable {A4,, : n € N} de conjuntos de A disjuntos
dos a dos, entonces p(UsZ; A,) = >0 | ju(Ay).

Los momentos del funcional se definen como

p; =, x?), je{0,1,...}.

Se suele normalizar tal que pp = 1. Dada una medida p positiva (el funcional
es definido positivo) y unos momentos finitos, existe una tdnica secuencia de
polinomios moénicos, es decir, polinomios donde el coeficiente del término de
grado maximo es 1, {p,(z)}5° y una secuencia de numeros positivos {H,}°
con Hy =1 tales que

</1'7 Pm ('r)p’ﬂ (LL')> = Hném,n

Para la aproximacién matricial, se introduce la matriz de momentos que
se define como

Ho M1 K2
H1 o pH2 43
M =

H2 K3 M4
en términos de los momentos j;. La matriz de momentos es una matriz de

Hankel [23], es decir, sus elementos cumplen

Miy1j = M

En el caso de la ortogonalidad en el circulo unidad el andlogo es una matriz
de Toeplitz [23], cuyos elementos son iguales para cada diagonal paralela a la
diagonal principal, es decir

My = Mit1 j+1

El funcional .Z es definido positivo si y s6lo si los momentos son reales y los
menores principales de la matriz de momentos son estrictamente positivos.
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El funcional .Z sera cuasi-definido si y solo si los menores principales de la
matriz de momentos son no nulos. Lo dicho anteriormente es extensible a fun-
cionales cuasi-definidos, ver [12].

La factorizacién LU de una matriz M se podra realizar si los menores
principales lideres de M son diferentes de cero, de forma que M = LU donde L
es una matriz triangular inferior cuyos elementos diagonales son 1 y U es una
matriz triangular superior. Si la matriz M es simétrica la factorizacién LU se
reduce a una factorizacién de Cholesky M = LLT, en el caso de que M
tenga entradas reales la factorizaciéon de Cholesky [11] se podréd expresar como
M = LDLT, donde D es una matriz diagonal que contiene los autovalores de M.

En esta tesis la matriz de momentos en el caso de la ortogonalidad simple
tiene una factorizaciéon LU que se reduce a una factorizacién de Cholesky [30]

M=S"THS™T,
donde H es una matriz diagonal, S una matriz unitriangular inferior y el su-

perindice —T indica que es la matriz inversa de la matriz traspuesta. El vector
de polinomios se puede expresar como

B:=5X(x) = (pole) pi(x) palw) ..)',
donde X(z):= (1 = a* 2* )T

Los polinomios satisfacen la propiedad de ortogonalidad:

b
/ P (X)pr(2)dp(z) = Hpbpm, n,me{0,1,2,...}

0, alternativamente

(u,BB") = H.
Cualquier polinomio g,, de grado n se podra escribir como combinacién lineal
de polinomios ortogonales py con k € {0,1,...,n}:

Adn (.’E) = Z Ck,.nPk (1')7
k=0

b
Com = dl / 4n(@)pr () dps(z),

donde di = f: pi(x)du(x) = H,. Se satisface la propiedad

b
/ pr(x)z™dp(z) =0, 0<m<n,

que es equivalente a la propiedad de ortogonalidad, es decir, los polinomios
ortogonales son una base ortogonal del espacio vectorial de polinomios. Se puede
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probar escribiendo el polinomios 2™ como combinacién lineal de polinomios

ortogonales
m
Z Ch,mPr(T
k=0

de forma que

b
/pn )z dp = chm/pn z)pp(x)dp =0, 0<m<n.

Los polinomios ortogonales satisfacen relaciones de recurrencia a 3 térmi-
nos:

TPn () = Ppt1(2) + Bupn(x) + Ynpn—1(z),

dicha relacién se puede probar como sigue. El polinomio xp,, (z) tiene grado n+1
y, dado que el teorema de Favard establece que una sucesién de polinomios que
satisface una relacién de recurrencia a tres términos como la anterior es una
sucesién de polinomios ortogonales, se puede expresar en la base de polinomios
ortogonales ménicos como

n
Tpn (@) = pns1 + Z Chon+1Pk (2)
k=0

donde

1 b
Ckn+1 = dig / $Pn(m)Pk(x)d/‘(m)a
k a

es decir, multiplica p, por un polinomio de grado j + 1, y por tanto, que se
anulan para k+ 1 < n.

Las relaciones de recurrencia se pueden expresar matricialmente gracias a la
matriz de Jacobi, definiendo la matriz de Jacobi como

J=S8AS!,
donde
o 1 0 0 O
0O 0 1 0 0
A=1lo o o 1 o0 ;
que satisface
AX =2X

siendoX:(l z z2 3 )T
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Asi, las relaciones de recurrencia vienen dadas por JB = z B, esto se puede
deducir partiendo de la propiedad Hankel que satisface la matriz de momentos

A = M\,

y aplicando la factorizacién de Cholesky para la matriz de momentos se obtiene
la siguiente ecuacion para la matriz de Jacobi

JH=HJ",
de la que se deduce que J es una matriz tridiagonal.

Los coeficientes de la recurrencia satisfacen las relaciones denominadas ecua-
ciones de Laguerre-Freud y tienen la forma

Bn = Fn('an’Yn—lv e 7671—1,...)’ Tn = Gn(ﬁn—ly ooy Bty B2, - )

Como se puede ver en [28] dichas ecuaciones se pueden obtener para los casos
semiclasicos mediente las integrales

b b
I, = / 0@ (@) (2w (@)dz, T, = / 0(2)p, (2)pn (2)w(x)dx

haciéndolas de dos formas e igualando: por un lado se sustituye 6(z)p/,(z) em-
pleando la relaciéon de estructura de primera clase y, por otro lado se hace
directamente.

Un caso concreto es la teoria de polinomios ortogonales discretos, que
es un pilar de esta tesis. Especificamente, el caso discreto, aparece en Mecani-
ca Cudntica, Teorfa de Codificacién, Teoria de Representaciones de Grupos, en
métodos de resolucion de ecuaciones en derivadas parciales o en Teoria de Pro-
babilidad [33], por ejemplo, en métodos de resolucién de ecuaciones diferenciales
parciales de diferencias finitas, férmulas de cuadratura de tipo gaussiano o en
representaciones del grupo de rotaciones en el espacio de cuatro dimensiones.
En el caso discreto la medida p adopta la forma donde usamos las deltas de
Dirac

0= Zw(k)éxk, w(k) >0, = €R,
k=0

de forma que la propiedad de ortogonalidad se expresa como
S pu(K)pm (K)o (k) = 0,
k=0

y los momentos [35] son

pn = Y K"w(k).

k=0
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La ecuacién diferencial hipergeométrica de Gauss [36], que serd importante
en lo que sigue,
Ox)y +7(x)y +Ay=0, (1.1)

donde 6 y 7 son polinomios a lo sumo de grados 2 y 1, y A es una constante,
tiene como soluciones las series hipergeométricas. Cuando

1"

|
A=A\, =-nt — in(n— 1)0

la ecuacion tiene como solucién particular un polinomio de grado n, que se de-
notan como py,.

Partiendo de la ecuacién diferencial hipergeométrica y multiplicando por una
funcidén p, escribiéndola en forma autoadjunta

(6py')" + Ay =0, (1.2)

se puede llegar a la conclusion de que p satisface la ecuacién de Pearson
(0p) = Tp. (1.3)
Efectivamente, la ecuacién (1.1) se puede escribir como
y'0p+y'Tp+yrp=0 (1.4)
y derivando en la ecuacién (1.2) concluimos que

y"(0p) + 4 (0p)" +yAp = 0. (1.5)

Ahora, observando e igualando los términos que acompanan a y' en (1.4) y
(1.5), vemos que se cumple la ecuacién de Pearson para los polinomios clésicos,
que son las familias que satisfacen degf < 2 y deg7 < 1. Lo anterior se puede
extender a las familias de polinomios ortogonales semiclasicos, que son aquellos
que satisfacen deg > 2 o degt # 1 [40].

Se puede probar que la derivada de una funcién hipergeométrica también es
una funcién hipergeométrica: si y es una funcién hipergeométrica y llamamos
u; = 3" a su derivada, derivando la ecuacién hipergeométrica que satisface y se
obtiene

0y + (0 +7)y" + (7" + Ny =0

es decir que
1 !
Ouy + mug + Aup =0,

donde 7y = 0 +7 y A\; = A+ 7. Para la n-ésima derivada de vy, u, = y™
tendremos ecuaciones hipergeométricas

Ou! + Tpul, + Ay, = 0,
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donde 7, =7+ nb y A\, = A+ n7’ + in(n—1)0".

Estos polinomios ortogonales continuos satisfacen la férmula de Rodri-
gues [33]
Br ()
0" (x)p(x))"", ne{0,1,...}
p(x) ( )

donde B,, es una constante de normalizacién. Para probarla escribimos las ecua-
ciones de Pearson correspondientes a p y pn:

O _
p

(0pn)’
Pn

Sustituyendo la primera en la segunda:

!/ !/
(Opn)" (95) e,

Pn

pn(®) =

)

=T, =T1+nb.

simplificando llegamos a

Es decir, se cumple

Si partimos de la ecuacién en forma autoadjunta para ,,:
!/
(epnuil) + Appntin =0,

aplicando la relacién entre diferentes p deducida previamente se obtiene:

1 !/
PnlUn = _r(p7z+1un+1) ;
n
entonces,
1 s (=" (n)
py = poto = —~—(p1w1)" = ———(pnus)"™.
Ao [T A
Si suponemos que ¥, es un polinomio de grado n, entonces u, = y,&n) = cte,

donde yff) denota la derivada mn-ésima del polinomio y,,:

1 B
Yn PnUn - 14 ,
()™ = =2(07)
donde
n—1 u
An =21 0 . Y Bo=.
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Los polinomios ortogonales estan relacionados con las series hipergeométricas
generalizadas: en el caso de los polinomios ortogonales discretos veremos que sus
momentos son series hipergeométricas.

Las series hipergeométricas generalizadas son series para las cuales el
cociente entre dos términos consecutivos es una funcién racional [26]

Ch+1 (k—|—a1)...(k—|—ap)
e (k). (k+b)(k+1)

Extienden las series geométricas, que son series en las que el cociente entre

términos consecutivos es constante °’“+1 = r. Las series hipergeométricas gene-
ralizadas [4] son
o0 o0 k
(al)k . (ap)k z
qu(ala---aap;bly~-~;bq;z):p abz Z :27 !
= Frd (01)k - - (bg)x k!

donde (¢)g = c(c+1)(c+2)...(c+k—1) parak > 0y (¢)o = 1 es el simbolo de
Pochhammer. La convergencia de las series hipergeométricas depende de p,q y
de los parametros hipergeométricos:

"pP=q
La serie converge para todo valor finito de z y define una funcién entera.

* p=q+l
Converge para todo valor finito de z si algin a; es entero no positivo, y
es un polinomio.
Converge para |z| < 1 si todos los a; son enteros y estrictamente positivos,
y es un polinomio.

* p>qg+1
Es un polinomio si algin a; es entero no positivo, si todos los a; son
enteros estrictamente positivos no converge.

Las funciones hipergeométricas satisfacen ecuaciones de contigiiidad [38]:

dn

Mﬁqu(aQb; z)
(a1)n(az)n - - - (ap)n

= Fa1+n,...,ap+n;b1 +n,...,b, +n;2),
(bl)n(b2)n (bq)n ! P !

—|—a1> Fy(a;b; z) = aipFy(ar,...,a; +1,...,ap;b; 2),

TR EES
Sl 8l

+b; — >qu(a;b;z) =(b; = 1)pFy(asbr,...,b; —1,...,bg; 2).
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El teorema de Bochner [12] establece que las tinicas soluciones que son
secuencias de polinomios ortogonales { P, }°2 ,, donde deg P,, = n, a la ecuacién
diferencial ,

az(z)y +a1(2)y +ao(x)y + Ay =0

donde as(z), a1 (z) y ag(x) son polinomios de grados maximos 2, 1 y 0, respec-
tivamente, son:

= Los polinomios de Jacobi.
» Los polinomios de Bessel.
= Los polinomios de Laguerre.
= Los polinomios de Hermite.

También existen otras soluciones a este tipo de ecuaciones, los polinomios excep-
cionales [22], que corresponden a secuencias de polinomios ortogonales { P, }2 ,,
donde [ > 1.

Las familias de polinomios anteriores se denominan polinomios ortogona-
les cléasicos (en algunos casos se denominan very classical orthogonal polyno-
mials) [7], [24]:

= Polinomios de Jacobi

En este caso los polinomios de la ecuacién de Pearson y el peso son:
=1—-22 7=—(a+B8+2zx+B—-a, wx)=01-z2)1+z)".
Los limites del intervalo son a = —1 y b = 1, y se satisfacen las restriccio-

nesa>-—-1lypg>-1.

Se relacionan con las series hipergeométricas de la siguiente forma

1n 1-
PLb) () = LJF' L) (—n,n+a+b+ 1;a+1;2x>.
n.

Se escriben como P,(La’ﬁ )(x), y dentro de los polinomios de Jacobi hay

casos concretos relevantes como los polinomios de Legendre P7(10,0)’ los
polinomios de Chebyshev tipo I y II:

T, = p(=1/2,-1/2) = p(1/2,1/2)
(/2" @ U=, @),

y los polinomios de Gegenbauer o ultraesféricos

A (2Nn  S—1/20-1/2)(2)
= 7P ?
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Polinomios de Bessel
Corresonden a los polinomios de la ecuacién de Pearson y peso

O(z)==2, 7T(2)=(a+2)2+2, wx)= 21)16(2)'“.

— (a+1 x

Son soluciones a la ecuacién

dy

d*y
2 + =
s + ((a—|—2)m+2)d n(n+a+1)y=0.

Polinomios de Laguerre
Corresponden a los polinomios de la ecuacién de Pearson y peso
O0(z) = =, () =—r+a+1, w(z) =a%e”".

Los limites del intervalo son a = 0 y b = oo, y cumple la restriccién o > —1.

Se relacionan con las series hipergeométricas de la siguiente forma

(a+1),

L () =

nh1 Fi(—n;a+ 1;2).

Polinomios de Hermite
Corresponden a los polinomios de la ecuacién de Pearson y peso

0=1, 7(z) = —2x, w(r) =e"".

Los limites del intervalo son a = —oco y b = —oo. Se relacionan con las
series hipergeométricas de la siguiente forma

o L S
Ho(o) = oo~ 5 -5 4 i i ).

Existen extensiones de las familias clasicas de polinomios ortogonales, se de-

nominan polinomios ortogonales semiclasicos y satisfacen degf > 2 o deg ™ # 1.
Estas familias satisfacen una ecuacién de Pearson, pero no son soluciones a la
ecuacion diferencial de segundo orden descrita en el teorema de Bochner.

Para establecer una jerarquia de las familias de polinomios ortogonales hi-

pergeométricos se representa el esquema de Askey, como se puede consultar en
la referencia [25].

Las ecuaciones de Laguerre-Freud que satisfacen los coeficientes de la re-

currencia de los polinomios ortogonales estdn relacionadas con las ecuaciones
discretas de Painlevé, que son ecuaciones en diferencias cuyo limite continuo
es una de las ecuaciones de Painlevé, como se puede ver en [40]. La propiedad
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de Painlevé consiste en que la solucién general de la ecuacién diferencial f(z)
no tiene singularidades esenciales moviles p, es decir

#lim f(z) y Alim ——

2—p z=p f(2)
y p no depende de los parametros, las ecuaciones de Painlevé satisfacen dicha
propiedad.
Existe una ecuacién en diferencias [33] andloga a la ecuacién diferencial
hipergeométrica:
0(x)AVy(z) + 7(z)Ay(x) + Ay(z) = 0

donde Af(z) = f(z+1)—f(x) y Vf(z) = f(x)— f(x—1), andlogamente al caso
continuo, si aplicamos el operador A a una solucién de la ecuacién de arriba
obtendremos otra solucion.

Los pesos satisfacen la ecuacion
A((z)w(z)) = 7(z)w(z)
donde ¢ y @ tienen la forma
Ok)=k(k+c1—1)...(k+cn — 1), o(k) =n(k+0by)...(bp + k),
dicha ecuacién se puede escribir como

wx+1) O(z)+7(x) o(x)

w(x) O(x+1) O(z+1)’
que se conoce como ecuacion de Pearson discreta. Analogamente al caso
continuo existen polinomios de variable discreta en este caso que satisfacen la
ecuacion en diferencias hipergeométrica. Tienen propiedades analogas a las del
caso continuo, en este caso la ecuacion analoga a la férmula de Rodrigues es:

n—1

By ..
pu(z) = w(x)A <w(x) I 0@~ k)>,
k=0
donde
A"y, o T
Bn = Ann y Ann =n! E}(T/ + TG”),

se obtiene de forma andloga a la ecuacién de Rodrigues del caso continuo.

Estos polinomios también satisfacen relaciones de ortogonalidad, en este caso
se escriben como:

b—1
S pul@)pn(@)w(@:) = Spnd?.

Tr;=a
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También satisfacen una relacién de recurrencia a 3 términos [5].

Un funcional semicldsico, introducido por P. Maroni en [1], L es todo fun-
cional regular tal que
DOL)+ 7L =0,

donde 6 y 7 son polinomios que cumplen 0 < degf y 1 < degr.
Para hacer una clasificacion de polinomios ortogonales discretos se define la clase
del funcional como [13], [14]

s = max{deg(f) — 2,deg(6 — o) — 1},
para s = 0 tenemos los casos cldsicos, donde deg(7) = 1 y 1 < deg(f) < 2,

existen 3 casos candnicos, es decir:

deg(o) | deg(f) | de

g (7)
0 1

1

2

1
2

[re—y—y o]

Los polinomios clésicos discretos son soluciones a ecuaciones en diferencias
de segundo orden de la forma

0(z)AVy(z) + 7(z)Ay(z) + A = 0,

y dado que deg(r) =1y 1 < deg(f) < 2, estos casos son andlogos discretos a
las soluciones que establece el teorema de Bochner en el caso continuo.

= Polinomios de Charlier
Corresponde a la eleccién deg(c) = 0 y deg(d) = 1, la solucién de la
ecuaciéon de Pearson es

o(x) =mn, O(z) =z, w(z) = —.

= Polinomios de Meixner
Corresponden a la eleccién deg(o) = 1 y deg(f) = 1, la solucién a la
ecuacién de Pearson es

X

c=nx+a), 0=z, w=(a)~ po = 1Fo(as; ;1)

mg7
donde se cumple £ € Ng, a >0y 0 <n < 1.

= Polinomios de Kravchouk
Al igual que en el caso de Meixner corresponde a deg(o) = 1y deg(8) = 1,
la diferencia es que se considera n < 0, de forma que « = —NN con N € N
y x € [0, N], donde el peso es
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= Polinomios de Hahn
Corresponde a la eleccién deg(o) = 2 y deg(f) = 2, los polinomios de la
ecuacion de Pearson, el peso y el 0-momento son

o= (z+m)(z+a), 0 = z(x+B),
_ (e1)alag)s 1
(B, 2V

donde x € No; Re(B+1—a1 —a2) >0; a1, >0y S+ 1> a7 + as.

po = oF1 (a1, 00+ 151)

Para s = 1 obtenemos los casos semiclasicos de clase 1, en esta ocasién hay 5
casos candnicos, donde deg(r) =2 y 1 < deg(d) < 3, es decir:

deg(c) | deg(f) | deg(r)

W NN = O
W N~ NN
NN NN N

= Polinomios de Charlier generalizados
En este caso deg(o) = 0 y deg(f) = 2, de forma que los polinomios, el
peso y el 0-momento son

T

1 7

[CETREL po=oF1(;B+1;m)

o(z) =n, b(z)=z(x+p), w(r)=

conz €Ng, f>—-1yn>0.

= Polinomios de Meixner generalizados
Corresponde a deg(o) =1y deg(f) = 2. Los polinomios de la ecuacién de
Pearson, el peso y el 0-momento son

o(z) =n(z + ), 0(z) = z(z + B),
w(m)=m7;!, po = 1F1(a; 8+ 15n)

donde z € Ng, a(f+1) >0y n>0.

= Polinomios de Kravchouk generalizados
Corresponde a deg(c) = 2 y deg(f) = 1. En este caso los polinomios, el
peso y el 0-momento seran
c=n(e+a)@—N), =2 w=(a)(-Narr, po=2Fo(a,~Ni:n),

donde z € [0,N],n <0y a>0
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= Polinomios de Hahn tipo I generalizados

Corresponde a deg(c) = 2 y deg(f) = 2. Los polinomios de la ecuacién de
Pearson, el peso y el O-momento seran

o=n(z+a1)(x+ asz), 0 =z(z+B),

—ng, po = 2F1 (a1, az; 8+ 1;7),

donde x € Ng, 0 < <1y ajas(8+1)>0.

= Polinomios de Hahn tipo II generalizado

Corresponde a deg(c) = 3 y deg(f) = 3, y en este caso, para que sea
de clase 1 se debe cumplir deg(7) = 2. Los polinomios de la ecuacién de
Pearson, el peso y el O-momento seran

o=(z+a)(z+a)(r+as), 0=x(x+/B)(x+pb),
_ (1)z(a2)s(as)e 1
(Br+ 1)a(B2 + 1), 2V

po = 3Fs(o, a0, a3; 81 + 1,62+ 1;1)

donde x € Ng, 81+ B2 — a1 —as —ag >0y ajasasz(f1 +1)(B2+ 1) > 0.

En el caso s = 2 se obtienen los casos semiclésicos de clase 2. Hay 7 casos candni-
cos que corresponden a los siguientes grados de los polinomios de la ecuacion de
Pearson:

deg(o) | deg(d) | deg(r)

=W Www N = O
=W N = WWw W
=W W wwww

Los polinomios ortogonales discretos semiclasicos de clase 1 y de clase 2 son

extensiones de los casos clasicos. Satisfacen ecuaciones de Pearson pero no son
soluciones a la ecuacion discreta andloga a la descrita en el teorema de Bochner.

Los polinomios ortogonales miultiples [32] son familias de polinomios

que son ortogonales respecto a varias varias medidas simultdneamente (vamos a
suponer  medidas). Alguna de sus aplicaciones es en aproximaciones racionales
de 7 o aproximaciones racionales de la funcién zeta de Riemann, {(x). Supon-
gamos el multiindice [23], [34] 7 = (n1,...,n,), con n; > 0, @ € N”, donde
7| =30_, n;. En primer 1 in los polinomi les de tipo I
|| =>,_; ni. En primer lugar, estdn los polinomios ortogonales de tipo
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donde deg(A+; ;) < n; — 1. Dichos polinomios satisfacen las relaciones

Z/kaAﬁddwj(x) =0, ke{0,1,2,...,|7| -2}
j=1

Z/R$|ﬁ‘711477jdwj($) =1,
j=1

partiendo de ellas se obtiene un sistema de |77| ecuaciones y |77| coeficientes
desconocidos de los A ; (j =1,...,r), donde la matriz de dicho sistema es:

MWZ(M,SII) M2 M,S?),

donde M}Li) € ClTlam (los momentos de wy,), son

k k
mg T oo mnl?il
1 ................. mﬁk
(k) — .
Mk = : :
k E
m\ﬁ|—l ............ m‘ﬁH—ﬂ.k—Q

si det(M+) # 0, 7 es indice normal de tipo I, si todos los multiindices son nor-
males el sistema es perfecto. Originalmente, la condicién de normalidad consiste
en maximizar los grados de los polinomios de tipo I, es decir

deg(As ;) =n; — 1.

Por otro lado tenemos los polinomios de tipo II [3], un polinomio sera de
tipo IT multiortogonal si deg(Ps) = | 7| v

/ Py (x)z"dwy(z) =0, k€{0,...,ny —1},
R

/ Py (x)z"dw,(z) =0, ke€{0,...,n, —1}.
R

Las ecuaciones anteriores constituyen un sistema de | 77| ecuaciones y | 77|

coeficientes desconocidos del polinomios Pz, si existe una unica solucién al

sistema 77 es indice normal de tipo II. La matriz del sistema es

(ML)
ML = ; ,
(M)

esta matriz es la traspuesta de la matriz de los polinomios tipo I.
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Los polinomios ortogonales muiltiples satisfacen relaciones de recurrencia pe-
ro el nimero de términos varia, ver referencias [18] y [19].

Para las familias de polinomios ortogonales multiples discretos también se
satisface la ecuacién de Rodrigues como se puede observar en [3] y [23].

1.3. Resultados

En esta seccion se muestran los resultados obtenidos en el estudio realizado
de la ortogonalidad discreta en [31] donde se halla la matriz de Laguerre-Freud
y su estructura, se obtienen las ecuaciones y sistemas de tipo Toda para los
coeficientes de la recurrencia, ecuaciones diferenciales para las funciones 7 y las
ecuaciones de Nijhoff-Capel Toda. Se encuentran las ecuaciones de Laguerre-
Freud para los coeficientes de la recurrencia en los casos donde el 0-momento
vienen dado por las familias hipergeométricas 1 Fo, o F5 y 3F5 en [16]; para la fa-
milia hipergeométrica o F;, también conocida como funcién hipergeometrica de
Gauss, en [15]; para las familias hipergeométricas o F; o Charlier generalizado y
1F1 o Meixner generalizado, ademas de su relaciéon con la ecuacién de Painlevé
deg-P, en [17].

Posteriormente, se muestran los resultados obtenidos para la ortogonalidad
multiple discreta respecto de dos pesos estudiada en [18]: la matriz de Laguerre-
Freud y su estructura, extensiones multicomponentes de las ecuaciones de Toda,
extensiones de la ecuacién de Nijhoff-Capel Toda, y se obtienen las ecuaciones
de Laguerre-Freud para los casos de Charlier, Charlier generalizado, Meixner
tipo IT y Meixner tipo II generalizado.

Finalmente, se muestran los resultados obtenidos para la ortogonalidad mul-
tiple discreta respecto a un ndimero general de pesos obtenidos en [19], que
generalizan lo obtenido en [18].

1.3.1. Polinomios ortogonales discretos

En el caso de polinomios ortogonales discretos la matriz de momentos .#
satisface la propiedad Hankel A.#Z = .# AT y su factorizacién se puede expresar
a partir de una matriz unitriangular inferior S y una matriz triangular H como
M = STTHS~T [31]. El vector de polinomios se expresa como B = SX ()
donde X () es el vector de monomios de x.

En este caso los polinomios satisfacen una relacién de recurrencia a 3 térmi-
nos, que se puede expresar matricialmente gracias a la matriz

T=A"a®+a®+A
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como 1B = zB.

Las funciones 7 [2] vienen dadas por wronskianos de funciones hipergeomé-
tricas y las funciones 7 asociadas son las derivadas logaritmicas de las 7 respecto
de n.

Los conceptos mencionados anteriormente se desarrollan con mas detalle en

31], [16], [15] y [17].

Las relaciones hipergeométricas de contigiiidad para las funciones hiper-
geométricas se trasladan a la matriz de momentos de forma que se cumplen
ecuaciones de compatibilidad para la matriz de momentos, ver referencia [31]. A
partir de dichas ecuaciones de compatibilidad se definen las matrices de conexién
[29] que relacionan el vector de polinomios B con dicho vector tras transformar
los pardmetros hipergeométricos. Dichas matrices de conexién tienen 2 diago-
nales no nulas.

Las relaciones de Laguerre-Freud [28] para los coeficientes de la recurrencia
en este caso son de la forma

a%o) = F, (as), 04(1) a(o) .. .),

n—1""n—17
ozgll) =G, (a(l) 0‘5:,0—)17 oz;lz% . ),

n—1»

dichas ecuaciones se obtienen empleando la matriz de Laguerre-Freud, que viene
dada por

U=II""HO(T") =o(T)HI" =T '0(T)H = Ho(T")II"
=0(T+I)II'H =HI"o(T" — 1),
que es una matriz banda con M subdiagonales y N superdiagonales
U — (AT)Mﬂ,(*M) o AN,
donde N y M son los grados de 6 y o, respectivamente.

La matriz de Laguerre-Freud satisface la siguientes ecuaciones de compati-
bilidad
VH ! = [wH T,
dicha expresién se emplea para calcular las ecuaciones de compatibilidad de los
coeficientes de la recurrencia y, a partir de ellas, las relaciones de Laguerre-Freud
en casos concretos de polinomios.

En este caso se obtienen la siguiente ecuacién de Toda

192(]” = eIn+17In _ dn—dn-1
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donde ¢, = log H,,, siendo H,, los elementos de la matriz H. Para las funciones
T se obtiene una ecuacion de segundo orden

Tn4+1Tn—1

9?2 log T, = -

Para los coeficientes de la recurrencia se satisface el siguiente sistema de tipo
Toda de dos ecuaciones:

900 = oM _ g, oM

Ploga™ = a_al® — o,

Para el caso de la ortogonalidad discreta se satisface la siguiente ecuacion de
Nijhoft-Capel Toda:

a U u u
o g a4
donde
Up = nfl(bh'~'7bM;Cla'~'7CN;n)a ’an:un+1u
Uy = Ay, Uy = Ay,
siendo @ € {by — 1,...,bps — 1}, @ € {c1,...,cn}, "y~ transforman {b;}M, y

{¢; };V:l, respectivamente. En este trabajo se han estudiado varios casos concre-
tos de polinomios que se comentan en los siguientes puntos.

Un desarrollo detallado de los resultados presentados anteriormente refe-
rentes a la matriz de Laguerre-Freud, ecuaciones y sistemas de Toda se puede

consultar en [31].

Se conocen como redes de Toda a aquellas redes cuyo potencial de interaccién
es de forma exponencial [39]

donde ab > 0.

Si consideramos a = b =1y m = 1, se obtienen las siguientes ecuaciones del
movimiento:

2
d yn — e_(yn_ynfl) _ e_(y7L+1_y7z)
dt? ’
2
ddtrzn — 26_T’IL _ e_"‘nfl _ 6_T7l+17

y si definimos las variables de Flaschka como

dy
— 7(yn+17yn)/2 — n
Qi € ’ Bn dt )
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se obtienen las siguientes ecuaciones de Toda que describen el sistema en funcién
de las nuevas variables

d 1
%an = ian(ﬂn - 5n+1)7

d
%Bn = 0‘%—1 - ai.
Caso Charlier Generalizado

En este caso [21] los polinomios de la ecuacién de Pearson son
o(z) =mn, 0(z) = z(z + b);

el peso y el 0-momento son

z

w(z) = (b—i—ll)z%’ po(n) = oF1(;0 4 1;7).

En este caso [17] la matriz de Laguerre-Freud estd dada por
U =@ 4 pMA 4 ()72
donde
qp(o) =nH, 1/)(1) =nHD, ¢(2) —H

Las ecuaciones de Laguerre-Freud son

214)-1:@51)1"’77”( (1)1) (1—|—a %0))a
a® =14 a0 )2+n( (a) ! n—l) o)) )

El coeficiente de la recurrencia a!) satisface la siguiente ecuacién de tercer
orden:

af n
19( (192 log o)) + 2a<1>) +n’ )> =20V
n
dicha ecuacién satisface la propiedad de Painlevé [40].

Los coeficientes de la recurrencia satisfacen el siguiente sistema de EDOs:

n+@®-—nn+ (2n—b— a,&o))a@ —afV

N C ’
7 — Qn
Yot = (b—n+1+ 204510))04(11) —-n

ﬁago) =7
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Caso de Meixner generalizado

Los polinomios de la ecuaciéon de Pearson son
o(z) =n(z+a), 0(z) = z(z + b);

el peso es [20]
z

(a) n
(b+1), 2!

y el 0-momento, que corresponde con la funcién de Kummer, es

po = 1F1(a;b+1;m) = M(a,b+1,n).

La matriz de Laguerre-Freud [17] tiene cuatro diagonales no nulas:
T =ATypCD 4@ 4 pMA 4 p(PIA2,
donde

Y =na_H,
PO =nH( 4 al +a, D),
YV =a H(@® +a_a® +bI —a, D),
v® =a? H.

Encontramos las siguientes ecuaciones de Laguerre-Freud:

1
aith = (n(n£1>+<a;°>+b—n>a5$>—n(b—a—n+1>)+n<n+1><a£?>+a+n>>
an+1
a9 —b+n+1+2,

allly = —all = (@ +b—n)al® + n(b—a—n+1)+n? +a+n)
+77 1 0? +a® +b—n+1-p)al.

n—

Caso de Hahn I

En este caso los polinomios de la ecuacién de Pearson son
o(z) =n(z+a)(z+0b), 0=z(z+c);

el peso es

(a):(b): n*

w(z) = (c+1)z 2!
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y el 0-momento viene dado por

po = 2F1(a,byc+1;m).

En este caso la matriz de Laguerre-Freud [15] tiene 5 diagonales no nulas:
primera y segunda subdiagonales, primera y segunda superdiagonales y diagonal
principal. Las relaciones de Laguerre-Freud obtenidas se pueden ver en [15].

Caso de la familia hipergeométrica 1 F5

Los polinomios de la ecuacién de Pearson son
o(z) =n(z+ar), 0(z) = z(z + b1)(z + ba);

el peso es
4

(a1)- n*
(b1 + 1)z(b2 + l)z 21’

w(z) =

y el momento-0 es
po = 1F2(ar;b1 4+ 1,b2 + 15m).

En este caso la matriz de Laguerre-Freud [16] tiene 5 diagonales no nulas: la
primera subdiagonal, la diagonal principal y las 3 primeras superdiagonales.
Las relaciones de Laguerre-Freud tienen la forma:

agtlJ)rQ = F(a511+)17 a7(10+)17 a’SLl)7 agzo)» 055117)1’ agzoll) )

a’SLO—‘,)-Q =G (agz,l—i)-Qv agzl-&)-lﬂ ai?—‘?—l’ O"Szl)v agzO)) .
Caso de la familia hipergeométrica 5 F5
Los coeficientes de la ecuacién de Pearson son
o(z) =n(z+ a1)(z + a2), 0(z) = z(z + b1)(z + ba);

el peso viene dado por

z

’LU( ): (a’l)z(a’Q)Z n

y el momento-0 es la funcién hipergeométrica

po = 2F5 (a1, a2;01 + 1,02 4+ 1; 7).
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La matriz de Laguerre-Freud [16] tiene 6 diagonales no nulas: las 2 primeras
subdiagonales, la diagonal principal y las tres primeras superdiagonales.

En este caso las ecuaciones de Laguerre-Freud son de la forma:

a'SLO4)-2 =G (O‘SJ,)-% O‘Szl—i)-h 057(10_‘)_1, O‘sLl)v O‘S))7 ag—)lv O‘izo—)1> ’
(1)

Apyo = F(agzlllvagzolp 0‘;1)’ aglo)v agll—)h 0‘521)-

Caso de la familia hipergeométrica 3F,

En este caso los coeficientes de la ecuacién de Pearson son
o(z) = n(z+a1)(z + a2)(z + a3), 0(z) = 2(z + b1)(z + ba);

el peso es
w(z) = (a1)(a2).(as), v
(by +1).(by + 1), 2!’

y el momento-0 es

po = 3Fs (a1, az,a3;01 + 1,02 + 1;7).

En este caso la matriz de Laguerre-Freud [16] tiene 5 diagonales no nulas: la
primera subdiagonal, la diagonal principal y las 3 primeras superdiagonales.

Se puede demostrar que las ecuaciones de Laguerre-Freud se pueden obtener
despejando adecuadamente y sustituyendo a partir de las siguientes ecuaciones

que ligan los siguientes coeficientes de la recurrencia:

0=F; <a£ll_~)_2, ago_‘)_Q, agll_?_l, afloll, oz%l), a(o), a(o) ),

n n—1
0= F2 (agzlJ)er agLOJ)er a’f’Llll’ agzoJ)rlv a’gll)7 O‘Szo)v 045117)17 0‘5107)17 a7(1032) :

1.3.2. Polinomios ortogonales multiples discretos respecto
a dos pesos

La matriz de momentos viene dada por

M= i X (E)(XD (k)w® (k) + X (k)w® (k))T.
k=0

La matriz de momentos cumple la propiedad bi-Hankel A#Z = .# (AT)z, la
estructura es de forma que en las columnas impares aparecen las funciones de la
primera familia y en las pares las funciones hipergeométricas de la otra familia
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o) o8 o pP
1 2 1 2
WA A

donde it = (@O) o, o) = i, Py (W7, 0 sen o enin®) y
a € {1,2}.
La factorizacién de la matriz de momentos se puede escribir a partir de dos

matrices unitriangulares inferiores S'y S y una matriz diagonal H como .# =
ST1HS™T.

En la ortogonalidad multiple existen el vector de polinomios tipo I, A%(z),
donde a € 1,2 y el vector de tipo II, B(x), que es andlogo al vector B(z) del
caso monopeso [10], los vectores de tipo I se expresan a partir de los vectores
de monomios parciales

XO=[1 0z o0 ..], X@=p 10« ..]"

)

de forma que A® = H=15X(@) y B = §X | y para sistemas perfectos se cumple

2 _
deg B,, = n, deg AW = {W—‘ -1 a€{1,2}.

Se cumplen las siguientes relaciones de ortogonalidad

2 oo
3N AW (k)w'® (k)E™, ke{0,...,degBn_1}
k=0

a=

=

Bo(k)w@(k)k™ =0,  ke{0,...,degA}  ae{1,2}.

NE

b
Il

0

Los polinomios satisfacen una relacién de recurrencia a 4 términos [9] que se
puede expresar matricialemte de dos formas, a partir de la matriz

T=(AT)%a® + ATa® +a® 44,
como
TB=21B, TTAW = zA@.
Las funciones 7 vienen dadas por wronskianos dobles de funciones hiper-

geométricas y las funciones 7! son derivadas logaritmicas de las funciones 7
respecto a 7.
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Los polinomios de tipo I y de tipo II se pueden expresar como

%O,n
1 AL :
A;“) = My, |+ mneNo ae{l,2}
Tn+1 :
XX |
y
1
i Al :
B, = — n—1 s No.
. T n € No
%TL,O s %n,n—l "

Los conceptos mencionados anteriormente se presentan con mayor detalle en
la referencia [18].

Ambos pesos satisfacen ecuaciones de Pearson de la forma
0(k + D)w@ (k + 1) = o@D (k)w@ (k),

de esta forma al estudiar cémo actiian las relaciones de compatibilidad de ambas
familias de funciones hipergeométricas obtendremos matrices de conexion que
relacionan los vectores B y A con dichos vectores tras haber transformado
los pardmetros hipergeométricos. Las matrices de conexion tienen 3 diagonales
no nulas.

Los coeficientes de la recurrencia satisfacen ecuaciones de Laguerre-Freud de
la forma:

a® =F, (QSEI, 0[511,)1, agloll, . ),
a%l) =G, (04512), 04512—)17 ozgll_)l, 04510_)1, ... ),

a%o) =K, (af), a%l), afﬁl, agllzl, aflozl, e )

La matriz de Laguerre-Freud se puede obtener mediante las expresiones:
2 T T
U=T'9(T) = o(TW) (x) ",
a=1

que es una matriz banda con 2M subdiagonales y N superdiagonales

U = (AT)QMw(—ZNT) + o AN,
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donde N =degf y M = méx(deg oM deg 0(2)).

La matriz de Laguerre-Freud satisface la ecuaciéon de compatibilidad ¥ =
[, T], mediante la cual se podran obtener las ecuaciones de compatibilidad y,
despejando adecuadamente, las ecuaciones de Laguerre-Freud para casos con-
cretos de polinomios. Como se puede observar es andloga a la de 1 peso.

Para las funciones ¢, = log H, y [, = ST[LI] se satisface un sistema de ecua-
ciones de tipo Toda que es una extension del resultado obtenido para el caso
monopeso:

ﬁqn = fn—l - f’ru
192fn _ (2fn _ fn+1 _ fnfl)’ﬁfn = edn+17dn-1 _ odn—2"0qn

La funcién 7 satisface una ecuacién diferencial en diferencias de tercer orden
que constituye una extensién del resultado obtenido para el caso monopeso

2
,1937- 41— (197—”+2 + % + 197—”) ,1927. 41 + (197—n+1) (197—”+2 _ 197”)
n n
Tn42 Tn+1 Tn Tn+1 Tn+2 Tn

o Tn+3Tn N Tn4+2Tn—1

Tn+42 Tn

Los coeficientes de la recurrencia satisfacen el siguiente sistema de tipo Toda:
9a® =M —q, o,
Yol = @ — a+oz(2) + a(l)(a_a(o) _ a(O)),

90® = a® (a2 @ — o),

y se puede ver que es una extensién de lo obtenido en el caso de un peso [18].

Estudiando la compatibilidad entre transformaciones de las familias de pardme-
tros hipergeométricos obtendremos los sistemas de Nijhoff-Capel Toda, se ob-
tienen 3 sistemas de cuatro ecuaciones para cuatro funciones. Anulando ciertas
funciones en unos de estos 3 sistemas podremos recuperar el resultado del caso
monopeso.

La obtencién de los resultados presentados en este apartado se desarrolla
con detalle en [18].

Caso muiiltiple de Charlier
En el caso multiple de Charlier los pesos son

(n)"

W) =
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donde a € {1, 2}.
Los polinomios de la ecuacién de Pearson son
0(k) =k, @ (k) = n'®
donde a € {1, 2}.

La matriz de Laguerre-Freud tiene 2 diagonales no nulas, la diagonal prin-
cipal y la primera superdiagonal, que son:

w(U) - [(1)77(1) +I(2)77(2)7 w(l) —I.

En este caso se pueden obtener expresiones para los coeficientes de la recu-
rrencia:

agfl) =2n+ a(()o), a§‘33+1 =2n+1+n® —p® 4 a(()o),
os,) = n(nM +n@), a5y =n(nM +0@) + 0,
oy =@ (@ —n®), o), =4+ 1) (" —5®).

Este caso ha sido estudiado por otros autores, ver [3].

Caso miiltiple de Meixner de tipo II

Los pesos son

(a) n*
w' (k) = (ba)kg.
Los polinomios de la ecuacién de Pearson son
o(k) = k, o' (k) = n(k + ba)

donde a € {1,2}.

La matriz de Laguerre-Freud tiene 4 diagonales no nulas: las 2 primeras sub-
diagonales, la diagonal principal y la primera superdiagonal. Dichas diagonales
son:

v =1,

@ =@ —a, D =n® +a2 DD 4 a2 DT 4 b 1D 45,13,
D = pa®),
P = na®.
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Al igual que en el caso de Charlier miltiple [8] se pueden hallar los coefi-
cientes de la recurrencia, se obtiene el siguiente resultado:

o _ 2n +77(n—|—b1)

R T
L0 _ @ntl) (@t b)
2n+1 — 1 - 1 - )
1 Ui
agi’l)-'rl = (1 _7777)2 (3”2 +n(by +b2+ 1) + 51)7
2
0‘53 = (12777)3”(“ +b1—1)(n+ b1 —b2),
2
(2) 1 n(n+be —1)(n+ bg — by).

Xopt+1 = (1 o 77)3
Este caso ha sido estudiado por otros autores, ver [3].

Caso de Charlier generalizado multiple

Los pesos son
1 (@)
(c+1), kI

Los polinomios de la ecuacién de Pearson son

w® (k) =

0(k) = k(k +c), o @ (k) = nl@)
donde a € {1,2}.

La matriz de Laguerre-Freud tiene 3 diagonales no nulas: diagonal principal
y las dos primeras superdiagonales. Las diagonales son:

WO = MM 4§ @@y — g 00 L 0O o, p @ =],

A diferencia de los anteriores casos multiples no podemos despejar los coefi-
cientes de la recurrencia, pero si podemos obtener ecuaciones de Laguerre-Freud:

afla =n+1-c—al +(afly)™ ((—1)%511 (0 =n®) +aZ (af)+

N

afly = ol + (@ + 1+ o))y +al?) + e =)+ (-1 (D = @),
ozfj_Q =a® 4+ oM (® + oz,(lo_)l +c—n+1)-— aﬁ}jl(aﬂl +a® +e—n)+

2 2 '



40 CAPITULO 1. INTRODUCCION

Caso de Meixner tipo II generalizado multiple

Los pesos son

w(“)(k): (b)s 7"

(C + 1)k K
Los polinomios de la ecuacién de Pearson son
0(k) = k(k +c), ol (k) = n(k +b,)

cona € {1,2}.

La matriz de Laguerre-Freud tiene 5 diagonales no nulas: las 2 primeras
subdiagonales, la diagonal principal y las dos primeras superdiagonales. Las
diagonales son:

W@ =1,
P =a® —a_a® 4 ¢c—a,D,

»© = <a(0) + 1D DM 4 by) + 13 (a2 DY + b2)> ,

YD = pa),
(2 = pa®?,
Encontramos ecuaciones de Laguerre-Freud para los coeficientes de la recu-
rrencia de la forma:
0 2 2 1 0
0‘51412 = K(agth, 0‘7(1+)1a O‘;J)rl? a;lla%@)’
04214)_2 =G (aibo-‘,)-lv O"Szl)v O‘SLO)) ’

O‘512J)r2 =r (OéSLlJ)rh aiojzlv 04512)7 agzl)7 OZSLO)7 aslozl) ’
1.3.3. Extensién a la ortogonalidad multiple respecto a q
pesos

En esta tesis se ha generalizado la ortogonalidad miltiple respecto a 2 pesos
al caso respecto a g pesos.
La matriz de momentos viene dada por

M= i X)X D (k) wD (k) + -+ XD (k)ywD (k)T
k=0

En este caso la matriz cumple la propiedad ¢-Hankel A.#Z = ///(AT)q [19], la
estructura es de forma

1
)

2 1
U O R B

2N P C T I C R B
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donde aparecen las ¢ familias de funciones hipergeométricas distintas y se re-
piten periédicamente , y la factorizacién de la matriz de momentos se puede
escribir a partir de dos matrices unitriangulares inferiores S y S y una matriz
diagonal H como .# = S™'H S-T, igual que ocurria para la ortogonalidad
multiple respecto a 2 pesos.

En la ortogonalidad multiple existen el vector de polinomios tipo I A%*(x)
donde a € 1,2,...,q y el vector de tipo IT B(x) que es andlogo al vector B(x)
del caso monopeso, los vectores de tipo I se expresan a partir de los vectores
de ¢ monomios parciales X@ = [ea re, Tleq.. ] T donde {ea}Z:1 es la base
canénica en R?, de forma que A® = H-1§X() y B = SX. Para sistemas
perfectos se cumple

a€{l,...,q}.

92 _
deg B,, = n, deg AW = [u-l -1,

q

Se cumplen las siguientes relaciones de ortogonalidad

S AD R @ RE™, k{0, deg By}

k=0

M=

Il
—

a

Bn(B)yw @ (k)k™ =0, ke{0,....degA}  ae{l,... qh.

M8

=

=0

Los polinomios satisfacen una relacién de recurrencia a ¢ + 2 términos que
se puede expresar matricialemte de dos formas, a partir de la matriz

T=(A") "D 4. a0 44,
Ccomo

TB = zB, TTA®D = zA@,

En este caso las funciones 7 vienen dadas por g-wronskianos de funciones
hipergeométricas y las funciones 7! son derivadas logaritmicas de las funciones
T respecto a 7).
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Los polinomios de tipo I y de tipo II se pueden expresar como

%O,n
1 ///[”] :
A;@:— My_1n, |» n€ENo ac{l,... q}
Tn+1 2
x¢ ooxe |
y
1
1 AR :
B, = — n—1 s n € Np.
Tn v
‘//7170 . %n,n—l z"

Los conceptos presentados anteriormente se desarrollan con maés detalle en
la referencia [19].

Ambos pesos satisfacen ecuaciones de Pearson de la forma
0(k + 1)w(a)(k +1)= o(“)(k‘)w(“)(k)

donde a € {1,...,¢}.

De esta forma al estudiar cémo actian las relaciones de compatibilidad de
ambas familias de funciones hipergeométricas obtendremos matrices de conexion
que relacionan los vectores B y A(® con dichos vectores tras haber transforma-
do los pardmetros hipergeométricos, ver [19].

Los coeficientes de la recurrencia satisfacen ecuaciones de Laguerre-Freud de
la forma:

o = O (oz(q) ale=D o oD .),

w9 » P Bn—1
o = F{™ (af®, a0l o),
o = PO (02,100, ),

conme{l,...,q—1}.
La matriz de Laguerre-Freud se puede obtener mediante las expresiones:

q
U=119(T) = > o@(T@) (z@) ",
a=1

es una matriz a bandas que viene dada por

U= (AT)qu(—qM) 4+ (AN,
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donde N =degf y M = méx(deg oM, ... deg a(q)).
En este caso la matriz de Laguerre-Freud satisface la ecuacién de compatibilidad

U =[,T],

mediante la cual se podran obtener las ecuaciones de compatibilidad y, despe-
jando adecuadamente, las ecuaciones de Laguerre-Freud para casos concretos
de polinomios. Como se puede observar es andloga a la de 1 peso e igual a la
expresion para el caso bipeso.

Las ecuaciones de Toda en el caso de 3 pesos son 3 para 3 funciones, en
el caso bipeso eran 2 ecuaciones para 2 funciones y en el caso monopeso era
una ecuacion pra una funcién, se puede observar que a medida que vayamos
incrementando el nimero de pesos va aumentando el nimero de ecuaciones y
funciones.

Se puede demostrar que la funcién 7 satisface una ecuacién diferencial en
diferencias de cuarto orden para el caso de tres pesos, se observa que al incre-
mentar el nimero de pesos se va incrementando el orden de la ecuacién que
satisfacen las funciones 7.

Los coeficientes de la recurrencia satisfacen el siguiente sistema de tipo Toda:
90 = o — q, oM,
Yo = ot _ g o) 4 o) (u’ia(o) _ a(O))7
9D = @ (aia(o) _ a(O))7
donde n € {0,...,q — 1}, que se puede observar que es una extensién de lo

obtenido en los casos monopeso y bipeso.

La obtencion de los resultados mostrados en este apartado se puede consultar
en [19].

Caso de Charlier multiple

Los pesos estan dados por

(a))k
(a) _ (17 )
w' (k) = o
donde a € {1,...,¢}. Los polinomios de la ecuacién de Pearson son
0=k, o (k) =nl@),

donde a € {1,...,q}.
De acuerdo con los grados de los polinomios de la ecuacién de Pearson la
estructura de la matriz de Laguerre-Freud es:

U = 4 MDA,
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donde las diagonales son:

p
w(o) = a® _ a,D = Zn(a)[(a)’ 1/}(1) =1

a=1

En este caso podemos despejar los coeficientes de la recurrencia

aé%+a:qm+a+77(a+l)a QG{O,...,Qfl},
a p
1
a((zrr)L-i-a:Zn(b)‘i’mZn(b)v a€{1727"'7q71}a
b=1 b=1

+1 +1 l a— a
O‘E]m+)a = at(zm—i-)a—l + O‘E]%—i—a—l(n( l) - 77( ))a ac {l + 17 s q = 1},

donde m € Ny.

Caso de Charlier generalizado multiple

Los pesos vienen dados por

1 (n(a>)’f
(c+1) K-

w' (k) =
Los polinomios de la ecuacién de Pearson son
0(k) = k(k + ). o (k) = .

Dados los grados de los polinomios de la ecuacién de Pearson, la matriz de
Laguerre-Freud tiene la forma:

U =@ 4 WA 4 A2

donde

q
1/)(1) =a® +aq 0@ fc— a,D, 1[2(2) =1, 1/,(0) — ZW(G)I(G)~
a=1
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Se obtienen las siguientes ecuaciones de Laguerre-Freud:

(@)
« _
aglq:m—"_q_l_c_a’ggqul—"_ m(:)q 1(04201),1"‘0[7(2)4‘0—7%)
m—+q
a(qll) 1
m—4q—
+ = (1 4 1) — r(m)),
am-‘,—q

Oéfilz = ag) + asz)ﬂ + a£,9> +c—m+ (ag,?) - a;‘jll)(agg) + aﬁ,ﬁfll +c—m)
Tr(m+2) — r(m + 1),

a§,2L)+2 =a? + V(9 + aﬁ,?)_l +c—m+1)— a&il(ag) + agﬂ)ﬂ +c—m)
+r(m+1),

n+2 n+2 n+1 0 0 a+1 0

£L+2-2m = a51+m) - agn—&-nz&-l (Oél(J,JZm + at(z—‘zm-&-l +c— (a’ + m)) + at(erm) (ain)—l + agroz)

+c—(m—1)) +a5§ia(r(m+1) —r(a+m+1)),

donde a € {1,...,q—2}, y r(n) :nfqtgj, r(n) € {1,...,q}. LQ:J, es el mayor
entero igual o menor que .

Caso de Meixner II muiltiple
En este caso los pesos son

i
w® (k) = (ba)k -
Los polinomios de las ecuaciones de Pearson son

(k) =k, o' (k) = n(k + ba),

donde a € {1,...,q}.

De acuerdo con los grados de los polinomios de las ecuaciones de Pearson
sabemos que la matriz de Laguerre-Freud tiene la siguiente estructura:

U = (AT)qd)(fq) + WA,

PN =17, @ =a® —q,D, (=™ = palm)

conm € {1l,...,q}.

Se obtienen las siguientes ecuaciones para los coeficientes de la recurrencia,
de forma que se pueden ir despejando iterativamente a partir del coeficiente
anterior de forma general
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1
0551?1)+m = -y (ga +m +n(bmy1 + a)),

o 1 1 ala+1)  m(m+1) “ . 3
aqa+m_1—?7<1—77 (Q‘H?) 2 + 2 +T)Jgo j+1

(qa+m — 1)(qa+m)>
5 7

(1+1) (1+1) Ui )

Ygat+m+i+1 — Ygatm+i + 1— naqa+m+l(1 + b7n+1 + a)'

Caso de Meixner II generalizado miultiple

Los pesos vienen dados por

Los polinomios de la ecuaciéon de Pearson son:
O(k) = k(k+c) y o' (k)=n(k+ba),
donde a € {1,...,q}.

Debido a los grados de los polinomios de la ecuaciéon de Pearson la estructura
de la matriz de Laguerre-Freud es

U = (AT)qw(fq) + o PIAZ

Las diagonales vienen dadas por
¢(2) =1, w(l) =a_a® + a® +c—a.D,

P
@ =y (a(o) + Z](a) (ba + aﬂD(‘I))> ;™ = pam

a=1

donde m € {1,...,p}.

Se tienen las siguientes ecuaciones de Laguerre-Freud para los coeficientes
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de la recurrencia:

(0) _ (0) (p) -1 (p—1)
a(a+l)p+m - _a(a—i-l)p-i-m—l +a +p —l—c+ (a(§+1)p+m) (n(a(§+l)p+m—l(bm+1
(p) (p) (p) (0) (0)
ta+1)+ a(z+1)p+m - a(§+1)p+m71) + 0‘(§+1)p+m71 (@patm + Cpaym—1

+c—(a—1))>,

1) _ -,

0 0 0 0
« — apaer + n(a;a)+m+1 - a;a)er - bm - a) + (az()a)+m - az(na)-i-m—i-l

pa+m-+2
0 0
+1) (O‘y(m)+m+1 + a;fm)—‘rm +c— (m+pa)),
(1+2) _ (1+2) (1+1) (+1) (1+1) (0)
Xpotmti+2 = Ypatmtl + 77(apa+m+l+1 - apa+m+l) — “pat+m+i+1 (apa+m+l+1
+ald o re—(a+D))+alth (@l el e (a—1))
apa-‘rm-i-l c a apa+m+l apa-‘rm Oépaerfl c a )
(14+2) (142 @) (14+1) (14+1)
apa+m+l+2 - apa+m+l + n(apa+m+l (bm+1 +a+ 1) + apa+m+l+1 - apa+m+l)

(I+1) (0) (0) (1+1) (0)
+ Oépa+m+l+1 (apa+m+l+1 +c— (Cl + l) + apa+m+l) + pa+m-+l (apa—i-m

0
+ ag()a)+7rt—1 +c— (0, - 1))

1.4. Conclusiones y problemas abiertos

Las conclusiones que se extraen de esta tesis son:

= Las ecuaciones de Laguerre-Freud que satisfacen los coeficientes de la re-
currencia en las familias de polinomios ortogonales discretos estan relacio-
nadas con las ecuaciones de Painlevé.

= Las ecuaciones de Toda van aumentando en nimero y aumentando el
nimero de funciones involucradas a medida que aumentan el nimero de
pesos.

= La ecuacion de Toda para las funciones 7 aumenta el orden a medida que
aumentamos el nimero de pesos.

= El sistema de tipo Toda que satisfacen los coeficientes de la recurrencia
tiene una forma general y el nimero de ecuaciones depende del nimero
de pesos, ¢, de forma que el sistema tiene ¢ + 1 ecuaciones.

A continuacién se mencionan posibles lineas de investigacién y problemas
abiertos que ameritan un estudio méas profundo:

= La relacién que podrian tener las ecuaciones de Laguerre-Freud para los
coeficientes de la recurrencia con las ecuaciones de Painlevé en las familias
de polinomios ortogonales hipergeométricos miiltiples.

= El estudio de las ecuaciones andlogas a la ecuacion de Nijhoff-Capel Toda
para la ortogonalidad multiple respecto a un ntimero arbitrario de pesos.
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= Estudio de ecuaciones de Laguerre-Freud para familias de polinomios hi-
pergeométricas multiortogonales mas complejas.

= Estudio de las ecuciones de Pearson para el caso multiple en el circulo
unidad.

= Extensién del caso multiple a redes cuadrilateras.
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Abstract

The Cholesky factorization of the moment matrix is
applied to discrete orthogonal polynomials on the homo-
geneous lattice. In particular, semiclassical discrete
orthogonal polynomials, which are built in terms of a
discrete Pearson equation, are studied. The Laguerre—
Freud structure semiinfinite matrix that models the
shifts by +1 in the independent variable of the set of
orthogonal polynomials is introduced. In the semiclas-
sical case it is proven that this Laguerre-Freud matrix
is banded. From the well-known fact that moments
of the semiclassical weights are logarithmic derivatives
of generalized hypergeometric functions, it is shown
how the contiguous relations for these hypergeometric
functions translate as symmetries for the correspond-
ing moment matrix. It is found that the 3D Nijhoff-
Capel discrete Toda lattice describes the corresponding
contiguous shifts for the squared norms of the orthogo-
nal polynomials. The continuous 1D Toda equation for
these semiclassical discrete orthogonal polynomials is
discussed and the compatibility equations are derived.
It is also shown that the Kadomtesev—Petviashvilii equa-
tion is connected to an adequate deformed semiclassical
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discrete weight, but in this case, the deformation does
not satisfy a Pearson equation.

KEYWORDS

3D Nijhoff-Capel discrete Toda equation, Cholesky factorization,
contigous relations, discrete orthogonal polynomials, generalized
hypergeometric functions, Pearson equations, Toda hierarchy

1 | INTRODUCTION

In this paper, the Gauss—Borel factorization of the moment matrix is applied to study discrete
orthogonal polynomials subject to a Pearson equation.

Discrete orthogonal polynomials is nowadays a well-established subject, the classical case has
been treated extensively in Ref. 1 and the the Riemann-Hilbert problem has been used to study
asymptotics and applications, see Ref. 2. Semiclassical reductions, in where a discrete Pearson
equation is fulfilled by the weight has also been treated in the literature. See, for example, Refs. 3,
4 and 5, 6 and references therein for an comprehensive account. For some specific type of weights
of generalized Charlier and Meixner types, the corresponding Freud-Laguerre-type equations for
the coefficients of the three term recurrence have been studied, see, for example, Refs. 7-11. For a
general account, see Refs. 12-14, and for discrete orthogonal polynomials and Painlevé equations,
see Ref. 15.

With this introduction, we give a fast briefing of introductory character, of orthogonal poly-
nomials, its discrete version, and the Cholesky factorization of the moment matrix. We also dis-
cuss for the first time in this context, to the best of our knowledge, the Pascal matrices and its
dressed versions.

Then, in Section 2, we discuss the discrete Pearson equation and give Theorem 1, the first main
result of the paper, which describes a new symmetry of the moment matrix, direct consequence of
the Pearson equation, in terms of the Pascal matrix. We then deduce the corresponding symmetry
for the Jacobi matrix, see Proposition 6. Then, in Theorem 2, the second main result of the paper,
we describe a banded semi-infinite matrix, that we called Laguerre-Freud structure matrix, which
models the shift in the spectral variable. The name is rooted on the fact that this banded matrix
encodes Laguerre-Freud equations for the recurrence coefficients of the orthogonal polynomial
sequence, see, for example, Ref. 16. The number of nontrivial superdiagonals and subdiagonals
of this matrix is determined by the Pearson equation. Several properties involving the Jacobi
and Laguerre-Freud matrices are derived. Of particular interest are those of compatibility
type.

As the Pearson equation leads to generalized hypergeometric moments, we study the contigu-
ous relations of these functions and its description as further symmetries of the moment matrix,
see Theorem 4. In Theorem 5, the squared norms of these discrete orthogonal polynomials are
shown to be solutions of a well-known discrete integrable multidimensional lattice, known as the
Nijhoff-Capel lattice, see Refs. 17, 18. We also discuss the Toda hierarchy deformations, with only
the first flow preserving the Pearson reduction. The compatibility with this first Toda flow and the
Pearson equation is discussed in Proposition 21. The connection of deformations of these weights
with solutions of the Kadomtsev-Petviashvilli (KP) equation is discussed as well.
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1.1 | Linear functionals and orthogonal polynomials

Given a linear functional p, € C*[z], here C*[z] denotes the dual of the linear space of complex
polynomials C|[z], the corresponding moment matrix is

G= (Gn,m)’ Gn,m = Pn+m> Pn = (pZ,Zn>, n,meN, = {0,1,2,..}, @

with p,, the nth moment of the linear functional p,. If the moment matrix is such that all its
truncations, which are Hankel matrices, G, ; = G j41,

PO P1 P2 Pr=1
Goo-wrvvee Gok-1 P1 P2 pk:
GH=| = 7 ?
Gr_10- " Gr—1k-1 | | '
Dot e pak—2

are nonsingular; that is, the Hankel determinants A, := det GI*! do not cancel, A #0, k €Ny,
then there exists monic polynomials

P,(z)=z"+piz" 1+ +pl, neN,, (3)
with p(l) = 0, such that the following orthogonality conditions are fulfilled:
<p,Pn(z)zk> =0, ke{0,..,n—-1}, (p,P,(2)z")=H, #0. 4)
Moreover, the set {P,(z)},en, is an orthogonal set of polynomials (p,P,(2)P,(2)) =
SpmHp,n,m € Ny, In this case, we have a symmetric bilinear form (F,G), :=(p,FG),
such that the moment matrix is the Gram matrix of this bilinear form and (P, P,,,), := 8, p,H,.
In this paper, we will use both denominations, moment matrix, or Gram matrix, indistinctly to
refer to the matrix G.

1.2 | The shift matrix A

In terms of the semi-infinite vector of monomials,

x(2) = z? (5)
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the moment matrix is written as G = (o, yx '), and it becomes evident that this matrix is sym-
metric, that is, G = G . The vector of monomials y is an eigenvector of the shift matrix

that is, Ay = xy. From here, it immediately follows that AG = GAT, that is, the Gram matrix is
a Hankel matrix, as we previously said. The transposed matrix

(7

satisfies AAT = T'and ATA =T — Ey, with (E; )i ; = 8:48;,,1,j € No.

1.3 | The Cholesky factorization of the Gram matrix

Being the Gram matrix symmetric its Gauss—Borel factorization reduces to a Cholesky factoriza-
tion

G =S"1HST, (8)

where S is a lower unitriangular matrix that can be written as

T 0eeeinn
S = ’ ' ,
520 S21 ©)

and H = diag(H,, Hy, ...) is adiagonal matrix, with H;, # 0, for k € N,. The Cholesky factorization
holds whenever the principal minors of the moment matrix; that is, the Hankel determinants 4,
do not cancel.

The components P,(z) of the semi-infinite vector of polynomials

P(z) :=Sx(2), (10)
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are the monic orthogonal polynomials of the functional p. Indeed, from the Cholesky factoriza-
tion, we know that

(oo xx")y=G=S"HS™T an
so that S{p, yx")ST = H, and consequently, (0,Syx'S") = H and we get (o, PP") = H, which
recollects the orthogonality of the polynomials {P,(z)}7 .

1.4 | The Jacobi matrix
Given this construction is natural to introduce the lower Hessenberg semi-infinite matrix
J=SAS™! (12)
that has the vector P(z) as eigenvector with eigenvalue z, that is JP(z) = zP(z). The Hankel
condition of the Gram matrix AG = GAT together with the Cholesky factorization leads to
AST'HS™T = S7'HSTAT, or, equivalently, SAS™'H = HS~TATS™T, that is,
JH =UH)" =HJT. (13)

That is, the Hessenberg matrix JH is symmetric, thus being Hessenberg and symmetric we deduce
that is tridiagonal. Hence, the Jacobi matrix J given in (12) reads

Bo 1 | RN
v B 1 .
J = .
0. 72 fo 1 7 (14)

and the eigenvalue equation JP = zP is a three term recursion relation

zP,(z) = Py41(2) + BnPu(2) + ¥ Pr_1(2), 15)

that with the initial conditions P_; = 0 and P, = 1 completely determines the sequence of orthog-
onal polynomials {P,,(z)},en, in terms of the recursion coefficients 3, y,,. In terms of the Hankel
and modified Hankel determinants

D0 e Phea  Phot DO e Ok—2 Pk
: : . Pk—1
Ay = det , Ay = det : . :
Pk—2 . - P2k—3 pklg" Posh—2
D1t Pob-3 P22 Dl e Pok—3  P2k_1
(16)

we find the following.
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Proposition 1. The recursion coefficients are given by

A A H A 1A,
1 1 n n+l n+1 n+1-n—1
— _ - _n = = N 17
Bn pn p}’l+1 An + A,-H_l’ 7n+1 Hn A}% ) ne 0> ( )
Proof. Forn e N :={1,2,...}, fromJ" = H-1JH, we getthaty, = HH" . On the other hand, asJ =
n—1

SAS™! and recalling that for the coefficients S, ,_; of the first subdiagonal of S, we have S, ,, _; =

pL, the first nontrivial leading coefficient of the monic polynomial P, we get 8, = p} — pll1 -1

For future use, we introduce the following diagonal matrices:
y 1= diag(y1,72,..), B 1= diag(Bo,p1, ) (18)

and

J_:=ATy, J, :=B+A, (19)
so that we have the splitting

J=Ay+B+A=J_+1J,. (20)
In general, given any semi-infinite matrix A, we will write A = A_ + A, where A_ is a strictly
lower triangular matrix and A, an upper triangular matrix. Moreover, A, will denote the diagonal
part of A.

1.5 | The Pascal matrices

The lower Pascal matrix, built up of binomial numbers, is defined by

("), nzm
B = (Bn,m)a Bn,m .= m/’ T (21)
0, n<m,
so that
x(z+1) =Bx(2). (22)
Moreover,
1 s . (—1)”+m<n ) n>m,
B~ = (Bn,m), Bym = m (23)
0, n<m,
and

x(z—1)=B""x(2). (24)
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The lower Pascal matrix and its inverse are explicitly given by

1 [0 P, I T
1 S I (P -1 1 o T
1 S T ¢ BT 1 -9 B O P
B| 1 3 3 1 0ceiiiiiviiai oBl=|-1 3 =3 1 0
1 4 6 4 1 0-veevenenn. 1 —4 6 —4 1 0eeveeninn.
1 5 10 10 5 1 0-ee-. -1 5 —10 10 =5 1 0:-----

25
Let us introduce the lower unitriangular semi-infinite matrices, and let us refer to them as dregse;
Pascal matrices,
II:=SBS™!, II'!:=8B71s7!, (26)
which are connection matrices; that is,
P(z+1)=T1IP(z), P(z—1)=1I"'P(2). (27)
The lower Pascal matrix can be expressed in terms of its subdiagonal structure as follows:
Bl =T+ ATD + (AT)?D2 £ (AT)*DBI 4 ... (28)
where the diagonal matrices D, DIKl, with k € N, (D = DIl), are given by

D = diag(1,2,3,..), DKl = % diag(k®, (k + 1)®), (k 4+ 2)® ...), (29)

in terms of the falling factorials x® = x(x —1)(x —2)--- (x — k + 1). That is,

m+k)---(n+1)
K )

pH = keN, neN,. (30)

The lower unitriangular factor can also be written in terms of its subdiagonals
S=T+ATSIH 4 (AT)2s2] 4 ... (31)

with Stk = diag(S([)k],Sgk], ...) diagonal matrices. From (10), it is clear the following connection

between these subdiagonals coefficients and the coefficients of the orthogonal polynomials, given
in (3):

[kl _ k
Se = Py (32)

We will use the shift operators T, with action on the diagonal matrices given by

T_ diag(ay, a4, ...) := diag(a;,ay,...), T, diag(ay,a,,...) := diag(0, ay,ay,...), (33)
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where T_ is the lowering shift operator and T, the raising shift operator over the diagonal
matrices. These shift operators have the following important properties, for any diagonal matrix
A= diag(Ao,Al, ) .

AA = (T_A)A, AA=A(T,A), AN =AT(T_A), ATA= (T, AAT. (34)
Remark1. Notice that the standard notation, see Ref. 1, for the differences of a sequence {f ,},.en, »

Afyp i= fner— fno nEN,
Vin = fn=faa, nEN, (35)
and Vf, = f,, connects with the shift operators by means of
T_=I+A, T,=I-V. (36)
In terms of these shift operators, we find
2D2l = (r_D)D, 3DB! = (12D)T_D)D = 2(T_D'2hD = 2DI2(T2 D). (37)

With these tools, we are ready to study the expansion in subdiagonals of S~! in terms of the cor-
responding expansion of S.

Proposition 2. The inverse matrix S~ of the matrix S expands in terms of subdiagonals as follows:
STl =T+ ATSFU 4 (AT)25172) 4 ... (38)
The subdiagonals S'=! are explicitly given in terms of the subdiagonals of S, the first few are
Si=11 = gl
sl=21 = _gl2l 4 (T_S[l])S[I],
Sl=31 = Bl 4 (7_s2hstil 4 (72 slihgl2l — (72 slily(r_shhsil

Sl=41 = —gl4l 4 (7_sBhstl 4 (T2 si2hsl2l — (72 sl2hy(r_slhysitl 4 (73 slihgI3]

—(T3 sy (r_s2hysi) — (73 sltly(r2 sHD)st2l 4 (73 sy(r2 sihy(7_s[hysit (39)

With all these at hand, we can also get expressions for the nontrivial coefficients corresponding
to the highest powers of the monic orthogonal polynomials.

Proposition 3. The following nonlocal expressions for the polynomial coefficients in terms of the
recursion coefficients hold true:

n n
Py = Z Be» Doy =-— Z Yk + Z BiBi- (40)
k=0 k=1

0<l<k<n
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Moreover, it is also true that

Py =Dy =Vni2Ph g+ Busz + Bt + B)P-, — Bust + B)D) DL -

Proof. We start by noticing that

J=SAS™! = I+ ATSH 4 (AT)2SRI 4 AT + ATSIFH 4 (AT)281721 4.
= A+ TS 4 5= 4 AT(T, 812 4 s1=21 4 sltlgI=1y

+ (AT)Z(T+S[3] + S[—3] + S[Z]S[—l] + (T+S[1])S[—2]) + e,
Thus, we obtain

B = T+S[1] — sl

y = T+S[2] — si2l 4 (7_slt — glihghl
and an infinite set of relations among subdiagonals of S, being the first
TSB! 4 5131 4 s2lsi=11 4 (7, sHhsI=21 = o,
The relation (43) componentwise is (17). Equation (44) reads componentwise as follows:

2 2 1 1 1
Yn+1 = SL_]l - SL : + (S,[H]q - SL ]> Sr[z ] = p31+1 - pr.z - 6n+1prll+1-

Hence, using telescoping series again, we find (40). Finally, Equation (45) reads

T+SI3J — SBI 4 (7_sl2hstt 4 (r2 siihgt2l — (72 gltlyr_sithsil — gl2lglt]

+ (TS (=st2 + (T_slthsl) = o,
that we can write

T,.SBl—sBl41_ (5[2] — 71,8 —(r_st] — 5[1])5[1])5[1] + (128 — 1 stihst2l

+ (TSN — 1_slthy_slthsitl = g,
so that
T,SB - SBI = (T_y)st + (128 + T_B + B)SI! — (T_g + g)(T_sIths!] = o,

and componentwise, we have (41).

(41)

(42)

(43)

(44)

(45)

(46)

(47)

(48)

(49)

Remark 2. In (41), we can sum up on the LHS, observe that is a telescoping series, to get a nonlocal
nonlinear expression, in terms of the recursion coefficients, for pfl. A similar statement holds for

every p,'fl withk =4,5, ....
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Now, we turn our attention to the dressed Pascal matrix. We expand the dressed Pascal matrices
into subdiagonals

! =1+ ATl (AT 712 4 (50)

with 7l#l = diag(rt([)in], ﬂgﬂl], ...). Then, for these subdiagonals we find the following.

Proposition 4 (The dressed Pascal matrix coefficients). The subdiagonal coefficients of the Pascal
matrices satisfy

+2)(n+1
= s e, w = TR ) D% (42
(n+2)(n+1)
= F (1 4+ Dt F DL (51
+3 _  (m+3)(n+2)(n+1) m+2)(n+1) n+3)(n+2) ,
T, =% 3 + D) n+3~ 2 Fntl
+(n+Dp2 ,Fm+3)p.,,+(m+3)p, ,ph,, F(n+2)pl .pl .. (52)

Moreover, the following relations fulfill:
7l 470 =0, 7l2l 4 7-20 = 2pl2l 7131 4 7131 = 2¢(T2sIpI2] — (T_DI2)si]y,
all — 7= =2p, 7l — 7zI=21 = 2((T_s!"hp — (T_D)sI)),
a3l — 71731 = 2(DBI + (1_sBHD — (12D)s1?! + (T2 D)(T_SIHs!H — (12 s)(T_D)s!H).
(53)
Proof. From (34), we get
M = (1 + ATSM + (A28 + )T £ ATD + (AT)?D? + (AT DB 4+ )T + ATSIY + (AT)2S172) 4 ..
=T+ T +ATSW + (AT SR+ . ) (2ATD + (AT)*DP! £ (AT)*DB 4 ) (I + ATSEH 4 (AT)2S2 4 -)
(54)
so that
I+ =T+ ATD + (AT)? (D + (T_S"ND + (T_D)S™1) + (AT)*(«DB! + (12SM)DI2! + (T_DI2)sI-1]
+ (T_SPHD + (12D)S'=2! + (T28M)(T_D)SI=1) + ... (55)

From (55) and Proposition 2, we obtain

ml*ll = 4D, (56)
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nlx2l = pl2l 4 (r_s'hp £ (T_D)s!"], (57)

7131 = + pBl 4 (r2sithpl2l — (r_pl2hstl 4 (r_si2hp £ (12 D)s!2!

+ (T2D)(T_SHs x (12 sl (T_D)stl. (58)
That component wise gives the desired result once we use the expressions for the f’sin (17). W

Proposition 5. For any polynomial R(z), we have
R(A)B*! = B¥'R(A +I), B*'R(A) = R(A ¥ I)B*!,

RWII* = T RU + 1), M*'RUJ) =R F DHIT*. (59)

Proof. The compatibility of the couple of equations

{Bil)((z) =x(zx1),

R(A)x(z) = R(2)x(2), (60)

leads to
R(A)B* x(2) =R(A)x(z+1)=R(z+ 1Dx(z+1) =R(z + 1)B*' y(2) = B*'R(A + ) x(2), (61)

so that R(A)B*! = B*!R(A +I), and consequently, B*'R(A) = R(A ¥ I)B*!. Finally, a similarity
transformation A = S~1JS gives the result. [ |

2 | DISCRETE ORTHOGONAL POLYNOMIALS AND DISCRETE
PEARSON EQUATIONS

2.1 | Discrete Pearson equation

We now assume that the functional is a sum of Dirac delta functions supported N,
[e9)
p =) 8(z—kwk). (62)
k=0

for some weight function w(z) with finite values w(k) for k € N,. Hence, the bilinear form is
(F,G) = Zzo:o F(k)G(k)w(k). The moments are

pn = k"w(k), (63)
k=0
and, in particular, the Oth moment reads as follows:

po =, w(k). (64)
k=0
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We will study families of weights that satisty the following discrete Pearson equation:
V(ow) = tw, (65)

that is, o(k)w(k) — o(k — 1)w(k — 1) = t(k)w(k), for k € {1, 2, ...}, with o(z), 7(z) € R[z] polyno-
mials. If we write 6 := o — 7, the previous Pearson equation reads

0k + Dw(k + 1) = o(k)w(k), k € Ny. (66)
Theorem 1 (Hypergeometric symmetry of the moment matrix). Let the weight w be subject to the

discrete Pearson equation (66), where 6, o are polynomials with 6(0) = 0. Then, the corresponding
moment matrix fulfills

8(A)G = Bo(A)GB. (67)
Proof. The moment matrix is
G = ) x(k)x (k) Tw(k). (68)
k=0

Thus,

(NG = Y 6(Mx(k)x(k) w(k)  use (68)
k=0
= Y x(0x(k)T6(kyw(k) useAy =zy and 6(0)=0
k=1
= Z x(k+ 1D y(k +1)T6(k + Dw(k 4+ 1) shift the summation variable
k=0

= 2 x(k+1Dy(k +1)To(k)w(k) use Pearson equation (66)
k=0

= Y Bx(k)x(k)"BTo(kw(k) use (22)
k=0

= Z Bo(A) x(k)x(k)Tw(k)BT use Ay = zy again
k=0

= Bo(A)GBT use (68). (69)

Remark 3. This result extends to the case when 6 and o are entire functions, not necessarily poly-
nomials, and we can ensure some meaning for 6(A) and o(A). Later on, see Section 2.5, we will
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show that this symmetry of the Gram matrix is a direct consequence of the generalized hyperge-
ometric ODE satisfied by the the Oth moment.

2.2 | Consequences for the Jacobi matrix

We can use the Cholesky factorization (8) and the Jacobi matrix (12) to get the symmetrization
matrix for the Jacobi matrix and an important constraint fulfilled by the dressed Pascal and Jacobi
matrices.

Proposition 6. Let the weight w be subject to the discrete Pearson equation (66), where the functions
0, o are entire functions, not necessarily polynomials, with 6(0) = 0. Then,

(i) The matrices HO(J ") and o(J)H are symmetric.
(ii) The following relation

O'HOJT) = c(J)HITT (70)
holds.

Proof. Given the Hankel property, AG = GAT, we write (67) as GO(AT) = Bo(A)GB', and
using the Cholesky factorization (8), we get STTHS™TO(AT) = Bo(A)S™'HS~ BT, so that
HS™TO(AT)ST = SBS™1Sa(A)S~'HS~TBTST, and we get Equation (70).

Let us prove that the matrices HO(J ") and o(J)H are symmetric. This fact follows from (13),
JH = HJ . Indeed,

(H6I ™) =6()H)H =6(HJTH")H = H6(J")H'H = HO(J "),

(c(HH)" = Ho(J") = Ho(H 'JH) = HH 'o())H = o(J)H. (71)
|
2.3 | Generalized hypergeometric functions and the Pearson equation

Let us assume that 6, o are polynomials, and denote their respective degreesby N + 1 := deg6(z)
and M := dego(z). The roots of these polynomials are denoted by {—b; + 1}?; , and {—ai}?i 1
respectively. Following Ref. 3, we choose

0(z)=2z(z+b;—1)---(z+by—1), o(z)=n(z+ay)- - (z+ay). (72)
Notice that we have normalized 6 to be a monic polynomial, whereas ¢ is not monic, being the

coefficient of the leading power denoted by #. This parameter 7 will be instrumental in what
follows. Therefore, see Ref. 3, we have that the weight satisfying the Pearson equation (66) is
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proportional to

(al)z (aM)z z

) = G DB, — )

(73)

here we use the Pochhammer symbol (), = %, that for z € N reduces to the standard expres-

sion
(@, =ala+1)(a+2)---(a+n—-1), (a)=1. (74)
The moments of this weight are finite whenever, see Ref. 3 and references therein,
(i) M <Nandn eC.
(ii) M > N, n € C and one or more of the parameters g; is a nonpositive integer.
(iii) M=N+1and|n| <1.

(ivy M=N+1,|p|=1andRe(by + -+ by_1 —a; —--- —ay;) > 0.

According to (64), the Oth moment

~ ) ~ [ (al)k"'(aM)k ﬁ
o kz;éw(k) - Z{, (by + Dy -+ (by + 1) k!

a cee a
= MFn(ay, ., ay; by, e, by ) = mFN | M (75)
b, - by

is the generalized hypergeometric function, where we are using the two standard notations, see
Ref. 19. Then, according to (63), for n € N, the corresponding higher moments, p,, = ZZO:O k"w(k),
are

a

e a 3
Pn=19;r71P0=193(MFN[b1 blx;n]), 19n3=77%- (76)

Given a function f(n), for n € N, we consider the Wronskian

f O f g%f ....... :ﬁgf
U f 19,27f __.-"'ﬁgﬂf
Wnr1(f) = det | 93 f : (77)

Then, for n € N, we have that the Hankel determinants A,, = det G[”], determined by the trunca-
tions of the corresponding moment matrix, are Wronskians of generalized hypergeometric func-
tions

a cese a
A, =T, Tn:=°ﬂ/n<MFN[b1 bl‘Nd;n]), (78)
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Ay = 8,1, (79)

Moreover, we also have for n € Ny and taking 7, = 1 that

T
H, = :H, pn = —9,log,, (80)
n
as well as
Tpy1 = HyHy—q -+ Hy. (81)

Remark 4. The functions 7;, are knwon in the theory of integrable systems as 7-functions.

2.4 | The Laguerre-Freud structure matrix and the Cholesky
factorization

We are ready to prove one of the main results in the paper. We will get a banded semi-infinite
matrix describing the action of multiplication by the polynomials 6(x) and o(x) the sequence of
orthogonal polynomials {P,(x)}" .

Theorem 2 (Laguerre-Freud structure matrix). Let us assume that the weight w is subject to the dis-
crete Pearson equation (66) with 8, o polynomials such that 6(0) = 0, deg6(z) = N + 1, dego(z) =

M. Then, the Laguerre-Freud structure matrix

Y :=TI"'HO(JT)=c()HII' =II"'6(J)H = Ho(J)II' (82)

=0(J+DII"'H=HI"c(J" —1), (83)

has only N + M + 2 possibly nonzero diagonals (N + 1 superdiagonals, the main diagonal and M
subdiagonals)

Y = (AT)M¢(—M) + .- 4+ AT¢(—1) + ¢(0) + l,b(l)A 4+ -+ ¢(N+1)AN+1’ (84)

for some diagonal matrices X In particular, the lowest subdiagonal and highest superdiagonal are
given by

_ _ M-1 . M M+1
(ADMYM = IMH, 9 =yH]], ;) TEy = ndiag (Ho ey 70 Hi Ty 700 )
¢(N+1)AN+1 = H(JI)N+1, ¢(N+1) =H HZ::O TE]/ = d1ag (HO H]]:]=+11 yk’Hl H]lj:; Yis )

(85)
The vector P(z) of orthogonal polynomials fulfills the following structure equations:

8(z)P(z—1) =¥YH 'P(z), o(z)P(z+1) =¥ "H'P(2). (86)
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Proof. To get (83) just use (59). Now, notice that the matrices HO(J) and o(J)H are banded
matrices with 2N + 3 diagonals (N + 1 superdiagonals and subdiagonals) and 2M + 1 (M super-
diagonals and subdiagonals), respectively. Thus, II"'HO(UT) has at most N + 1 superdiagonals,
whereas o(J)HII" has at most M subdiagonals. Consequently, ¥ given by (82) is a banded semi-
infinite matrix as described. Then, (85) follow from (82) and the mentioned banded structure. To
get the lowest subdiagonal, we use ¥ = o(J)HII", so that the lowest subdiagonal will come from
the lowest subdiagonal of o(J), namely, 7 (J_) right multiplied by the diagonal matrix H and
then right multiplied the main diagonal of IT", which happens to be the identity. To get the high-
est superdiagonal, we proceed similarly and use ¥ = IT"'HO(J "), so that the main superdiagonal
will come from the product of the three factors I, H, and 6y N+ in this order. The compo-
nentwise expressions are direct computations.
Finally, we have

WH-P(z) = I7'6()HH'P(z) W'H'P(z) = Ho(J)HH 'P(2)

=II"186(J)P(2) = IIo(J)P(z)
= I1716(2)P(2) = Ilo(z)P(z)
=0(2)P(z-1), =o(z)P(z +1). (87)

Remark 5 (Laguerre-Freud equations). Equation(82) is instrumental in obtaining nonlinear recur-
rences for the recursion coefficients, see Ref. 16

Yn+1 = Fl(l’l, Vs Vn—1s-> ﬁn’ ;Bn—l )’ Bn+1 = FZ(n: Vn+1:Vns > ;Bn’ Bn—l’ )y (88)

for some functions Fy, F,. These recurrences were named by Alphonse Magnus, attending to Refs.
20, 21, as Laguerre-Freud, see Refs. 22-25. This is the reason for the given name to W.

The previous result extends to the Jacobi matrix, giving nontrivial nonlinear relations that link
the Jacobi and Laguerre-Freud matrices.

Proposition 7. The Laguerre-Freud and Jacobi matrices fulfill
oNB(J +1)=YH 'WTH™! 6)o(J-I)=¥"H'WwH L (89)
Proof. We have

o8 +P(z) = 0(2)8(z + 1)P(z) = c(2)YH'P(z + 1) = YH 'o(z)P(z + 1)
= YH 'WTH-1p(z),
8(a(J —P(z) = 6(z)o(z —1)P(z) = 6(z)P " H 'P(z — 1) = ¥ H16(z)P(z — 1)

=9 TH1WH-1P(2), (90)

which hold for all z € C and, consequently, imply the desired result. [ |
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Theorem 3 (Cholesky factorization). Let us assume that HO(J ") and o(J)H have the following
Cholesky factorizations:

HO(J") =0"'H,®0 ", o()H=X"'H,z7T, (91)
with © and Z lower unitriangular matrices and Hgy and H,; diagonals matrices. Then,

(i) ® ! and =7! have only first N + 1 and M subdiagonals possibly nonzero, respectively.
(ii) We have

N=0"1%, Hy=H,=:h (92)
(iii) The Laguerre-Freud matrix has the following Gauss—Borel factorization:
¥ =3"1heT. (93)
Proof. Recall that according to Proposition 6, the matrices HO(J ") and o(J)H are symmetric, and
consequently, the corresponding Gauss-Borel factorizations, when they exist, will be Cholesky
factorizations.
(i) If follows from the fact that J is tridiagonal and 6 and o polynomials of degrees N + 1 and
M, respectively.
(i) The symmetry (70) yields

n'e'H,0 T =x"1H - T1I" (94)

and given the uniqueness of the Gauss-Borel factorization, the result follows.
(iii) From (82), we have different alternatives to show the result, let us see two of them

¥ =TI"1THOU") =2"100 'Hy0 " =27 1he T,

¥ =cg(H)HN' =27 'H, 27270 =x"1he~ . (95)
|

The compatibility with the recursion relation, that is, eigenfunctions of the Jacobi matrix, and
the recursion matrix leads to some interesting equations.

Proposition 8. The following compatibility conditions for the Laguerre-Freud and Jacobi matrices
hold:

[YH-1,J] =WYH!, (96a)

[J,YTH ] =wTH L (96b)
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Proof. To prove (96a), we evaluate the eigenvalue equation JP(z) = zP(z) in z—1 to get
JP(z — 1) = (z — 1)P(z — 1). Now multiply it by 6(z) to obtain JO(z)P(z — 1) = (z — 1)6(z)P(z —
1). Therefore, recalling (86), J¥H'P(z) = (z — 1)¥H~'P(z) = WH~(J — I)P(z) from where the
relation follows.

Alternatively, observe that

WH-! = SB71(A)S~! (97)
from where
[YH~L,J] = S[B~'6(A), A]S~! = S[B~L, Al6(A)S™! = SB~16(A)S™! = wH L. (98)

To show (96b), we take the transpose of the proved one to get [JT, H"'W'] = H'¥T so that

[HI"TH-\, HH'"W"H'|= HH '¢TH! (99)
and recalling that HJ TH! =], see (13), we get the desired result. [ |
2.5 | Contiguous hypergeometric relations

As we have seen, the polynomial discrete Pearson equation leads to (76), and the Hankel deter-
minants are Wronskians of a generalized hypergeometric function, see (78) and (79). Hence, we
expect that some properties of generalized hypergeometric functions may translate to the Gram
matrix. To write this dictionary, we require of Proposition 10, discussed latter, which ensures

9,G = AG = GAT. (100)

We now study three important relations fulfilled by the generalized hypergeometric function,
namely:

al...ai...aM al...ai_l_l...aM
) mF 0| = ai yF ; 101
(9n+a1)M N[ bl"'bN 577:| alM N[ bl"'bN ,77], (O)

_ a; - ay . _ o aj -+ ayp )

(1977+b] l)MFNI:bl---bJ---bN,n] _(b] 1)MFN|:b1-~-bJ—1---bN,77:|’ (102)
d a  oay, | _ e+l - ay+1, N

dn MFN[bl bN,n] = *ufy by+1 - by+1"]" ©°T )b (103)

From these three equations, we also derive

M d d N d . .
G T JU=04 —+b,—1)u, u:=yFy|,' M ] 104)
ng<ndn ) ”dnH<’7dn " ) M N[bl RURSNL DR

n=1
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In (101) and (102), we have basic relations between contiguous generalized hypergeometric func-
tions and its derivatives.
For the analysis of these equations, let us introduce the shift operators in the parameters {ai}?i 1

a1 cee aM

and {bj};\’:l. Thus, given a function f[b1 by

] of these parameters, we introduce the shifts ;T

and T jas follows:

al...ai...aM _ al...ai+1...aM . al...aM
le[ bl'“bN ]_f[ bl"'bN ]’ T]f[blbbN]

_ al-.-aM
=l 105)

and a total shift T =T --- /T T;" --- T5; that is,

a1+1 aM+1

by+1 -+ by+1| (106)

L

Then, we find the following.

Theorem 4 (Hypergeometric relations). The moment matrix G = (0p4m)n nen, Of @ weight satis-
fying (66) fulfills the following hypergeometric relations:

(A + aiI)G = q; l‘TG, (1073)
AG = xB(TG)B' (107¢)
with B given in (22).
Proof. We first prove (107a). For that aim, we use that G,, ,,, = 19,’;‘+m(MF N[Zi ZA; ;7]) so that
al cen aM'
(1977 + ai)Gn,m = (197) + ai)‘97};1+m (MFN [bl bNJ?] >
_ a1 cen aM_
= 9,8, + ai)(MFN [b1 bNJ?] >

_ T al...a.+1...aM.
e (ur [ 51T, 0))

= q; iTGn,m' (108)
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Thus, (9, + ¢;)G = q; ;TG, and recalling §,G = AG, we get the result. Relation (107b) is proved
similarly. Finally, (107c) follows from (103), the novelty is that in (103), we have di = 17_119,7, which
n

do not commute with 8,7. To overcome this difficulty, observe that the relation
—nN-—n—=1 (109)

can be written n~'9,7 = 9, + 1. Hence, 7' 8]0 = (n~'8,1)" = (8, + 1)", that, in turn, implies

d ., d
— 9 = t—. 11
%= Ot g (110)
Thus, we get the equations
dGn,m d n+m al aM nam d al aM
dn _HSU (MFN[bl =+ b ,77]>—(19;;+1) H<MFN[’31 bN,n]>
a+1 - ay+1
1n+m F 1 M .
= (8 + e [b1+1 o by+1
o+ m a; +1 ay +1
- k 1 e ay t+ 1
"‘é( k )SﬂMFN by+1 - by+1 (1)

Using the Chu-Vandermonde identity,

M =3 0" o

we find

ap+1 - ay+1
by+1 - bN+1"7

—x i i ( )TG,k(’;:) (113)

from where the result follows. [ |

Remark 6. From (104), we derive, in an alternative manner, the relation (67). Indeed, using «9,7 -
1= 1719,777_1, we get (9, — 1)"'n = n(8,)" and we workout (104) as follows:
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M
ﬁH(f} +an)Gnm—77H ’9 ‘I'an)‘gn_'_m<M1:"N[b1 ZJZ\V/I,U])

n=1
— n+m = a -+ Ay,
n=1 1 N
T TR
e 7 b, - by’
N n+m n+m a 4
_ _1\kgk 1 M.
=5, [T +b-1) Y ("7 )=D) s,,(MFN[bl bN’”D
n=1 k=0
N n m
=’9nH(9n+bn—1 ZZ <n>Gz,k(—1)"<m), (114)
n=1 1=0 k=0 l k

and consequently, we finally deduce (67).

2.6 | Discrete lattice Toda equation

The shifts in the hypergeometric parameters induce corresponding transformations on the dis-
crete orthogonal polynomials. To describe them, we introduce the following semi-infinite matri-
ces:

Q =SGTS)™Y, ief{l,...M}, Q:=S(TS)!, kef{l,..,N} 115)

so that the following connection formulas are fulfilled:

iQTP(z) =P(z), i€{l,..,M} (116)
TjP(z) =P(z), je({l,..,N}L 117
In Ref. 26, we proved that
1 Oceeeeennnnn 1 0o
1 H; 1 1 H;y 1
a; iTH() t. bjfl TJHO
ZQ = ’ y Qj =
0 L HQ 0 1 HQ
a; i T'Hy b;—1 T, Hq

(118)
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The connection formulas (116) and (117) for contiguous hypergeometric parameters imply a non-
linear compatibility equations that lead to a generalized lattice Toda equation found in Ref. 18. We
use the following notation:

a cee a
U, = Hy_4 [bi bx;ﬂ] . (119)

We now consider three variables (n,r, s), where r, s are any couples of variables taken from the
set of hypergeometric parameters {a, ..., @y, by, ..., by} and denote the corresponding “shifts” in
n,r, s as follows:

i, (r,8) = Uy 1(1,s), U,(r,s)=adu,(r £1,s), i,(r,s)=au(r,s+1), (120)

where the + signs is a + if the corresponding variable belongs to {a,»}?i , or a — if it belongs to
{b j}l}”: 1> and the constants d,d are taken from {ai}ﬁi , and {b; — 1}]].\]:1 according to the choice

selected for the variables r and s. We denote by Q") and Q, the corresponding matrices Q’s
taken from {iQ}f‘i , and {Q; }]j.\;l, depending on the variables picked r and s.

Theorem 5 (Nijhoff-Capel discrete lattice Toda equations). The squared norms satisfy the follow-
ing nonlinear equations linking contiguous hypergeometric parameters:

u—u (1 1
- =a<5—5>. (121)
Proof. The connection formulas are
Qp=p, QWp=p. (122)
Then, we have
Qp =p, (123)
so that
QWAMP = QWP = p, (124)

and the compatibility P = P leads to the nonlinear condition

Q®OM = oMHE). (125)
Then, as we can write
L0 L0
Lo Lo
ul . ul . ..
Q(r) _ . o ’ Q(S) — 0 . , (126)
2 u : i

s
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Equation (125) is
1 Qvvvvvnnns 1 0 1T 0cevvvvnnns 1 00
oo Lo oo CO
Ul U1 . U1 . Ul .
_ = = _ - ,
(127)
and consequently, we deduce
Zhz=—+o, (128)
u a4 u u
and the result follows immediately. [ |

Remark 7. Equation (121) is the generalized discrete lattice Toda equation described for the first
time by Nijhoff and Capel,'® that taking adequate continuous limits in the r and s variables (hyper-
geometric parameters) recovers the 2D Toda equation. This is a canonical equation among the dif-
ference equations in three variables involving up to second-order differences of octahedral type,
consistent on the 4D lattice,”’ it appears as the type V of the octahedron-type integrable discrete
equations in Section 3.9 of the book.!”

More compatibility conditions appear in terms of the matrices, see Ref. 26

i i=(GTS)A+aDS™, ie{l,...M}, o;:=TS)A+b;—DDS™, jefl,.., N}
(129)

related to the previous ones by
wH = a,(TH)GQ)T,  w;H = (b; — )(T;H)Q)T, (130)
as a consequence of the following connection formulas:
iwP(z) = (z + ;);TP(z), i€{l,...M}, w;P(z)=(z+b; —1T;P(z), je€{l,..,N}. (131)

Now we study compatibility of the recursion relation and the connection formula for contigu-
ous parameters; that is, the compatibility of

zP =JP,

X NG

P=a P. (132)

z+a

We use the notation

u,=H,_, v, = Bn—l (133)
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24 |
so thaty, = I and we have the following expressions:
Up
U1 1 [ i
% T T U | PR uy 1 O
J = ; W = 0 = 1 e 134

is,
0
T [0 I,
(A R s O
j = e 135
0. (135)
Then, the eigenvalue property JP = zP when shifted reads fP(z) = zP(z). Hence,
Q) Q] Q]
) w )
Ja P(z)=za P(z)=a JP(z), 136
z+d() z+d() z+a @) (136)
and therefore, we find the following compatibility equation:
Jo) = ], (137)
the compatibility reads
o Ocovvnnns R DS 27 P [ ¢ IR
a TR T PR R T u 10
&1L 0 e - ut w v2. L0
0 0w 1. = w1 0 - e
o A ) (138)
and we find 22 = vlﬂ + =L and
a up u; u
LU AR
u’l’l a ul’l un n
lj}’l ﬁl’l - an
_ + — =0 + —_— 139
d n n un ( )

for n € N. Thus, we find the following.
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Proposition 9. The squared norms u,, = H,_, and the recursion coefficients, v,, = $,,_1 = p}lq_1 —
pL, satisfy the following system of nonlinear difference equations:

0 u

——0=<—-- (140a)
a u u

0 o u

——U0==—-=. (140b)
a u u

2.7 | The Toda flows

Given a semi-infinite vector 7 := {;}}°, € C*, for each z € C, we define €(z;1) := H;il nlzl,
and we assume a weight of the form w(z) = v(z)€(z; n), with v n-independent, so that the corre-
sponding moment matrix is

G =) x()x (k) v(k)(k; ). (141)
k=0

Observe that only the first flow preserves the Pearson reduction. Notice also that € = eXi-1 tlzl,
with £; := log, the standard time flows in an integrable hierarchy. We will write ; = 7n; normally,
t; is denoted by x, t; = x. Also, the following notation

0 d

ey _ 9 142
9 Uzam 3, (142)

will be used. We notice that, in particular, 9; = 8, . To ensure the converge of the corresponding

series for the moments, we require || < 1for k € {2,3,...}.
If we take 1, = 1, k € N, then the corresponding moment matrix is

Go = ) x()x () Tv(k). (143)
k=0

Moreover, we can write for the deformed Gram matrix

o0 o0
l
G =86(A; )Gy = Gy8(AT;m), E(N;p) = HnlA = exp (2 tlAl>. (144)
I=1 I=1
Proposition 10. For a linear functional of the form p = Y. 8(z — k)v(z)8(z; 1), given | € N, the
k=0

moment matrix satisfies

9,G = (AN)'G =G(AT)L (145)
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Proof. It follows form 9,8(z;5) = z€(z; n); indeed,

8G = ) x(k)x () ku(k)E(k; n) = AlG = G(AT). (146)
k=0

For k € N, let us define the strictly lower triangular matrix (strictly because it has zeros on the
main diagonal)

@), 1= (95)S7L. (147)
In particular, we denote @ := @, = (SnS)S‘l.
Proposition 11. The semi-infinite vector P fulfills
9P = O,P. (148)
Proof. AsP = Sy, then 9P = (8;S)x = (8,S)S~ 'Sy = ®P. [}
Proposition 12 (Sato-Wilson equations). The following equations holds:
—®H + 9 H—-H® =JH, keN. (149)
Consequently, for k € N and n € N, we have
O = -, S logH, =) (150)
Proof. Using the Cholesky factorization (8) for the moment matrix, we get
8,G =8, (STTHS ) = =S71(8,S)S'HS T + S~ (8, H)S™ T —ST'HS™T(8,8)'s~ . (151)
Hence, from the symmetry relation (145), we deduce
—S71(8,9)STTHS T + S8, H)S T — ST'HS™T(8,8)TS™T = A*STIHS™T, (152)
from where
—(8,S)S~'H + 9, H — H((SkS)S‘l)T =JkH, (153)
for J = SAS™!, and the result follows. [ |

For k = 1; that is for the first flow 7; = », we have formulas (78), (79), and (80) in terms of the
t-function. Moreover,
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Proposition 13 (Toda). The following equations hold:

= (9,957 = -ATy, (154a)

(8,H)H' = B. (154b)
In particular, for n,k — 1 € N, we have

80Dk =~V bk = —VnakPii L (155a)

$,logH, = B,. (155b)
The functions q,, :=logH,, n € N, satisfy the Toda equations
19%% = edn+1=9n — gdn—qn-1 (156)
Forn € N, we also have
9y Pn(2) = —ynPn-1(2). (157)

Proof. Equation (154a) is a direct consequence of (149) for k = 1. To obtain (155), we we write
9,25 = —AT)/S in terms of its subdiagonals, that is,

9, + ATSH + (AT2 Sl 4+ ) = —ATy(T + ATSIH + (AT)2S12) + ) (158)
which, for k € N, gives

8,81 = (k1 y)slk=1] (159)
with S0 = I. Now, recalling (32) we get (155). Equation (155b) follows component wise from
(154b).

AsB, = p; — P;lﬂ andy, = HH" , we deduce that

n—1

1 _ Hn + Hn+1
77pn+1 - Hn_l Hn ’

9, logH, = 9,p; — 9 (160)

that is, the Toda equation (156) for H, = e?». The last equation follows form §,P = ®P =
—ATyP. |

Now, let us study the compatibility with the connection relations. From 8, P = ®P and QP =P,
we get

9,0 = 2Q — O, (161)

so that
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Proposition 14. The squared norms u,, = H,_; fulfill

8 <—> == —— 162
"\ i u (162)
Given the 7-function (78), we find the following.
Proposition 15 (7-function expressions). In terms of the T-function
a e a
7, =W, yFn|. M.nl ), (163)
b, - by
we find
_ Tn+1 1 _ — a2 _ Tn+1
H, = —~ > Pn= —&,logt,, ¥,=9;logt,, B,=79,log s (164)
n n
Proof. Collect together (80) and (155). [ ]

We now give the differential relations involving the operator 9,7 and the Jacobi matrix as a Lax
equation. Then, the 1D Toda equation emerges naturally.

Proposition 16. The following Lax equation holds:
8,0 =V, J] (165)
The recursion coefficients satisfy the following Toda system:

197)6}’1 =Yn+1 —Vns (166a)

1977 logy, = Bn — Bn-1s (166b)

forn € Ny and f_; = 0. Consequently, we get

9,108y + 275 = Vni1 + Vn—1- (167)
Moreover,
9;logt, = T”%g”_l (168)
Proof. AsJ = SAS™! clears that
8,0 = [@,7] = [~I_,J] = [J, = 1.7] = [, J]. (169)
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From this Lax equation, one could derive, component-wise, the Toda system (166). Alternatively,
the Toda system (166) could be derived as follows. From (17) and (155), we obtain

197751/1 = Snpi}z - 1977p2+1 ==Yn T 7Vn+15

’97) logy, = 1977 logH,, — ’977 logH, 1 =By — Bn-1- (170)
Finally,
H Tpe1T
2 _ _ n _ ‘n+ltn-1
9,logt, =y, = 0 a— 17)
|

For higher Toda flows, which generically are not consistent with the hypergeometric reduction,
we have the following.

Proposition 17 (Lax equations). The following Lax equation holds:

9 = [T, 1. (172)

Proof. AsJ = SAS™!, we have
SJ = [®, ] = [-(DET] = [TF)y =I5, J] = [TF),, 1. (173)
u

A very important description of these integrable flows, and alternatively to the Lax equations
previously discussed, are the zero-curvature conditions first discussed by Zakharov and Shabat in
the context of the nonlinear Schrodinger equation.

Proposition 18 (Wave functions and Zakharov-Shabat equations). The wave function satisfies the
linear system

¥ = (TN, w. (174)
Moreover, the following Zakharov-Shabat equations hold:
8N = 8UT)s + (0D, 0] =0. (175)
Proof. The orthogonal polynomials we have
8P = &P = ((J9), = TP = ((I9), — 2°)P. (176)
Thus, the wave function fulfills the following linear system:

9 Y = 9. (P)E + P9, (8) = (J5), w. (177)
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Finally, the Zakharov—-Shabat equations follow as the compatibility conditions for the previous
linear system. [ |

Finally, we connect the Toda equation with another very important soliton equation, the
Kadomtsev-Petviashvili equation, or 2D KdV equation. For that aim, we require of the follow-
ing technical result.

Proposition 19. Let us assume that G,, the moment matrix of the linear functional p = ZZO:O d(z —
k)uv(z), admits a Cholesky factorization, and that two semi-infinite matrices Z, and Z, are given, such
that

(i) Z,6(A, 0~ is strictly lower triangular,
(i) Z, is upper triangular, and
(iii) Z1(m)Go = Z,(n).

Then, we can ensure that Z, = Z, = 0.

Proof. We have

Z,Gy = Z18(N;0)71G = Z,6(A; ) ISTIHS T, (178)
and we get
Z,8(N;n)"I1STIHS T = Z,. (179)
Consequently,
Z,8(N;p)7 1S = Z,SH L. (180)

But Z, € (A; 9)~' S~ is strictly lower triangular, whereas Z,SH ! is upper triangular. As both terms
are equal, the only possibility is that both are the zero matrix

Z,8(N;n) 1Sl =2Z,SH =0, (181)
and we get the result. [ |
Using this results one proves that
Proposition 20 (KP equation). The wave function ¥,, satisfies the linear equations
3 Wh = P(9,)¥, (182)
with

Pn(8y) =9 —mpp8)' 2 + Uy 397" + -+ + Uy, (183)
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where{U, ; sz_o3 are polynomialsin 19,]p,1,, 9D}, ..., 9u_1pr. In particular, the following linear equa-

tions hold:

W, = 8%, —25,(pn) ¥

3
930 = 0¥y — 39, (Pn) 8, ¥ — 5 (97 (py) +92(py ) ) P

and consequently, its compatibility condition, which is the KP equation,
1 1)\2 3.1 2( A1
’977<4’93(pn) + 6(1977(pn)) -9, (pn)> = 192(pn)’
is fulfilled.

Remark 8. The weight w for which this KP equation appears is

w(z) _ (al)z (aM)z

7,22 73
- , , <1,
F(Z + 1)(b1)z (bN)zn 772 773 |7)2| |773|

and the corresponding Oth moment is the series
ko k2 k3

- - (aDk -+ (ap)k /PR
= k) = .
Po= L= 2 g 7D, K

We see that only for 7,,7; — 1, we recover a hypergeometric function.

2.8 | Toda-Pearson compatibility

For the compatibility of (27) and (148), that is, for the compatibility of the systems,

P(z +1) =1IP(2),
8,(P(2)) = ©P(2),

we require

8, (P(z + 1)) = 8,(TIP(2)) = $,(IDP(2) + T19,(P(2)) = (§,(IT) + [LJ®)P(z),

(8,P)(z + 1) = ®P(z + 1) = DIIP(2)
to be equal, and consequently, we obtain

8, (IT) = [®, ).

(184)

(185)

(186)

(187)

(188)

(189)

(190)

In the general case, the dressed Pascal matrix IT is a lower unitriangular semi-infinite matrix,
which possibly has an infinite number of subdiagonals. However, for the case when the weight
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w(z) = v(z)n? satisfies the Pearson equation (66), with v independent of », that is,
6k + Dv(k + Dnk*! = a(k)v(k)nk (191)
for k € Ny; that is,

Ok + Dv(k + 1)n = a(k)v(k), (192)
the situation improves as we have the banded semi-infinite matrix ¥ that models the shift in the
z variable as in (86). From the previous discrete Pearson equation, we see that o(z) = nx(z) with
x, 6 n-independent polynomials in z

Ok + Dv(k + 1) = nx(k)v(k). (193)

Proposition 21. Let us assume a weight w satisfying the Pearson equation (66), and consequently,
of the form (73). Then, the Laguerre-Freud structure matrix ¥ given in (82) satisfies

S, WTH™) = [, WTH™!, (194a)

9,(YPH™!) = [@,¥H]. (194b)
Alternatively, the above equations can be written as follows:

9,(¥TH™ ) =[J,,¥TH™], (195a)

9,(n~"WH™) = [J,,n""WH]. (195b)
Relations (194a) and (194b) are gauge equivalent.

Proof. We look at the compatibility of (86) and (148); that is, for (194a), we consider

_gyTy-1
0(z)P(z+1)=¥'H "P(2), (196)
9,(P(2)) = ®P(2),
while for (194b), we consider
0(z)P(z — 1) = WH~'P(z2), 197)
9,(P(2)) = ®P(z).

From (196), observing that 9, (o) = o, we deduce

9,(0(2)P(z + 1)) = 9,(¥TH™'P(2)) = 9,(¥TH )P(z) + ¥TH'8,(P(2))
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= (8,(¥TH™ ) + ¥TH™'®)P(2),

9,(0(2)P(z +1)) = 0(2)P(z+1) + 0(2)@P(z + 1) = (P + DYTH1P(2), (198)
so that
9,(¥TH™) —wTH! = [®,¥TH], (199)

and recalling 8, (n~") = —~', we obtain (194a).
From (197), we find (9,6 = 0)

8,(6(2)P(z — 1)) = 8,(WH'P(2)) = 8,(WH )P(2) + YH'8,(P(2))
= (8,(¥H™1) + ¥H1®)P(2),

9,(6(2)P(z — 1)) = 6(2)®P(z — 1) = P¥H ' P(2), (200)

and (194b) follows immediately.
Notice that from (97), this equation (194b) follows immediately:

19,7(‘PH‘1) = [(SnS)S‘l,SB‘le(A)S‘l] = [®,WwH]. (201)
This comment applies similarly to (194a).

Using® = —J_ =J, —Jin (194a) and (96a), we easily get (195a), and similarly from (194b) and
(96b), we deduce (195b).

Finally, we study the relation between (194a) and (194b). Assume that (194b), 8,(VYH =
[®, ¥H~'], holds and take its transpose to obtain 8,(H™'¥T) = —[®T, H~'®T], which is not
(194a). Observe that

Yl = HH'$HH! (202)

so that the following gauge-type transformation equation arises:

9,(WTH™) =9,(H)H'"WHH ! + HS,(H"WHH™! — HH'"WHH'8,(H)H ™
= [6,()H ,HH"¥)H™| - H[®T,H'WT|H!

= [6,(MH —HO"H W H]. (203)
Now, attending to (149), we have §,(H)H ™' — H®TH™! = J + ® so that
9,WTH N =[J+0,¥"H'|=[®,¥TH+¥ H, (204)

and (194a) follows immediately. [ |
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2.9 | An example: The Meixner polynomials

For the Meixner polynomials, we have

(@;

w@ =t

9=Z, O':n(Z‘l‘a),

with zero-order moment given by

1

a
po = 1Fo [_’77] T a-n

and the successive moments by, see Ref. 28,

_ 1 S (R n™
= T 2 U O

with {:1} the Stirling numbers of the second kind, {:1} is the number of partitions of {1, ...,

exactly k parts, 1 < k < n. The moment matrix in this Meixner case satisfies
AG = B(AG 4+ aG)B™ T,

which implies for the moments p,, in (207) the following relation:

Pn+m+1 = Z (Pre+141 + apr)(— 1)k+l< )(T)

k,1=0

Alternatively, for n,m € N, we can write

n

i (rl;c/[)pw“kﬂ = Z <Z>(pm+k+1 + APmk)-

k=0 k=0

(205)

(206)

(207)

n}into

(208)

(209)

(210)

Hence, using the explicit expressions in terms of Stirling numbers (207), we get the following

identities for binomial and Stirling numbers that hold for any a, »:

m n+k+1 n+k+1 771 n m+k+1 m+k+1 l
kgo & ( ){ }(a)l(1_;7)l_k§0 ; <k>{ }( )’( — )
n ntk |
Pl

According to Ref. 5, we have the recursion coefficients

n+m+aym _n(n+a-1)y

=Ty T T Ay

(211)

(212)
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It is easily checked, we used SageMath 9.4, that these functions are, for every value of a, solu-
tions of the Toda system (166). The monic orthogonal polynomials are expressed in terms of the
Gaussian hypergeometric function as follows:

P,(x) = (a)n( ) M,(x;a,n), M,(x;a,n) := ,F; [—n,a—x; UT_l] (213)
Moreover, as we know that (Ref. 13, Theorem 6.1.1)
Y M2k a,nw(k) = ma—n7 (214)
k=0 nn(a)n
we find
2n (1 — n)—a n
: : nl(1-n)" n
H, = ZP (k) = (@ 53 ey — = M@ g (215)

Observe that, asy,, = HH"

n—1

and 8, = 9, log H,, we recover the previous expressions (212). Conse-

quently, the function
q, = logn! +log(a), + nlogn — (2n + a)log(1 — n) (216)

satisfies the Toda equation (156). Now, for the Hankel r-functions, we have

n(n 1) n—1

7 H Ki(a + k)1, (217)

T = ( )n(n+a 1)

see Ref. 7.

The Nijhoff-Capel equation requires of two or more hypergeometric parameters. Therefore, the
classical discrete polynomials, as the Charlier or Meixner orthogonal polynomials, having 0 and
1 parameters, do not give solutions to that integrable discrete equation. Cases as the generalized
Meixner or generalized Hahn® do have such number of parameters and do describe solutions of
the Nijhoff-Capel equation.

The compatibility conditions (140) and (162) are fulfilled as can be checked using SageMath 9.4.
However, we will compute them explicitly to show that they hold. For that aim, we consider

nt1 n—1+(n+a—1)77
u, =Hy =(n- 1)!(a)n—1(1_,7)m’ Up = Pp1 = - (218)

Equation (140a) is fullfilled as a direct computation shows

n+(n+a+l)y n+(m+ay 7
1—7 1-n  1-7g

— 0 =

Q|
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C p D@ (@),
i_a_ —pbet2 (1—n)?n+a
u U gpia+ l)n );MH a(n —1l(a + 1)n—1(1_2;ﬁ
n___7 (219)

— n —
—(n+1)1_77 nl_77 1=

Also (140b) follows from a direct computation

B n—1+(n+a)77_n+(n+a)77 1

CA
a B 1-7 1-7 n—1
7,)}'l—l 7)”
Q i a(n - 1)!((1 + 1)11—1W a n!(a + 1)” )2n+a+1
i R T
(n— 1)!(a)n—1 (1—p)2n+a—2 nl(a )n - n)2n+a+1
a+n—-1 a+n 1
7 _1_77_77_1_ (220)
Now, we check (162)
u n nn
a(2)=4(r25) -
N2 ”(”1—n> (1 -7y
i@ n!(a + 1)nm n'(a)n )2n+a
E — a = pn1 - pn—1
(n—=1Da+ 1),1_1W (n— 1)!(a)n—1W
_nla+ny nla+n—-1n  ny (221)
TS a-n Q-9

The Laguerre-Freud structure matrix is a band matrix, see (85), ¥ = ATy 4 4)(0) + T,D(l)A.
AsW =5(J + a)HII", we find

W =nATy +B+al + AH({U + DA + wlA2 + 7BIA3 + ..
= nA"yH +n(A"yHDA + (B + aD)H) + n(ATyH#r!2IA% + (8 + al)HDA + AH) + -

————
first superdiagonal

first subdiagonal main diagonal
(222)
and we get (1 = nyH. From the alternative expression ¥ = II"'HJ ", we find
W=>U-A"D+ A7l - (AT 73 4 OHAT + B +yA)
= HyA  —A"DHyA + HB + HAT — ATDHB + (A")?7l=2l HyA + ---.  (223)
——

first superdiagonal main diagonal first subdiagonal
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Hence, (V) = Hy, and there two alternative expressions for the main diagonal
»© =y9HT,D + (B +al)H = —HT,D + HB, (224)

which hold given the form of the 5’s. We finally get the following Laguerre-Freud structure
matrix:

BOHO Hq 0 .............
nHy (b1 —1)H; Hy ..
U= _ (29)

0. nHy — (B2—2)Hy Hz .

The connection formulas (86) are, in this case,

zP(z—1)=YH 'P(z), (z4+a)P(z+1)=¥Y"H 'P(2). (226)

3 | CONCLUSIONS AND OUTLOOK

The use of the Gauss—-Borel factorization of the moment matrix has been throughly used by Adler
and van Moerbeke in their studies of integrable systems and orthogonal polynomials, see Refs.
29-31. We have extended these ideas and applied them in different contexts, CMV orthogonal
polynomials, matrix orthogonal polynomials, multiple orthogonal polynomials, and multivariate
orthogonal.**~? For an general overview, see Ref. 41.

In this paper, we extended those ideas to the discrete world. In particular, we applied this
approach to the study of the consequences of the Pearson equation on the moment matrix and
Jacobi matrices. For that description, a new banded matrix is required, the Laguerre-Freud
structure matrix that encodes the Laguerre-Freud relations for the recurrence coefficients. We
have also found that the contiguous relations fulfilled generalized hypergeometric functions
determining the moments of the weight described for the squared norms of the orthogonal poly-
nomials a discrete Toda hierarchy known as Nijhoff-Capel equation, see Ref. 18.

Further work in this direction is the study of the role of Christoffel and Geronimus transforma-
tions for the description of the mentioned contiguous relations, and the use of the Geronimus-
Christoffel transformations to characterize the shifts in the spectral independent variable of the
orthogonal polynomials.?® In Ref. 16, these ideas are applied to generalized Charlier, Meixner, and
type I Hahn discrete orthogonal polynomials extending the results of Refs. 5, 8-11.

For the future, we will study the type II generalized Hahn polynomials, and extend these tech-
niques to multiple discrete orthogonal polynomials** and its relations with the transformations
presented in Ref. 43 and quadrilateral lattices.***
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1 | INTRODUCTION

Discrete orthogonal polynomial is an important and active area of the theory of orthogonal
polynomials see Refs. [18, 48] as well as Refs. [19, 36, 37, 51] When a discrete Pearson equation is
fulfilled by the weight, we are dealing with semiclassical discrete orthogonal polynomials, see
Refs. [25, 27-29]. For some specific type of weights of generalized Charlier and Meixner types, the

This is an open access article under the terms of the Creative Commons Attribution License, which permits use, distribution and
reproduction in any medium, provided the original work is properly cited.
© 2023 The Authors. Studies in Applied Mathematics published by Wiley Periodicals LLC.

Stud Appl Math. 2023;151:509-535. wileyonlinelibrary.com/journal/sapm | 509



510 | FERNANDEZ-IRISARRI and MANAS

corresponding Freud-Laguerre-type equations for the coefficients of the three-term recurrence
have been studied, see, for Refs. [22, 31-33, 50].

This paper is the final one in our series of works on the Gauss—Borel factorization of the cor-
responding moment matrix, see Ref. [43] in standard discrete orthogonality. In Ref. [46], the
Cholesky factorization of the moment matrix was used to study discrete orthogonal polyno-
mials on the homogeneous lattice. For weights subject to a discrete Pearson equation, so that
the moments are logarithmic derivatives of generalized hypergeometric series, a banded semi-
infinite matrix W, the so-called Laguerre-Freud structure matrix, which models the shifts by +1
in the independent variable of the sequence of orthogonal polynomials, was given. Contiguous
relations for the generalized hypergeometric series translate into symmetries for the correspond-
ing moment matrix, and the 3D Nijhoff-Capel discrete Toda lattice Refs. [35, 47] describes the
corresponding contiguous shifts for the squared norms of the orthogonal polynomials. In Ref.
[44], we gave an interpretation for the contiguous transformations for the generalized hyper-
geometric functions in terms of simple Christoffel and Geronimus transformations. Using the
Geronimus-Uvarov perturbations, we got determinantal expressions for the shifted orthogo-
nal polynomials. Then, in Ref. [30], we discussed the generalized Charlier, Meixner, and type I
Hahn discrete orthogonal polynomials (according to the nomenclature in Ref. [28]), analyzed the
Laguerre-Freud structure matrix ¥, and derive from its banded structure and its compatibility
with the Toda equation and the Jacobi matrix, a number of nonlinear equations for the coefficients
{Bn>7n} of the three-term recurrence relations zP,(z) = P,,1(z) + 8,,P,(2) + v,P,._1(2) satisfied
by the orthogonal polynomial sequence. These Laguerre-Freud equations are of the form y,,; =
C(N, Y1 Vin—1s > Prns Pn-i--)and B,1 = BN, Yns1> Vs - » BPns Pu_1> - ), for some functions %, E.
Magnus*~*? named these types of relations, attending to Refs. [34, 38] as Laguerre-Freud rela-
tions. There are several papers discussing Laguerre-Freud relations for the generalized Charlier,
generalized Meixner, and type I generalized Hahn cases, see Refs. [22, 25, 31-33, 50].

Related to the aims of this contribution, in Ref. [26], the author finds a power series expan-
sion for the Hankel determinants whose entries are the moments of a linear functional related
to discrete semiclassical orthogonal polynomials. Explicit formulas to compute the coefficients
of arbitrary order as well as some examples for the first few terms in the series are given. On the
other hand, polynomial sequences corresponding to hypergeometric weights have been analyzed
in Ref. [24].

As mentioned above, in Ref. [30], we successfully studied the generalized Charlier, Meixner,
and type Hahn orthogonal polynomials corresponding to the generalized hypergeometric series
oF1, 1F1, and ,F, respectively. It is not clear if the Laguerre-Freud relations can be found in a
general setting in which the first moment is a generalized hypergeometric series. To get a better
understanding, we decided to explore some examples and see if the construction can be applied.
Consequently, we continue in this paper with our studies on these topics, and extend these meth-
ods to the next three families of discrete orthogonal polynomials with first moments given by the
generalized hypergeometric series | F,, ,F,, and 3F,. For the three families, we explicitly com-
pute the Laguerre-Freud structure matrix that happens to be a pentadiagonal-, hexadiagonal-, or
heptadiagonal-banded matrix, respectively. We also compute the Laguerre-Freud equations and
give explicit expressions for the leading nontrivial coefficients of the orthogonal polynomials in
terms of the recursion coefficients. Therefore, our impression is that the method can be extended
to a generalized hypergeometric series.

The layout of the paper is as follows. We first complete this introduction by discussing, without
proof but referring to the appropriate sources, some preliminary material. Then, we have three
sections devoted each of them to the corresponding generalized hypergeometric series, 1 F», ,F>,
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and ;F,, finding in each case the Laguerre-Freud structure matrix and corresponding Laguerre—
Freud equations.
1.1 | Pearson equations and discrete orthogonal polynomials

Let us recall some relevant facts of the theory of orthogonal polynomials. Given a linear functional
Pz € (C[z])*, the corresponding moment matrix is

G = (Gpm), Gnm = Pn+ms Pn = <:Oz, Zn>, n,meN, :={0,1,2,..},

with p,, being the nth moment of the linear functional p,. Let us assume that the moment matrix
is such that all its leading principal submatrices, which are Hankel matrices, G, ; = G j41,

[ Po P1 P2 :;ok—l ]
Goo-- - Gox P1 P2 ‘O"
Gr-10-"""" Gk-1k-1
Pk-1 Pk e e Pok—2

are nonsingular; that is, we have for the Hankel determinants that A, := detGlkl £ 0, k € No.
A particularly relevant quasi-definite case is the positive-definite case in which all Hankel
determinants are positive. The corresponding linear functional p is said to be quasi-definite or
positive-definite, respectively, cf. Ref. [21]. From hereon, we will assume that p is quasi-definite.
In the positive-definite scenario, the linear functional happens to be a positive measure and the
corresponding moment matrix G has A, > 0,n € N.

Then, for the quasi-definite situation, there are monic polynomials

P,(z)=z"+piz" ' + ... + pl, neN,, 1)

satisfying the following orthogonality relations (p,P,(z)z*) =0, for k €{0,...,n —1} and
(p,Py(2)z") = H, # 0. Thus, {P,(2)},en, is a sequence of orthogonal polynomials, that is,
(ps Pp(2)P(2)) = 6, ynH, for n,m € Ny,. The symmetric bilinear form (F, G), := (p, FG), issuch
that the moment matrix is the Gram matrix of this bilinear form and (P,,, P,,,), 1= 8, H,.

-
Introducing the monomial sequence y(z) := [1 z z%.-- ] , the moment matrix is G =

(o, xx "), and y is an eigenvector of the shift matrix, Ay = x), where

0 1
A:=|0 0 1 ~
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Hence AG = GA', this equation is equivalent to the fact that the moment matrix is a Han-
kel matrix. As the moment matrix is symmetric its Borel-Gauss factorization is a Cholesky
factorization, that is,

G=S"1HST, (2)

where S is a lower unitriangular matrix that can be written as

1 [0 PR
S 1

S 1,0 ,
Sz,o' S21

and H = diag(H,, Hy, ...) is a diagonal matrix, with Hj, # 0, for k € N,. The Cholesky factoriza-
tion of these moment matrices exists if and only if p is quasi-definite.
The entries P, (z) of the polynomial sequence

P(z) := Sx(2), ®3)
are the monic orthogonal polynomials of the functional p. )
We have the determinantal expressions Hy = % and pi = —%, with
k k
IO.O ........ :pk—Z ‘pk'—l PoPk—z p.k
Pi-1
Ay o= , A =
Pr—2’ Pak-3 Ok lezc—z
Ple—y e P2k-3  P2k-2 Pi—1 e P2k—3  P2k-1
The lower Hessenberg semi-infinite matrix
J=SAS™! 4)

has the polynomial sequence P(z) as eigenvector with eigenvalue z. The Hankel condition AG =
GAT and the Cholesky factorization give

JH=UH)" =HJT. (5)

For T,y := diag(0,y1,72,...), we find HAT = (T,y)ATH and its transpose, that is, H,,; =
Yne1H,. As the Hessenberg matrix JH is symmetric, the Jacobi matrix J is tridiagonal,
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that is,
Bo 1 0-oevnnn. i
i B 1
J =
) ' 52‘ 1

and we find the three-term recurrence relation zP,(z) = P,,1(2) + 8,,P,(2) + ¥, P,,_1(2), which
with the initial conditions P_; = 0 and P, = 1 completely determines the sequence of orthogonal
polynomials {P,,(z)},en, in terms of the recursion coefficients 3, y,,. The recursion coefficients
are given by

1 A~n A~n+1 Hn+1 — An+1An—1

— pl — —
Bn =DPn—Pp1 = _A_n + An+l > Yn+1 = Hn A2
n

s ne No. (6)

We introduce the following diagonal matrices y : = diag(y;, ¥2,... ) and g : = diag(By, B, ... )- In
general, given any semi-infinite matrix A, we will write A = A_ + A, , where A_ is a strictly lower
triangular matrix and A, an upper triangular matrix. Moreover, A, will denote the diagonal part
of A.

The lower Pascal matrix is

B = By, Bum 1= {C;)’ e ™

so that

x(z+1) =Bx(2). ®)

The inverse of this Pascal matrix is

(—D”””(:,l), n>m,

0, n<m,

B! = [Bn,m]s Bn,m = {

and y(z — 1) = B~ x(z). The dressed Pascal matrices are IT := SBS~' and IT"! := SB~'S~! and
give the connection between shifted and nonshifted polynomials, that is,

P(z +1) =IIP(2), P(z—1) =II"'P(2). 9)
The lower Pascal matrix can be expressed as follows:

B*l =IiATD + (AT)ZD[Z] + (AT)3D[3] + e,
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where D = diag(1,2,3,...)and DIkl ;= % diag(k(k), (k +1D)®, (k +2)® ...), in terms of the falling

factorials x®) := x(x — 1)(x —2) --- (x — k + 1). That is, in terms of the Pochhammer symbols
(2),=2z(z+1)---(z+n—-1),forz € Candn € N, and (z), = 1, we have

n+1
D,[,lk] = %, ke N, ne No.
The lower unitriangular factor can be written as
S=1+ATSH 4+ (AT) sl 4 ..o, s = diag (s}, s10,...).

For any diagonal matrix A = diag(A,, A1, ... ), we will use the shift operators T acting as follows:

T_diag(Ap, A1, ...) :=diag(A;, Ay, ...), T, diag(Ay, Ay, ...) 1= diag(0, Ay, Ay, ... ),
so that

AA = (T_A)A, AN = A(T, A), AAT = AT(T_A), ATA = (TLAAT. (10)
In terms of these shift operators, we find

2D12l = (T_D)D, 3DB! = (T2D)(T_D)D = 2(T_D!?)D = 2D12(T2 D).
For the inverse matrix
ST =T+ ATSIFU 4 (AT)S1-2) 4 ...
we have
sl=11 = —S[l],

sl=21 = g2l 4 (7_shihglil,

SI=31 = 5Bl (r_shst 4 (72 s1st2l — (72 st)(7_siH)st,
Corresponding expansions for the dressed Pascal matrices are
Hil =7 + ATﬂ[il] + (AT)Zﬂ[iZ] + .-
with 7l# = diag(rt([)in], ﬂgﬂl], ... ). We have

z2) _ (n+2)(n+1)

nLill =+(n+1),n, 3 + pi+2(n +1)F(n+ 2)p}l+1
(n+2)(n+1
= D 0t DB 7 L ()
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+3 _  (m+3)(n+2)(n+1)  (n+2)n+1) , n+3)(n+2) ,
T, =& 3 + B n+3 P n+1
+(n+1)p,  F(+3)ps,, £ (1 +3)p, 5P F(1+2)P Dy (12)

Moreover, the following relations are fulfilled
a4 7= =0, 721 4 7121 = 2pl21 7Bl 4 7[=31 = (128Dl — (T_DI2hsIh,  (13)

We now recall some facts regarding discrete orthogonality. Hence, we focus on measures
with support on the uniform lattice N, that is, p = ZZOZO d(z — k)w(k), with moments given

by
pn =, kmw(k), (14)
k=0

and, in particular, with Oth moment given by

po =) w(k). (15)
k=0

The weights we consider in this paper satisfy the following discrete Pearson equation:
V(ow) = tw, (16)

that is, o(k)w(k) — o(k — Dw(k — 1) = 7(k)w(k), for k € N, with o(z),7(z) € R[z]. If we write
0 := 17 — o, the previous Pearson equation reads

Ok + Dw(k + 1) = o(k)w(k), k € N,. 17)

We assume that 8(0) = 0. If N + 1 :=degf(z) and M := dego(z), and the zeros of these poly-
nomials are {—b; + 1}}' | and {-a;}}/ , we write 6(z) = z(z + b;) --- (z + by) and o(z) = n(z +
ap) - (z + ayp).

The weight can be expressed in terms of Pochhammer symbols as follows:
(@) (ayd 7"

W) = o D oy + s K

which are positive whenever
ai,....ay,b; +1,..by + 1,7 > 0.

To ensure positivity of the corresponding moment matrix is enough to request ay, ..., ay, by +
1,..by + 1,7 > 0, and in that case, the orthogonal polynomials do exist. According to (15), the
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Oth moment

~ 00 ~ 00 (al)k"'(aM)k ﬁ
Po= 2wl = 2 G oy + T K

al coe aM

= vyFn(ay,...,ay; by +1,...,b 1;n) = yF 1R
mFn(a M D1+ N +1;m) MN[b1+1 bN+177

is the generalized hypergeometric series, where we are using the two standard notations, see Refs.
[17,49]. Then, according to (14), for n € N, the corresponding higher moments p,, = ZZO:O k"w(k)

are

oo g o oay .0
pn_’gnpo_’917<MFN[bl+1 bN+1,U]>, 197] _nan

Given a function f = f(n) depending on the independent variable 7, we consider its kth
Wronskian

f S, f 8727f19]7§

S, f S%f .-"'.19};“]‘
Wi(f) := |92 ' S

SEf SkHF L 92k

Let us introduce the following tau-functions

a cee a
Tk::o”/k<MFN[bi bﬁ;ﬂb,

that is, Wronskians of generalized hypergeometric series. Then, we have that

% Tk+1
A = 7, A = 1977‘[](, H, = - s pllc = —1977 lOng.

In this discrete context, the moment matrix reads
o0
G = x(x" (w(k).
n=0

In Ref. [46] it was shown that:

Theorem 1 (Hypergeometric symmetries). Let the weight w be subject to a discrete Pearson
equation of the type (17), where the functions 6, o are polynomials, with 6(0) = 0. Then,
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i) The moment matrix fulfills

8(A)G = Ba(A)GB. (18)

ii) The Jacobi matrix satisfies
I'HOUT) = o())HII, (19)
and the matrices HO(J ") and o(J)H are symmetric.
Theorem 2 (Laguerre-Freud structure matrix). Let us assume that the weight w solves the discrete
Pearson equation (17) with 6, o polynomials such that 6(0) = 0, deg6(z) = N + 1, dego(z) = M.
Then,

i) The Laguerre-Freud structure matrix

¥ :=II"'HOU") = c()HIIT =II"'6())H = Ho(J HIIT (20)

=0(J+DII"'H =HI"o(J" —1), (21)
has only N + M + 2 possibly nonzero diagonals (N + 1 superdiagonals and M subdiagonals)
¥ = (AT)M¢(—M) + o+ ATd)(—l) + l,b(o) + l,b(l)A + o+ ¢(N+1)AN+1,

for some diagonal matrices p®). In particular, the lowest subdiagonal and highest superdiagonal
are given by

-

M-1 M M+1
(ATMYEM = 9 HMH, M = [] T¢y = ndiag <Ho [T7em5 ] 7e - )
k=0 k=1 k=2

N N+1 N+2
¢(N+1)AN+1 — H(JI)N”, ¢(N+1) = HHTEy = diag <H0 H Vi, Hy H Yics - >
k=0 k=1 k=2

.

(22)
ii) The vector P(z) of orthogonal polynomials fulfills the following structure equations:
0(z)P(z — 1) = WH~'P(z2), 0(z)P(z+1) = YTH'P(2). (23)
iii) The following compatibility conditions for the Laguerre—Freud and Jacobi matrices hold:
[WH,J] = WH!, (24a)
[J,YTH 1 =9TH L (24b)
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We now recall some facts regarding the Toda flows appearing in this discrete orthogonal poly-
nomial setting. Let us define the strictly lower triangular matrix @ : = (SnS)S_l. Then, see Ref.
[46], we have that the orthogonal polynomial sequence P fulfills 9, P = ®P, and the Sato-Wilson
equations —PH + 19,7H — H®" = JH are satisfied. Consequently, ® = —J_ and, for n € Ny, we
have 8, logH,, =J, ,. Moreover, ® = (8,5)S™! = —ATy and (8,H)H™! = § are satisfied. The
functions q,, :=logH,, n € N, satisfy the Toda equations

S%qn = eQn+1_qn —_ eqn_qn—l . (25)

For n € N, we also have 8,P,(z) = —y,P,_(z). Additionally, the Lax equation 8,J = [J,,J]
is fulfilled, and recursion coefficients satisfy the following Toda system, 9,8, = ¥,41 = ¥n,
and &, logy, = B, —Bp—1, for n €Ny and S_; =0. Thus, we get 19% logy, + 2y, = ¥Vns1 +
Vn—-1-

From the compatibility of P(z + 1) = I1P(z) and 9, (P(z)) = ®P(z), we get 9,11 = [®,IT]. In
the general case, the dressed Pascal matrix IT is a lower unitriangular semi-infinite matrix, which
possibly has an infinite number of subdiagonals. However, when the weight w(z) = v(z)n? sat-
isfies the Pearson equation (17), with v independent of 7, that is, 8(k + 1)v(k + 1) = o(k)v(k),
the situation improves as we have the banded semi-infinite matrix ¥ that models the shift in the
z variable as in (23). From the previous discrete Pearson equation, we see that o(z) = nx(z) with
x, 0 n-independent polynomials in z

O(k + Du(k + 1) = nx(k)v(k). (26)

Proposition 1 (Ref. [46]). Let us assume a weight w satisfying the Pearson equation (17). Then, the
Laguerre-Freud structure matrix W given in (20) satisfies

9,0 ¥TH™) = [@,n " ¥TH, (27a)

9,(YH™1) = [®,¥H]. (27b)

Relations (27a) and (27b) are gauge equivalent.

2 | THE ,F, HYPERGEOMETRIC FAMILY
We choose o(z) = n(z + a;) and 6(z) = z(z + b;)(z + b,) with corresponding weight given by

(al)z 772

) = B T b, 1), 2

with first moment given by the generalized hypergeometric series: py =1F, [b1 +1‘f1b2 +1;17], and

subsequent moments p, = 9, F, [b1 +1<11b2 H;n]. The corresponding moments exist for any
necC.
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Theorem 3 (The generalized Laguerre-Freud structure matrix). Foro(z) = n(z + a;) and 6(z) =
z(z + by)(z + b,), we find for the subleading coefficients the following expression:

p_nn+1)

n — 2 nﬁn (yn+1(7n + Vn+1 + Vn+2 + (;Bn+1 + bl)(5n+1 + bz)

- n +yn+1

+ ﬁn(ﬁn+l + ;Bn + bl + bz) - 1’1(25,,1 + 5n+l + bl + b2 - n) - 77) - 77(" + 1)(571 + al))

as well as

1
71',[12_]1 = n+—)/+1(7n+1(7/n + Vnt1 + Vo2 + Bug1 + b1)(Bryr + b2) + Bu(Bpyr + By + by + by)
n

—n(2By, + Pny1 + by + by —2n) —n) —n(n + 1)(a; + ay)).
The Laguerre-Freud structure matrix is the following pentadiagonal matrix:

[, (0) (€Y) 2
0 0 0 Hj 0

0 1 2
o 40 9 W0

0 1 2
0w ¥ ) ¥ Hs

with

O = pHy(n + By + ay),

2 =0 (Hor + Hy (722, + 0+ DB + ) ),
;(42) = Hy12(Bn + Bus1 + Bpya + by + by — n).
Proof. Asdego =1 and deg6 = 3 for the Lagurre-Freud matrix, we have

W= ATYED 4 O 4+ yDA + p@DA2 4 pOIA3,

From ¥ = o(J)HII', we get the first subdiagonal, the main diagonal, and an expression for the
first superdiagonal depending upon 7!2:

D =nT_H,
¢(0) =nH(T.D + B + ay),

$O = y(T_H + H(T, 7 + D(B + a))).
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From W =II"'HO(J"), we get an expression for the first superdiagonal depending on de
Tin[_zl and the other two nonzero superdiagonals

W =T_H[T,y +y+T_y +(T_B +b)(T_B+by)+ BT_B+p+b; +by)—T, DT f+P
+ by + b, + T_B) + T2 xl=2],
Y@ =T2H[B+T_B+T*B+b, +b, — T, D],

Y3 =T3H.

To obtain the diagonal matrix 7'*2!, we combine T2 712! — T, zl=2l = T, D(T, 8 — B — 1) with
ml=2l = 2pl2l — 721 to get

272l =T, D(T,—B—1)+ 2T, D —T 72,
Now, equating the two formulas for () and using the previous results, we find

T, 72l mH + T_H)=T_H[T,y +y+T_y + (T_B+ b)) (T_B + by) + B(T_B + B + by + b,)

—T,.D(B+T_B+b, +by) =T, D(B+1)+ 2T, D2 —yI] —nHD(B + ay).

Consequently, we derive the given expression for pl. O

We now explore the consequences of the compatibility relation [¥H~!,J] = WH~!. We get triv-
ial relations and T, (2! — Tinm =T,.D(T,pB — B + I). However, a new formula appears from the
first superdiagonal:

nB+T_B—-1)=T_y(T,D—-2T_B—-T*B+b;, +b,+1)+y(B+1—-T_p)
+ T, y(Tf+2B+by+b,—TiD+1)+ B> —(T_B)* + (T_P)* + B>+ BT_B
+8by + by)(B* = (T_B)* + T_ + B) = T, D(2B*> — BT_B — (T_B)* + 34)

+(B+1-T_p)[2T, D2 — T, D(by + by) + byb, — T, 7121].

No new relations are obtained from the second compatibility (27a). Using this compatibility, we
seek for Laguerre-Freud equations

;8n+l = %n(yn+l’%¢’-" s Bns ﬁn—lv--)’ Vnt2 = (gn(yn+l’ Vs - ’6n+1u8n’"-)- (28)
Theorem 4. We find the following Laguerre—Freud equations:

n+vy
VYniz = y—”“n(ﬁn_l —Bu+1) = + Vns1 + Bust + b)) (Bry1 + b2)

n+1

7

n+1

+Bn(Bpy1 + Bn + by +by) —n(2B, + Bpy1 + by +by—n)—1n) + y (n+1)(B, +ay)
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77 + }/n+1
M+ 7)¥ns1

—-(n-1D2By—1+Br+by +by—n+1)—n)—nn(B,_; +a)),

(Vn(yn—l + Vn + Vn+1 + (Bn + bl)(ﬁn + bz) + ﬁn—l(ﬁn + 511—1 + bl + bz)

1

n+2

ﬁn+2 =n- 2;8n+1 + bl + b2 +1+ % (77(1 - ;Bn - ‘Bn+1) + Yn+1(ﬁn +1- ;Bn+1)

+ Vn(Buo1 + 2B+ b+ by —n+2)+ B, — B+ B, + B+ BuPria
+ (b + b)(Br — B2, + B + Br) — n(2B5 — Bubnr1 — B2y + 3Bn)

+ (Bn = Bups1 + D(n(n + 1) — n(by + by) + b1 b,

1
77"'7/n+1

+ Bn(Brs1 + Bn + by + by) —n(2B, + Bpy1 + by + by —n) — 1) —n(n + (B, + a1)))).

(J/n+1(7/n + Vn+1 + Vin+2 + (Bn+1 + bl)(;sn+1 + bz)

Proof. To get ¥uio=F1(M,Vns1>Vns s PBus1sPns--), We consider the compatibil-
ity T,nl!—=T272l=T,D(T\f+1—-pB) and solve y,,,. Also, we obtain f,,=
Fy(N,¥142sYna1s s Brus1s Pns - ) by solving for §,,, in the first subdiagonal of the first type
of compatibility. O

3 | THE,F, HYPERGEOMETRIC FAMILY

Letustake o(z) = n(z + a;)(z + a,) and 6(z) = z(z + b;)(z + b,) and consider the corresponding
Pearson equation

(k+1)(k+1+bp)k+1+byw(k+1)=nk+a)k+ aywk),

whose solutions are proportional to w(z) = M”—, so that the discrete orthogonality

(bl +1)Z(b2+1)2 z!
measure 1S

_ < (a)r(ay)k f
Pz = kz::g (b1 + )i(by + 1) k!°

with first moment given by the generalized hypergeometric series: py =,F, [b1 +a£g§ +10 17], and

a,a,

subsequent moments p,, = 19{7‘ 5 F, [ by +1b. +15 77] . The corresponding moments exist for any» € C.
Definition 1. Let us introduce
2

pp—— (M FBos 4B+ Vns + Yoo + (14 DBrs +y +02) + Bror + @) (Bass + a2>>

+ 94y, +Vns1(@ +a, —by = by +2(n + 1) + B — Bus1) + Yn2o(n =1 =2, — B2 — by — by)
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4 n(n+1)

(@, +a,—by —by—Br1) + Bugs + by + by + ay +ay — n?)(B, + Bay) + 2085 + ﬁﬁ_l)
—(Bns1 + b)Bryr + b)(Brs —n—1))
nn—-1)
—Vn+1 <T + Yn+2 + Yn+1 + Yn + Bn—l + (ﬁn+1 + bl)(IBn+1 + b2) + (511 - n)(:gn+1 + 61'1 + bl + b2)>,
and

By :=1* +0(2fu_1 +2Bn + Bns1 + @y + g + by + by +210) + ¥ (29)

Theorem 5 (The generalized Laguerre-Freud structure matrix). For o(z) = n(z + a;)(z + a,)
and 6(z) = z(z + c¢1)(z + ¢,), we find for the subleading coefficients the following expression:

p1 — An(n’ 5n—1a 5n’ ;Bn+11 ﬁn+2’ V> Vn+1> 7n+2)
n-l Bn(n’ ﬁn—l’ Bn’ ;Bn+1’ yn+1)

(30)
The Laguerre-Freud structure matrix is the following hexadiagonal matrix:

[ (0 1 )
0 0 0 H3 0 -. ..............

-1 0 1 2
(()) ¢§) ¢§) 5) H,

_ —1 0 1 2

-1 0 1 2

with

@ = (By + Bus1 + Brya + by + by — n)H s,

nn—1)
;0) = U(T + ;Bn—l + n(ﬁn +a; + az) tVnt Y T (IBn + al)(ﬁn + a2) - p,}l_1>Hna

nn—-1)
™ _ (_ ¥+ Vner + Vi + Burr + 5)Bars + b2)

2

+(Bn —n)(Bp + Buy1 + by +by) —Bug + P}l_1>Hn+1,

-1
D = 9By + Brsr + a1 + @y + WH, 1.

Proof. We write (20) and (21) as

Y = g(J)HII', (D)
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¥ =T1I"'Ho(JT). (32)
The Laguerre-Freud matrix ¥ is a hexadiagonal matrix
W= (A2 + ATPED 4O 4 pMWA 4 p@DA2 4 pBIA3,
with ¢ diagonal matrices. From Equation (31), we get
P2 = T2 H, PV =yT_H(T,D+B+T_B+a; +a,).
From Equation (32), we obtain
P® =T3H, Y@ =T2H(T?B+B+T_B—T,D + by +b,).

We also have expressions for the diagonal matrices (®,%® in terms of 7[*2], 71+3], From
Equation (31), we get

PO =pH[T?722V + T, D(T, B+ B+ a; +a) +y + Tyy + (B + a)(B + ay)l, (33)

YO = nH[y(B+T_B +ar +a;) + Dy + Tyy + (B + a)(B + ap) + T375 + T 7PN(T, 8

+ B+a; +ay)l, (34)
and Equation (32) leads to

»© = H[(B + b1 )(B + by)(B —T,D) +y(2 + T_B + by + b, —T,D)
+T.y(26 + T4 + by + by, =T D) =T, D[T3y + T, (B + T+ + by + by)]

+ T2 7223+ T, B+ T2B + by + by) — T3 71731], (35)

PO =T_H[T>72l - T, D(T_B + B+ T, + by +by)

+ T y+y+T,y+T_B+b))T_B+by)+p(T_B+pL+by+by)]. (36)

We get a system of two equations by equating the RHS of (33) and (35) and the RHS of (34) and
(36). Using the shift » — n + 1 in the first relation obtained from the two possible expressions for
@, we now show that the 77 matrices involved in the system can be expressed uniquely in terms
of p, p,_,. From the relations

Py =Dp_ = Bnot» (37)
1 — nl
pn+1 - pn_l _ﬁn—l _ﬁl’l’ (38)
2 — 2 1
Poi1=Pn—Vn— :Bnpn_l + 6nﬁn—1a (39)
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we get

Al MO s pl )

T = w F(n= DBt F Py

Al = OO D 0D g+ ) (0= DBt — 1)

+ pt (£, F Bu—1 — ) + =(pL_)* F2p;.

Then, we solve the equation for p2 in the equation obtained for the two expressions (33) and
(35) for »© and substitute in the Equation gotten from the two expressions (34) and (36) for )
to deduce

Pt (P +n(2Buy + 2B, + P+ A +ay+ by + by +20) +7,4)

nn+1)
= —7? (T +Bu1 +ButVni2 tVnp + (M + 1By +a; +ay)

+ B + a)(Bui1 +az))

+ N(Vns1(@1 + a2 —by = by + 200+ 1) + By — Bust) + Vw2t — 1= 28,11 — Brya — by — by)
+ 1By + B) + (@1 + @By + 47, + 2085 + Br_) + Bu(Brsr + a1+ ay + by + b))

+ (n+1Daja; + B 1(Bug1 + by +by) = (Buyr + b1)(Bryr + b2)(Bryr —n—1)

+ nn+1)

5 (@, +a,—by —by —f,1) —n*(B, + ﬁn—1)>

2

nn—1)
— Vn+1 <— + VYn+2 + Vn+1 +Vnt+ ;Bn—l - n(ﬁn+1 + ;Bn + bl + bz) + (;Bn+1 + bl)(ﬁn+1 + bz)

+Bu(Brs1 + Bn + by + bz))- (40)

That is, we have proven Equation (30) for p.. It is not necessary at this point to find p2 in order
to get the Freud-Laguerre matrix, as we can get $© from (33) and 9™ from (36). The entries in
the diagonal matrices $(?, (1) can be written in terms of p}l_l as:

nn—1)
1(/10) =nH, <T + Bt nBrt+ar+a2) + ¥+ Vg1 +(Br +a)(By +az) - pi—l)’

nn—1)
n = Vns1Hy <T TVne1 T Vne2 TV t (ﬁn+1 + bl)(ﬁn+1 + bz)

+ (ﬁn - l’l)(ﬁn + ;6n+1 + bl + bz) - ﬁn—l + prll_1>'
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Definition 2. Let us consider

C, :=n((n+p,+ ﬁn+1 +a; + a)(B, — ;8n+1 -1 —-B, - ﬁn+1 +¥n)
- n(6n+1 - ;Bn - 1)(;8n+1 + ;Bn + ;Bn—l) - ;Bn(ﬁn+1 + ;Bn + bl + bz)

—Vn(Bn—1 +2B,+by +by—n+2)+y,02B,41 + by + by —n—1), (41)
nn—1) 2
D, := — T Briq t (Buyr —m)(by + by) + biby + (n— DBy + Vi1 (42)
and
nn—1)
E, :=-n 5 + By +n(B, +a; +ay) + (B, + a)(B, +ay)

—Vn=24+B, 1 +B,+a;+a)+ v, (n+1+6,+B,+a; + a2)>

s (P s = B 4 By = B + B b1+ 0+ B + 0B+ b))

—yn((”‘”(”‘z)

2t o Bt DG 45+ Bas =+ DG+ o 4457

(43)

Theorem 6 (Consequences of compatibility conditions). The compatibility conditions lead to two
alternative relations expressions for the subleading coefficient pllq_1 of the orthogonal polynomials:

p1 — Cn(’?’ 511—19 I@n’ ﬁn+1’ J/n) + yn+2(ﬁn+2 - 77)

n—1 1+ By — Bun — Dp(Bn-1,Bn+1:Vn+1)s (44)

1 _ En(ﬂ, ﬁn—la ﬁn’5n+1’}/n—1a Vns 7n+1) + Vn+1Yn+2
pn_l - ’ (45)
Yn—Vn+1 7
where p,. is given in Equation (30).

Proof. We compute explicitly the compatibility equation [¥H~!,J] = WH~!. On the one hand,
WH~! can be expressed as

UH! = (AT>ME? + ATMED 4+ MO 4 MOA + MOA? + MOA3
with M being the following diagonal matrices
M® =1,

M® =T28+T_B+B—T,.D+b; +b,,

MO =12712l _ T, D(T_B+B+T B+b +b)+T_y+y+ Ty +(T_B+b)T_f+b,y)
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+ B(T_B + B+ by +by),
MO = (T3 + T, DT B + B+ a1 +ax) +7 + Ty + (B + a)(B + @),
or, alternatively,
M© = 83 + (by + by)B? + bybyB — T D[B* + (by + by)B + byby + T, B(B + T + by + by)]
+yQ2B+T_B+by+b,—T, D)+ T, y2B+T,.f+b;+by,—T,D)
— T2yT D+ T?7l=2(B + T, B+ T>B + by + by) — T3 7173,
MY =py(T,D+B+T_B+a; +a,),

M2 = ny(T_y).
On the other hand, the commutator can be written as follows:
[WHL,J] = (AT?*MD + ATMED + MO 4+ MOA + MOA? + MOA3,
where the diagonal matrices M are

M3 =1,
M® =127l2l T, 721+ T, DB - T, B)+ T2+ T_B + B + by + by,
MO =9(T2712 - T, 712l = (B + a; + a,) + T, (DB) — DT_P)
+ (T_B = B) (T3 =T, D(T, B + by + b)) +y + (T_B + by )(T_B + by) — n(a; + a3))
+ (B2 = (T_BY)T4D +n) +T_y(T2p +2T_f —T,D + by + b, — 1)
— T,y(2B+T,B—T2D +b; + b, — 1),
MO =9T,.y(T2D+ T, B+ B +a, +a,)
+y(T27l2 =T D(T_B+B+T B+bi+b)+T_y+y+(T_B+b)T_B+b,)
+B(T_B+B+by+by) =T y(T3ial"2l = T2D(B+ T B+ T2B+b; +b,y)
+ Ty + Ty +(B+b)B+b)T, BB+T f+by+by) —ny(T,D+B+T_f+a; +ay),
M = py(T, 7 = T3 72 + T .D(-T_B — T, ) + D(B + T_B) + (a1 + @),

M2 =gy(T_y).

From the equations derived from second superdiagonal and first subdiagonal, one obtains,
respectively, the following equations:

T*al2l -1 2= =T, D(T,-p-1), T, 7a¥-1272=T,D(1-B+T,p).
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Hence , they can be gotten directly from the expressions for the diagonal matrices 7r/=2.

From the first superdiagonal, we get (44), and using the alternative expression of the main
diagonal, it can be seen that it corresponds to the identity:

-3 3 2
Al A = 2l 4 B, = Bu) — (n = Dy, 4y

Compatibility in the main diagonal is (45). O
We discuss now about Laguerre-Freud equations (28).

Definition 3. Let us introduce

A, i=—n? < n(n2+ D +Bu1 +Bn+Vni1 + M+ D(Brir + a1 + @) + (Brga + a1)(Brir + az))

+ 1047, + V(@ +ay—by — by +2(n+ 1) + B, — Bri1)

n(n+1)
2

= (Bns1 + b1)(Bpa + b2)(Bryn —n—1))

(@, +ay,—by — by —Bu1) + Buyr + by + by +ay +a, —n?)(B, + Buy) + 2085 + 53[_1)

_— <M  Psr + V04 B + Buss + D) Bass +52) + B — W) (Buss + i + by + b2)>,

2
(46)
E C 1 A E
Fpime—tn G _p <A ——"B>,
" Yn—Vn+1 =7 1+ ;Bn - ;Bn+1 ! 77(1 + ;Bn - ;6n+1) " Yn—VYn+1 =7 "
(47)
2 Yn+1Bn
N =nn—1-2B,41 —by = b)) +ypy1 + ———
G. = Yn+1 n Yn=Yn+177
= + + :
Yn = Vn+1 =7 1+ ;Bn - ;Bn+1 77(1 + ﬁn - ﬁn+l)

(48)

Then, we have the following result:
Theorem 7 (Laguerre-Freud equations). Given the functions A, B,,,C,,, D,,, E,, F,,, and G,, as in
(46), (29), (41), (42), (43), (47), and (48), respectively, the following nonlinear equations of Laguerre—

Freud type are satisfied:

An(U’ Bn—1>Bns Bnt1:¥Yn> Y1) — (772 —n(n—1-=28,11 — by —b3) +¥Vns1)¥n+2

Bn+2 B NYn+2
En(n’ ;Bn—ls 511’ ﬁn+1’ Vn—1-7n> yn+1) + Vn+1Yn+2 Bn(n’ﬁn—lugn’ ;8n+1= 7/n+1)
, (49)
VYn = Vn+1—7 NYn+2
Vs = F (77 ﬁn 1 6n"8n+1’}/n 1> ¥Vns 7n+1). (50)

Gn(M, Bn=1>Bn>Bn+1>Yns Y1)
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Proof. From (30), we get

An(n’ ﬁn—l’ ﬁn’ ﬁn+1’ Vs Vn+1s 7n+2) - P,ll_an(% ﬁn—l’ ;Bn’ ﬁn+1’ Vn+1)
JBI’H-Z = NV nsa ) (51)
n+

with

An = An(n"sn—l’ﬁn’Bn+1’7/n’yn+1) - (772 - 77(” -1- 218Vl+1 - bl - bz) + Yn+1)yn+2-

Therefore, recalling (44), we get the Laguerre-Freud equation (49).
To prove the second Laguerre-Freud equation (50), we first notice that (49) can be written as
2775n+27/n+2 = An(n’ ﬁn—l’ ﬁn’ 6n+1’ Vs Vn+1s Vn+2)

_ En(n’ ;En—l’ 6n’ ;Bn+1’ Yn-1:Yn> 7n+1) + Vn+1Vn+2
Yn = Vn+1 =7

Bn(n’ :Bn—l’ Bna 6n+1’ 7n+1)-

Consequently, recalling (44), we find

yn+25n+2
1+ ;Bn - ;Bn+1

p1 — Cn(n’ﬁn—l’ﬁn’ﬁrwl’yn) —NVn+2
n-1 1+ ﬁn - ﬁn+1

_ Cr(0, Br=1>Bn> Bn1-Yn) = N¥n+2
1+ IBn - 18n+1
4 1
77(1 + ;Bn - ‘Bn+1)

_ En(’?’ ;Bn—l’ ﬁna 6n+1a VYn—1-7n> J/n+1) + Yn+1Yn+2
Yn = Vn+1—7

—D,(Bn-1,Bn+1-Yn+1) +

- Dn(ﬁn—l: IBn+1’ 7n+1)

(An(n’ ﬁn—l’ ;Bn’ ;8n+1’ YnsVn+1s yn+2)

Bn(r)’ 5?1—1’ ﬁn’ 6n+1’ yn+1)> .

Thus, we see that the following relation is fulfilled:

Cn —NVns2 1
1 n n+
pl =———"" D, +
n-1 14 ﬁn Bn+1 " 77(1 I ﬁn ﬁn+1)

E, +
n Vn+1Yn+2 Bn) )

X (An - (772 - 77(” -1- 2ﬁn+l - bl - bz) + yn+1)7n+2 - — —
Vn Vn+1 n

Now, from Equation (44), we get

E, +Vns1Vns2 _ Cn = MVns2 D 1
Yn—Vn+1—7 1+ 6;1 - 6n+1 " 77(]- + ﬁn - ﬁn+1)

E, + 7n+17n+zB >
——— B, |.
Yn—Vn+1—7

X (An - (772 - 77(" -1- 2ﬁn+1 - bl - b2) + yn+1)yn+2 -

Hence, we find the second Laguerre-Freud equation (50). O
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4 | THE ;F, HYPERGEOMETRIC CASE

Let us take o(z) =n(z+ a;)(z+ a,)(z + a3) and 6(z) = z(z + b;)(z + b,) and consider the
corresponding Pearson equation

(k+1D(k+14+b)(k+1+bywk+1)=nlk+a)k+ ay)k+ az)wk)

(a1)z(az),(az), f

whose solutions are proportional to w(z) =
(b1+1)z(b2+1)2 z!

, so that the discrete orthogonality

measure is

_ (a)k(ax)k(as)k f
P2 = L by + Dby + 1y K

ay,a;,a3 77] and
b

with first moment given by the generalized hypergeometric series: py = 3F, [bl +1b, +10

a, ay, as

subsequent moments p,, = 83 3F, [b1 b, 1 n] . The corresponding moments exist for any» € C,
whenever one of the a’s is a nonpositive integer, when |n| < 1 or when || = 1 and

Re(b; + b, —a; —a, —az) > 0.
Definition 4. We consider

Ap i=n(n+ 1) +n(Buy +Bn+ Bnr) + (a1 + ax + a3)(n + B, + Bry1) + a1z + axa3 + 4304
+ Y+ Y1+ Vni2 + B+ By + BB
B, =—n(B; — B2, + Bus1 + Bn— Vns2) + Bus1 — Bn — D(n(by + by — B,_1) — b1by)
— (b + bz)(ﬁiﬂ — Ba = Bn = Bus1) — Yns2(Bnrz + 2Bps1 + by
+ by =1 =¥ 1(Bus1 = B = D + 7n(Br-1 + 2B, + by + by —(n - 2))
n Bt Ba + Boyy + BB

C,= n+ :Bn+1 - ;Bn—z,

Dy = Bt by + )2 = o = oo+ ) i,

— nlB = Bn1Bnz + (b1 + 508 + V1] = Bu(Buy + Bn2) = 2Bn_1Bn2— By — B,
+ ¥Yulbiby + (b1 + b)(B + Bp1 —n+1)—n+ B, +28,+ by + b,]
= Ynt1l(b1 + b2)(By + Brs1 — 1) + biby + 1 = (Buy1 + 2B, + by + b)),

Ep =nYp1(Bn + Bni1) + Vnr1(Bn1 + Bn—2) = VYnBn—2 — (0 = L)yu(By—1 + By,

nn—1)
Fp=%n <T tVn+1 T V2 t ﬁ;% + ﬁ,3+1 + ﬁnﬁn+1>
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(n—-1n-2)
= Tn <f + V1 + Vn+ B+ By + BBt )
Gp = Vn+1 — @10z + azas + aza; +(a; + ay + a3)(By + 1+ ¥pi1Bnt1 — ¥n(Buo1 — ).

Theorem 8. (The Laguerre-Freud structure matrix) The Laguerre—Freud structure matrix is the
following heptadiagonal matrix:

[ (0 (1) )
0 0 5 H, 0. SRRREEEEEEE R
-1 (0) (1 )
0 1 1 H4

(=2) (=D 0) €Y ()
0 1 2 Hs

P = 2 2 ,
-2 -1 0 1 2
oy 7 U 0 W0 W,

-2 -1 0 1 2
0. mHy ¥oP et W) WD e Ho

where
P = nHpio(By + Brst + Braz + a1 + @y + a3 + 1),
D = pHy (22, + 1By + B+ By + @1+ @y + @) + Vi + Vs + Vg + B2y + B2
+ Bus1Bn + (Bn + Bus1)(ar + ay + a3) + a1a; + aza3 + azay),
PO = Hy(Ba(Bn + b1)(By + b2) + ¥n(Buy + 26, + by +b2) + V1 (Bugs + 26, + by + b))
— n(B} + ﬁi_l + BuBn-1 + By + Bn—1)(by + b)biby + V1 +Vn + Vi)

-2 -3
+ 710 2By + Buy + Bua + by + b)) — 7D,

or, alternatively,

0 3 2
O = pH, 7™+ 72 (B, + By + B+ a4y + 4y + a3)

+ n(ﬁﬁ_l + B + BuPr-1 + 0103 + a3 + aza,
+ Bn+Bu—1)ar + a2+ a3) + Vpo1 + Vi + V1) + Vn(Bpo1 + 28, + ay + a + a3)
+ Vnr1(Bns1 + 2B, + a1 + ay + a3) + (B, + a)(By + a2)(By + a3)),
W = Ho1 (B2, + B2+ BaBusr + (Ba + )by +b2) + biba + Vo +Vns1 + 7,
— n(Bpy1 + BN +Pu1 + b+ b))+ 7T£l__2]),

2
1(1) = Hp 2By + Bus1 + Bnya + by + by —n).
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For the diagonal matrix 7121 the nontrivial entries are

[-2] _ nA(ﬁn—l’ :Bm Bn+ls > 6n+2’ V> Vn+1s }/n+2) + B(ﬁn—la ;Bm ;Bn+1’ > 6n+2a Vn>Vn+1, Yn+2)
Ty = C
(Brs Brs1:M)

(52)

and the subleading coefficient of the corresponding hypergeometric discrete orthogonal polynomials
is
p1 — 77A(5n—1, ;Bn’ ﬁn+1’ ’ 6n+27 V> Vn+1s 7n+2) + B(ﬁn—la Bnﬂ ;Bn+1’ ’ ﬁn+29 Vs Vn+1s yn+2)

n-2 C(;Bn’ Bn+l’ 77)

+ Bra = (0= D,y - LD,

and the 173! matrix entries are

2 = pl [0+ D = Vns1) + Bu + Bt + Bz + by + b,

+ Dn(ﬁn—Z’ ﬁn—l’ ;Bn’ ﬁn+1’ Vn—1:Vns )/n+1) + (77 + 1)En(;8n—2’ Bn—l’ ﬁn’ ﬁn+19 Vns J/n+1)

+ (77 - 1)Fn(6n—1’ IBn’ ﬁn+19 Vn—1Vn>Vn+1» 7n+2) + nGn(Bn—la Bn’ lgn+1’ Vns yn+1)- (53)

Proof. Matrix elements of (=3, (=2 (=1 1 are obtained using ¥ = o(J)HII". On the other
hand, the entries of ¥, (1) and the alternative expression of $(*) are gotten from ¥ =
I~ HOU ). The matrix 7l =2/ entries follow from the equation from the first subdiagonal obtained
from [WH!,ATy] = 8,(¥H™'). Applying 8, to p©H~!, where $(© is the first expression for
the main diagonal, and equating to ("UH~, after cleaning, it is obtained z!=%/. From 7!~2!

[-2] _ n(n-1)
2

using p! , =m, 5 — (n — 1)B,—1 + Pn_s, it is obtained p! . Finally, the matrix 71~

is obtained from the main diagonal of [¥H~!,J] = WH~!. n

Theorem 9. (Compatibility conditions) The following relations are satisfied:

7{’[12_]1 - ”;lqz—Jz =n(1— B, + Bn-1) (54)

B _ 181 _ 2] B o
T, ,— T, 3= ﬂn_z(ﬁn—Z 61/1 +1)+ nYn—1 (n 1)7’n, (55)
97,77,[[_22] = -1y, — ¥, (56)
8y = (Vn = VeI + (0= DBz = Buet = V- 57)

Proof. Equation (54) is obtained from the second subdiagonal and the second superdiagonal of
the resulting matrix of [¥H -1 | =YH —1 and it is also obtained from the second subdiagonal
of [PH!,ATy] = $,(YH ~1). Equation (55) is obtained from the first superdiagonal and from
the first subdiagonal of [YH —1,J] = WH™!, and it is also obtained from the first subdiagonal of
[¥H~1,ATy] = 8,(W¥H~!) using the alternative expression of (). Then, Equation (56) is a derived
from the first superdiagonal of [WH~!, ATy] = §,(¥H ') and Equation (57) is obtained from the
main diagonal of [¥H ™!, ATy] = §,(¥H ™). O
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Remark 1.

i) The first three equations are equivalent to

7y =y = 1By — B — 1), (58)
(3] _ _[-3] _ _[-2] _ —(n—
ﬂn—Z 7[”_3 - 7Tn—2 (1 + 61’1 61’1—2) (}’L 1)7/1/1 +nynp—1, (59)
Snp:l_l = —Vn-1-

ii) Notice that compatibility conditions do not depend of hypergeometric parameters a’s or b’s.

iii) Equations (52) and (58) combine and give a  constraint among
(Br—1>Bns Brs1s Bnszs Vns Yne1> Yna2)» While Equations (53) and (59) lead to a ligature
between (B,,_2, Br—1Bns Bntis Prszs Yn-1>VYn> Ynsls Vo) With these two equations at hand,
two Laguerre-Freud equations of the type (28) can be derived.

5 | CONCLUSIONS AND OUTLOOK

Adler and van Moerbeke have thoroughly used the Gauss—Borel factorization of the moment
matrix, see Ref. [2, 4] in their studies of integrable systems and orthogonal polynomials. We
have applied these ideas in different contexts, cantero-moral-velazquez (CMV) orthogonal poly-
nomials, matrix orthogonal polynomials, multiple orthogonal polynomials, and multivariate
orthogonal, see Refs [5-15] For a general overview, see Ref. [43].

Recently, in Ref. [46] we applied that approach to study the consequences of the Pearson equa-
tion on the moment matrix and Jacobi matrices. For that description, a new banded matrix is
required, the Laguerre-Freud structure matrix, which encodes the Laguerre-Freud relations for
the recurrence coefficients. We have also found that the contiguous relations fulfilled general-
ized hypergeometric series determining the moments of the weight described for the squared
norms of the orthogonal polynomials a discrete Toda hierarchy known as Nijhoff-Capel equa-
tion, see Ref. [47]. In Ref. [44], we studied the role of Christoffel and Geronimus transformations
for the description of the mentioned contiguous relations, and the use of the Geronimus-
Christoffel transformations to characterize the shifts in the spectral independent variable of the
orthogonal polynomials. In Ref. [30], we deepened in that program and searched further for
the discrete semiclassical cases, finding Laguerre-Freud relations for the recursion coefficients
for three types of discrete orthogonal polynomials of generalized Charlier, generalized Meixner,
and generalized Hahn of type I cases. In this paper, we concluded this program by getting the
Laguerre-Freud structure matrices and equations for three families of hypergeometric discrete
orthogonal polynomials.

As an outlook, we point the following three lines of research:

i) A question of general character that remains open is the possibility of explicit determination
(using the methods of Ref. [30] and this paper) of Laguerre-Freud equations for arbitrary
hypergeometric families ,F, of discrete orthogonal polynomials. In Ref. [30] and this paper,
we have shown that it is possible for the cases (p,q) = (0,1),(1,1),(2,1),(1,2),(2,2),(3,2).
For the future, we will also extend these techniques to multiple discrete orthogonal
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iif)

polynomials Ref. [16] and study its relations with the transformations presented in Ref. [20]
and quadrilateral lattices.”>*

An important issue is the connection with discrete and continuous Painlevé equations for
the coefficients §8,, and y,, taking into account the study of such a question when you deal
with discrete semiclassical linear functionals given in Ref. [51] for generalized Charlier and
generalized Meixner as well as in Ref. [33] The results that are presented in this paper are
a step forward in this direction because this identification is not a trivial problem and using
these given relations could be reached in future works.

The uniform lattice with distance w and difference operator (D, p)(x) = p(x + @) — p(x) is
of interest for future research. Notice that D, -classical linear functionals have been stud-
ied in Ref. [1] and as limit case, when w — 0, you get the classical ones (Hermite, Laguerre,
Jacobi, and Bessel). An open question is to get by a change of variable and a limit what are
the sequences of continuous orthogonal polynomials associated with the three generalized
hypergeometric examples studied.
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1. Introduction

Discrete orthogonal polynomials constitute a well-established and distinguished
branch of orthogonal polynomial theory. Various classical monographs have been dedicated
to this category of orthogonal polynomials. For instance, the classical case is thoroughly
examined in [1], and the Riemann-Hilbert problem has been employed to investigate
asymptotics and applications, as discussed in [2]. Authoritative discussions of the subject
can be found in [3-6].

Discrete orthogonal polynomials play a role in designing digital filters for signal
processing applications. They help in representing signals in a more compact and efficient
manner, facilitating analysis and manipulation. Discrete orthogonal polynomials are
employed in approximating functions. They provide a basis for representing functions in
terms of a series expansion, making it easier to approximate complex functions. Discrete
orthogonal polynomials are used in coding theory for designing error-correcting codes.
They help in constructing efficient encoding and decoding algorithms, improving the
reliability of data transmission in communication systems. Discrete orthogonal polynomials
are often involved in combinatorics, providing tools for solving combinatorial problems
and deriving combinatorial identities.

Semiclassical discrete orthogonal polynomials, characterized by the satisfaction of a
discrete Pearson equation by their weight functions, have received extensive attention in
the literature. A comprehensive overview of this topic, along with extensive references, can
be found in [7-10]. Furthermore, for certain specific weight types, such as the generalized
Charlier and Meixner weights, the corresponding Freud-Laguerre-type equations govern-
ing the coefficients of the three-term recurrence have been investigated. Notable works in
this area include [11-15].

In our work presented in [16], we harnessed the Cholesky factorization of the moment
matrix to delve into the realm of discrete orthogonal polynomials denoted as { P, (x)}5
on a homogeneous lattice. We directed our focus on semiclassical discrete orthogonal
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polynomials, defined by weight functions constrained by a discrete Pearson equation. This
constraint led to the moments being expressible in terms of generalized hypergeomet-
ric functions.

We introduced a banded semi-infinite matrix named the Laguerre-Freud structure
matrix ¥, designed to model shifts by £1 in the independent variable of the sequence of
orthogonal polynomials { P, (x)}5 . Our study also unveiled that the contiguous relations
governing the generalized hypergeometric functions have corresponding symmetries
within the moment matrix. Furthermore, we established that the 3D Nijhoff-Capel discrete
Toda lattice [17,18] offers a description of the contiguous shifts pertaining to the squared
norms of the orthogonal polynomials.

In [19], we provided an interpretation for the contiguous transformations of general-
ized hypergeometric functions by invoking simple Christoffel and Geronimus transforma-
tions. Leveraging Geronimus-Uvarov perturbations, we derived determinantal expressions
for the shifted orthogonal polynomials. Additionally, our exploration extended to three
hypergeometric families and their associated Laguerre-Freud equations in [20].

In the research presented here, we extend and complete the investigations in [16,19,20],
adding a new weight not studied so far with the similar techniques adapted to this situation.
We delve into the realm of Gauss hypergeometric discrete orthogonal polynomials, which
are also known as generalized Hahn polynomials of type I, as discussed in [9,10]. Our pri-
mary focus is an in-depth analysis of the Laguerre-Freud structure matrix ¥. By examining
its unique banded structure and its inherent compatibility with both the Toda equation
and the Jacobi matrix, we uncover a set of nonlinear equations that govern the coefficients
B, Y in the three-term recursion relations for the orthogonal polynomial sequence.

These nonlinear recurrences for the recursion coefficients take the following form:

,)/I’H—l = Fl (nr rYn/ r)/n—lr .. '/,BH/ ,Bn—l/ e )r
ﬁl’H—l = FZ(”/ rYn—}—l/ ’Yﬂ/ .. '/ﬁl’l/ ,Bn—lx ... )/

with F; and F, being specific functions. Notably, these relations, referred to as Laguerre-Freud
relations by Magnus [21] in reference to [22,23], have been explored in numerous papers for
cases like generalized Charlier, generalized Meixner, and Gauss hypergeometric, as documented
in [7,14].

A crucial insight that emerges is the role of the T-function, defined as the Wronskian
of the Gauss hypergeometric functions. This T-function proves to be a valuable solution
for each of these systems of nonlinear Laguerre-Freud equations governing the recursion
coefficients.

This paper’s structure is outlined as follows: In Section 2, we delve into the world of
Gauss hypergeometric discrete orthogonal polynomials, as initially introduced in [7,9]. We
present the pentadiagonal Laguerre—Freud structure matrix in Theorem 3. Additionally, we
delve into the Laguerre-Freud relations in Theorem 4, providing a comparative analysis
with Dominici’s findings in [7] and those of Filipuk & Van Assche in [14], as well as the
work presented in [24].

To round off this introduction, let us begin by summarizing the foundational concepts
of discrete orthogonal polynomials. Afterward, we will provide a brief overview of the
significant findings from our previous work in [16].

1.1. Basics on Orthogonal Polynomials

Given a linear functional p, € C*[z], the corresponding moment matrix is

G= (Gn,m)/
Gn,m = Pn+m,
on = {pz,2"), n,m e Ng:={0,1,2,...},
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with p;, the n-th moment of the linear functional p,. If the moment matrix is such that all its
truncations, which are Hankel matrices, Gi11,; = Gj 11,

r 00 01 [ REERREE . k-1 T
Gog e Go_1 L P2 K
gl = | : =\ P . T
Gk;l \RRREEEE ka'l k-1 :
R o

are nonsingular; i.e., the Hankel determinants Ay:=det G do not cancel, A, # 0, k € Np.
If this is the case, we have monic polynomials.

Pu(z) =2"+ppz" 14+ pl, neN, (1)
with p{ = 0, fulfilling the orthogonality relations
{0, Pu(2)2") =0, ke {0,...,n—1}, {p,Pu(z)z") = H, #0,
and {P,(z) }en, is a sequence of orthogonal polynomials, i.e., (o, Pu(2)Pu(z)) = 6umHn

for n,m € Ny. The symmetric bilinear form (F, G),:=(p, FG), is such that the moment
matrix is the Gram matrix of this bilinear form and (P, Py,) 0 =0n,mHy.

Introducing x(z):=(1 z z*---- )T the moment matrix is G = {p, xx ' ), and x is an
eigenvector of the shift matrix, Ax = x), where

Hence, AG = GAT, and the moment matrix is a Hankel matrix.
As the moment matrix symmetric its Borel-Gauss factorization is a Cholesky factorization

G=STHS T,

where S is a lower unitriangular matrix that can be written as

1 0 O]
S;jo 10
5= 520 S21 1 ’

and H = diag(Hy, Hy, .. .) is a diagonal matrix, with Hy # 0, for k € Ny. The Cholesky
factorization does hold whenever the principal minors of the moment matrix; i.e., the
Hankel determinants Ay, do not cancel.

The components P, (z) of

P(z) = Sx(2), @

are the monic orthogonal polynomials of the functional p.
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Proposition 1. We have the determinantal expressions

An+1 1 A

Hn - An 7 pn - _Kn/
with the Hankel determinants given by
p.O """"""":pn_z ‘pn.fl ‘).0 .............. ...pn72 ..pn'_l
Ay = : . . : ’ ANn = : . :
P2’ Pn—1*eeeeeee P2n-3 Onn P 023
pnil ------------- pzn_3 PZn—Z pn ............... ‘02}172 P2n—1

We introduce the lower Hessenberg semi-infinite matrix
J =SAS™! (3)

that has the vector P(z) as eigenvector with eigenvalue z, JP(z) = zP(z). The Hankel
condition AG = GA'" and the Cholesky factorization gives

JH=(JH)" =HJ".

As the Hessenberg matrix JH is symmetric, the Jacobi matrix ] is tridiagonal. The Ja-
cobi matrix | given in (3) reads

Bo 1 0ieeeen
m B 1.
- 1 P )

0.. 12 B2,

The eigenvalue equation JP = zP is a three term recursion relation zP,(z) = P,11(z) +
BnPu(z) + vnPy—1(2z), that with the initial conditions P_; = 0 and Py = 1 completely
determines the sequence of orthogonal polynomials {P,(z)}?_, in terms of the recursion
coefficients B, v». The recursion coefficients, in terms of the Hankel determinants, are
given by

Ay A H DpiaA
_ 11 _ _2n n+1 — n+1 n+18n—1
ﬁn - pn pn+1 An + An+]’ ’)/Vl‘l’l Hn A%l 7

n € Np. 4)

For future use, we introduce the following diagonal matrices y:=diag(y1, 72, ...)
and B:=diag(Bo, B1,...) and J— :=ATyand J+:=B + A, so that we have the splitting | =
ATy + B+ A = J- 4+ J+. In general, given any semi-infinite matrix A, we will write
A =A_ + AL, where A_ is a strictly lower triangular matrix and A4 an upper triangular
matrix. Moreover, Ap will denote the diagonal part of A.

The lower Pascal matrix is defined by

(n), nz>m,
B= (Bn,m)r Bn,m = m

0, n<m,
so that

x(z+1) = Bx(z).
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Moreover,
B_l = (Bn,m)r Bn,m =
0, n<m,

and x(z — 1) = B~!x(z). The lower Pascal matrix and its inverse are explicitly given by

1 O v veee et e
1 1 O v oe e e
1 2 1 [0
1 3 3 1 [ P
B= |1 4 6 4 1 Ocvvvvvnnnns ’
1 5 10 10 5 1 Q--vve
o1 [0 7
-1 1 0 S
1 -2 1 0
p1- |-1 3 -3 1 [0 P )
1 —4 6 —4 1 [ A,
-1 5 —-10 10 -5 1 0-----

in terms of which we introduce the dressed Pascal matrices, [1:=SBS~ ! and IT-1:=SB~15-1,
which are connection matrices; i.e.,

P(z+1) =T1IP(z), P(z—1)=T11"1P(z). (5)

The lower Pascal matrix can be expressed in terms of its subdiagonal structure
as follows

B =1+ ATD+ (A7)’ D + (AT)’DBI 4+ ...,

where D = diag(1,2,3,...) and DH = L diag (k(), (k +1)®), (k+2)® .. .), in terms of
the falling factorials x) = x(x —1)(x —2) - -- (x — k+1). That is,
K (n+k)---(n+1)

DL: X , keN, neN.

The lower unitriangular factor can be also written in terms of its subdiagonals S =
I+ ATSI 4 (AT)?S2 4. .. with S = diag (S, 51, ... ). From (2) is clear the following
connection between these subdiagonals entries and the coefficients of the orthogonal
polynomials given in (1)

k k
51[1] = pn+k'
We will use the shift operators T+ acting over the diagonal matrices as follows
T_ diag(ag, ay,...) = diag(ay,ap,...), T4diag(ag,a,...) = diag(0,a9,a1,...).

These shift operators have the following important properties, for any diagonal matrix
A = diag(Ao, A1, ...)

AA = (T_A)A, AA=A(T A), AAT=AT(T_A), ATA=(T,AA".
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In terms of these shift operators, we find
2D = (1_D)D, 3DB = (12D)(T_D)D = 2(T_D?D = 2DP(T2 D).
Proposition 2. The inverse matrix S~ of the matrix S expands as follows
ST =T+ ATSH 4 (AT)? sl 2 .
The subdiagonals SI=X are given in terms of the subdiagonals of S. In particular,

gl-1] — _gll]

7

si=2 = —gl 4 (T_slthsll,
sl=3l = —gBl 4 (1_sPhst 1 (12 slhysl2 — (72 sy (T_slysll,

Remark 1. Corresponding expansions for the dressed Pascal matrices are
Hﬂ:l — I+ATn[ﬂ:1] + (AT)ZTEH:Z] + R

with 1 = diag(n([)i"], ngi"], o).

Proposition 3 (The dressed Pascal matrix coefficients). We have

i — +(n+1), it = W £ P2t + 1) F (1 +2)pp
(6)
n+2)(n+1
= % F (n+1)Bui1 F Prars

23] i(n+3)(n+2)(n+l)+(n+2)(n+1)p1 W;ﬂl

n 3 2 n+3 2 n+1
LM+ 1)p2sF (n+3)phiaE (n+3)phiopiis F (1 +2)phiaphii-

Moreover, the following relations are fulfill

all 4 7l =0, 7l 4 772 = 2Dl 7Bl 4 #[=3 = 2((12 5D — (T_DR)s),

1.2. Discrete Orthogonal Polynomials and Pearson Equation

We are interested in measures with support on the homogeneous lattice Ny as follows
0 = Yoo d(z — k)w(k), with moments given by

pn =) K'w(k), @)
k=0
and, in particular, with 0-th moment given by
po =Y w(k). (8)
k=0

The weights we consider in this paper satisfy the following discrete Pearson equation
O(k+Dw(k+1) = o(k)w(k), k € No. )

Theorem 1 (Hypergeometric symmetries). Let the weight w be subject to a discrete Pearson
equation of the type (9), where the functions 6, o are polynomials, with 6(0) = 0. Then,
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(i) The moment matrix fulfills
0(A)G = Bo(A)GB'.
(ii) The Jacobi matrix satisfies
I 'HO(J ") = o())HITT,
and the matrices HO(] ") and o(J)H are symmetric.

If N + l:i=deg 6(z) and M:=deg 0 (z), and zeros of these polynomials are {—b; + 1} ¥
and {—a;}M, we write 6(z) =z(z+by —1)---(z+by—1)and o(z) = (z+a1)--- (z +
app). According to (8) the 0-th moment

v RS (@)k - (am)k 17!‘_ PRI an.
PO—k;)w(k)—kga(b1+1)k..,(bN+1)k i —MFN{bl ....... ,17}

is the generalized hypergeometric function, where we are using the standard notation-
amc+amc+, see [25]. Then, according to (7), for n € N, the corresponding higher moments
on = Lo kK'w(k), are

an o A e ay. . i
pn_ﬁr]po_ﬂq(MFN{bl lerl]>/ 1977 _17817

given by
f 8, f ﬁ%f ........ ’19;;
of Of Lot
Tu(f) = |02 f IR
lgg:f' ' .lggﬂf: ............. 19%14

We refer to this Wronskian as the 6-Wronskian of f. Then, we have that the Hankel
determinants A, = det G"l determined by the truncations of the corresponding moment
matrix are J-Wronskians of generalized hypergeometric functions,

Ap =Ty, Ap= 19177-';'1/ (10)

where

. A -vvveee ap.
Tn —%(MFN[bl ....... bN,7’]:|)
Moreover, using Proposition 1 we get

T,
H, = ’;—“ pl = —8,logt,, n€N,. (11)
n
The functions T are the well known tau functions [17]. In terms of these T-functions
we have
Tn Tnt+1Tn—1

+1
7 = D A 6 N 7
Tn Tnt1 2 n 0 (12)

Bn = O log
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(AT )Myl

N
pOFDANFL — TN, N = BT Ty = diag (Ho [ ] 7 Fh
k=0 =

were we have used (4), (10) and (11).

Theorem 2 (Laguerre-Freud structure matrix). Let us assume that the weight w solves the
discrete Pearson Equation (9) with 0,0 polynomials such that 6(0) = 0, degf(z) = N +1,
dego(z) = M. Then, the Laguerre—Freud structure matrix

Y =IT"'HO(J") = o(J)HIT" =11710(J)H = Ho(J")I1" (13)
=0(J+DIT'H=HII"o(JT —1),

has only N + M + 2 possibly nonzero diagonals (N + 1 superdiagonals and M subdiagonals)
Y = (AT)Mlp(*M) R ATII](*l) + II)(O) + 11)(1)/\ et ¢<N+1)AN+1’

for some diagonal matrices ¥). In particular, the lowest subdiagonal and highest superdiagonal are
given by

M-1 M M+1
=y(J)MH, ¢(7M) =nH H Tk y = n diag (HOH'yk,Hl H fyk,...),
k=0 k=1 k=2

N+1 N+2

H’)’k:-~->-

k=1 k=2
The vector P(z) of orthogonal polynomials fulfill the following structure equations

0(z)P(z—1) = ¥YH 'P(z), o(z)P(z4+1) =¥ "H 'P(z2). (14)

The compatibility of the recursion relation, i.e., Eigenfunctions of the Jacobi matrix,
and the recursion matrix leads to some interesting equations:

Proposition 4. The following compatibility conditions for the Laguerre—Freud and Jacobi matri-
ces hold

YH L =YH!, [[¥'H! =¥'"HL

1.3. The Toda Flows
Let us define the strictly lower triangular matrix ® := (8,5 )S—L

Proposition 5.
(i) The semi-infinite vector P fulfills

8,P = ®P. (15)
(ii) The Sato—Wilson equations holds
—®H + 8,H — H®' = JH.
Consequently, ® = —]_ and n € No we have ¢, log H, = Jyn.
Moreover,
Proposition 6 (Toda). The following equations hold
®=(0,5)S"=-A"y, (8,H)H'=8.

In particular, for n,k — 1 € N, we have
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GyPn = —Tn, OyPhsx = _7n+kpﬁ1}<71' Oy log Hy = Bu.
The functions q,:=log Hy, n € N, satisfy the Toda equations

giqn = elnt1=0n _ gfln=fn-1
For n € N, we also have 9, Py(z) = —ynPy—_1(2).

Proposition 7. The following Lax equation holds 0] = []+, J]. The recursion coefficients satisfy
the following Toda system

yPn = Y1 — Tn, (16a)
1917 logyn = Bun — Bu-1, (16b)

forn € Ny and B_1 = 0. Consequently, we get
97108 1n = Yut1 — 290 + Yu1-

For the compatibility of (5) and (15) we obtain ¢ (IT) = [®, IT]. In the general case the
dressed Pascal matrix I is a lower unitriangular semi-infinite matrix that possibly has an
infinite number of subdiagonals. However, for the case when the weight w(z) = v(z)y*
satisfies the Pearson Equation (9), with v independent of , that is 8(k + 1)v(k+ 1)y =
o(k)v(k), the situation improves as we have the banded semi-infinite matrix ¥ that models
the shift in the z variable as in (14). From the previous discrete Pearson equation, we see
that o(z) = nx(z) with «, 6 y-independent polynomials in z

O(k+1)v(k+1) = yr(k)v(k).

Proposition 8. Let us assume a weight w satisfying the Pearson equation (9). Then, the Laguerre—
Freud structure matrix ¥ given in (13) satisfies

Oy Y THY) = @, ¥ THY, (17a)
8, (YH ') = [®,¥YH ). (17b)
Relations (17a) and (17b) are gauge equivalent.

2. Gauss Hypergeometric Weights

The choice of 0(z) = 5(z +a)(z+b) and 0(z) = z(z + ¢) results in the following
Pearson equation:

(k+1)(k+1+c)w(k+1) = gk +a) (k+ b)w(k)

(a)z(b)z 1*
(c+1), ="
function falls under the category of generalized Hahn weight of type I. The first moment is

with solutions proportional to: w(z) = As documented in [7,9], this weight

given by pg = 2F [cajrbl ;17} , which is expressed as the Gauss hypergeometric function.

For the specific case when 7 = 1, Hahn introduced these discrete orthogonal polynomials
in [26]. Notably, the standard “Hahn polynomials” commonly found in the literature have
parameterssetasa =a+1,b = —N,and c = —N — 1 — B, where N is a positive integer.

The Gauss hypergeometric series is convergent for |1| < 1 and divergent for |y| > 1.
For || = 1,  # 1, the series is absolutely convergent whenever Re(c+1—a—1b) > 0
and convergent and not absolutely convergent for —1 < Re(c+ 1 —a —b) < 0. Finally,
for Re(c+1—a —b) = —1, the series is convergent for Re(a + b) > Reab and divergent
for Re(a + b) < Reab. See [27].
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Remark 2. By referring to previous comments and utilizing (12), we establish that in terms of the
following 6-Wronskian of the Gauss hypergeometric function

,b
Ty = %(21:1 {ca—i—l ;71}>,

we can derive explicit expressions for the recursion coefficients:

Tn4+1Tn—1
T

7

Tn+1
Bn = 1917 10g et s Yn+l =
Tn
where n belongs to the set of non-negative integers, denoted as Ny.

Theorem 3 (The Gauss hypergeometric Laguerre-Freud structure matrix). For a Gauss
hypergeometric weight; i.e., o = n(z +a)(z +b) and 0 = z(z + c), we find

—1 n+2)(n+1
P}z-s-l = (n+2)Bnt2+ But1 + Zﬁ ("/n+3 + Yni2 + ,B%Jrz + %)

+ n—(wb + ((a+b) — c)Busa+ ((a+b) +c)(n+2)),

mh = o (1 20+ 1) = gab = (g(a+ 8) = sz = (p(a+b) + €)(n-+2)

1 _
+ ﬁ(%% + Vna2 + Bria) — (0 +2)(Bugz + Pus1)-

The Laguerre—Freud structure matrix is

[7(71+(Bo+a)(Bo+b))Ho (Bo+P1+c)Hy H, Quppmemememm e

Wpotprearo)n TNGREBERETY (g H, H
(72 + 73+ (B2 +a) (B2 + D)

+2(B1 + P2+ a+b) + 1)) Hy (Batpate=2)Hs _ ~

Y — 11Hy 11(B1+B2+a+b+1)Hy ‘
N+ 70+ (Bo+a)(Bs +b)

0 ”H3 W(ﬁ2+ﬁ3+ﬂ+b+2)H3 +3(,62+,B3+a+b)+7r£2])H1

Proof. In this case, due to the properties of the polynomials ¢ and 6, the Freud-Laguerre
matrix exhibits a specific diagonal structure:

¥ = (A2 + ATy 4O 4 DA 4 pRIA2,

This structure consists of two subdiagonals, two superdiagonals, and the main diagonal.
On one hand, starting with the equation ¥ = o(J)HI1', we can derive the Laguerre—
Freud structure matrix as follows:

Y= yATyATyH +n(ATyATyYHDA + ATy (B+b)H + (B+a)AT yH)
second subdiagonal first subdiagonal

+7(ATYAH + AATyH+ (B+a)(B+b)H+ (AT y(B+1b) + (B+a)ATy)HDA

main diagonal

+ ATyATyH2IA?)

main diagonal
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+(((B+a)(B+b)+ATyA+AATY)HDA+ (B+a)AH + A(B+b)H
first superdiagonal
+AT(B+b)HRPIA? + (B+a)ATHAPA? 4 AWAWHnP’]Af“)
first superdiagonal
+7 (AT'yAT'yHn[4]A4 + (ATy(B+b) + (B+a)ATy)HPIA3 (18)

second superdiagonal

+(ATYA+ ANy + (B +a)(B+ b)) TP A2 + (A(B+b) + (B +a)A)HDA + A2H).

second superdiagonal
On the other hand, by using the equation ¥ = ImH o] T), we can deduce:

¥ =H(A")’+ ATDHAT(B+T_p+c)+ (A")?nl P H(y + Ty + B2 + cp)
second subdiagonal
(ATl HB 4T B+ o)yA + (ATl H(T_ ) yA?
second subdiagonal
+HAT(B+T_B+c)— ATDH(y+ Ty + B> +cB)
first subdiagonal
+ (A2 HB+ T B+ c)yA — (AT a3 H(T_5)yA2
first subdiagonal
+H(y+Toy+ B> +cB) — ATDH(B+ T+ c)yA+ (AT)2al A H(T_7)yA?
main diagonal
+H(B+T_B+c)yA— ATDH(T_y)yA?+ H(T_y)yA?  (19)

first superdiagonal

second superdiagonal

From (18), we can extract the first two subdiagonals of ¥, which are as follows:

lp(—Z) _ I/IH,YT*,)/I IIJ(71) — ;77T+7T+H —+ ’)/(ﬁ + b)H -+ (T,'B + a)r)/Hr

From (19), we can determine the first two superdiagonals of ¥, which are as follows:
9 = (B+T-p+c)y— (T D) (T H)1 T, p@ = H(T-7)7.

We can derive an expression for the main diagonal that is independent of 77[*2 or 7zl~2

by equating the terms associated with the main diagonal in the two previous expressions,
namely (18) and (19). This yields:

(1 = 1)(Tey + 7 + B%) + Bly(a+b) — ] + yab
+ (7 + 1)(TD)[T4 p + Bl + (T4 D)[(a + b) +¢] = T3 (1 — 7).

Referring back to (6), which states that nLﬁ] = w F+1)By1 F Piﬂ'

and substituting this into the previous expression, we can eliminate p! ;. We can then

replace this result in the expression for 7712/, ensuring that the main diagonal is no longer
dependent on it. Examining each term in the first equation and isolating p} . ;, we obtain
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(n+2)(n+1))

-1
Pri1 = (n+2)But2+ But1 + % (’Yn+3 + Ynt2 + Bara + 2

+ ﬁ(wfﬂr ((a+b) = c)Bui2+ (y(a+b) +c)(n+2)),

and the diagonal matrix entries of 712 are

mh = s (1 20+ 1) = gab = (g(a+ 8) = Bz = o+ )+ €)n+2)
+ %(WM + Yns2 + Brya) — (1 +2)(Bugz + Putr)-

Simplifying further, we obtain the Laguerre-Freud matrix as

Y=n(A"T*H+nA" (a+b+TeD+B+T_B)T-H
+(Tey + v+ (B+a)(B+D) + T (D) @+ b+ Ty p+p) + Tin?))H
+(c—T4D+B+T_B)T_HA + T>HA?

O

Now, let’s investigate the compatibility condition [FH™!,]J] = YH .

Theorem 4 (Laguerre-Freud equations for Gauss hypergeometric). The Gauss hypergeometric
recursion coefficients satisfy the following Laguerre—Freud relations

(7 = 1) ((Bus1 + Bu)Yns1 — (Bu—t + Bu)1n) (20a)
+7(Bu(2Bn +a+b+c)+2(vus1+vn) +1n(@a+b—c+n—1)+ab)
+ (77 +1)((’7(” +b) —C— (’7 + 1)”)('Yn+1 - 'Yn) + (77 + 1)’711) =0,
(7 +1)((n=1)Bu+ (n+1)Bus1) + (1 = 1) (Yns2 = Yn + s — P + 1) (20b)
+ (n(a+0b) —c)(Bry1 — Bn) +1(a+b)+c=0.

Proof. We analyze the compatibility [¥H !, J] = YH ! by diagonals. In both sides of the
equation, we find matrices whose only non-zero diagonals are the main diagonal, the first
and second subdiagonals, and the first and second superdiagonals. Equating the non-zero
diagonals of both matrices, two identities for the second superdiagonal and subdiagonal
are obtained. From the remaining diagonals, we obtain the two Laguerre—Freud equations
(we obtain the same equality from the first subdiagonal and from the first superdiagonal).
Firstly, by simplifying, we obtain that

YH ' = (AT (T-9)7 + AT y(T4(D) + (B +b) + T-(p +a))

+ /ﬁ(z(TpHvﬂiz) +(a+b+c)p+ab+T D(a+b—c)+T;DT2D)

+ (B+T_B+c—Ti(D))A+ A

From the main diagonal, clearing, we obtain

(1= )7+ (7 = Dbwiatos + Bl 2B+ a+b+0) % (1= 1) (Y41 = 1)
(A @0 + ) = ne -t n(a+b+n—1) +ab) = (g + 1) (n(yn — Y1) = 70)

n+1
+((a+b) = c)(vus1 —vn)) =0
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& (

and we get Equation (20a).
We obtain the following expressions from the first superdiagonal and the first subdiagonal:

(7 + 1) (Bu + Busr +1(Bus1 = Bu)) + (1 = D) (Yns2 = Y + Biya — B+ 1)
(L4 Bu = Pura) +7(a+b)(1+ Purs —Pn) =0

which results in Equation (20b). O

We now proceed with the compatibility condition [YH™!,]_] = 8,(YH!). Recall
that |_:=ATvy and 8, = 17%. As we will see, we do not obtain any further equations
beyond those already obtained in Theorem 4.

Proposition 9. The recursion coefficients for the Gauss hypergeometric discrete orthogonal polyno-
mials satisfy the following Laguerre—Freud relations:

197](,311 +Bny1+c—1n) = Yui2—Tu, (21a)
2(Ynr1 + 70+ i) +c(Bu—n) +n(n—1)+ (a+b)(Ba+n) + ab)) = (21b)

Yur1(Bn + Buy1+c—1n) = yn(Bp1+Pn+c—(n—1)),

Oy(nynpr(n+a+b+ By +Buy1)) = (210)

n+1

V122 = Y+ Bors — Br) + (@+b+¢)(Bugr — Bn) +2n+ (a+ b —c))

Oy (1 Ynt1Yn+2) = NYns1Ynr2(Busz — Bu +1). (21d)

Proof. From the diagonals of [YH!,]_] = ¢,(YH!) we get

(1) From the first superdiagonal we obtain (21a)
(ii) From the main diagonal cleaning up we get (21b).
(iii)  From the first subdiagonal we get, symplifying (21c).
(iv) Finally, from the second subdiagonal we get (21d).

O

Remark 3. We observe that (21a) follow from the Toda Equations (16a), and (21d) follow from
Toda Equation (16b). Moreover, the two remaining equations (from the main diagonal and the first
subdiagonal) coincide with those presented in Theorem 4.

Remark 4. Dominici in [7] (Theorem 4) found the following Laguerre—Freud equations

(1- W)V(')/n+l + 'Yn) = UUnV(,Bn + 7’1) - unv(ﬁn - n)/
AV (uy = 170n)yn = unV (Bn — 1) + V(Ynt1+ 1n),

with uy:=Pn + Pn+1 —n +c+1and v,:=B, + By—1 +n — 1+ a+b. Therefore, the first one
is of type Yu+1 = F1(n, Yn, Yn—1, Bn, Bn—1), of length two, and the second of the form B,11 =
(1, Ynt1,Yn, Yn—1, Bns Bu—1, Pn—2), is of length three. .

Remark 5. Filipuk and Van Assche in [14] (Equations (3.6) and (3.9)) introduce new non local
variables (xy, Yn),

n+m+a+by—c—1

L=y

nmn+a+b—c—2)
1—9 '

n=2Xn+

7

1_17 n—1
—Yn=Ynt Z X+
U k=0

Then, in [14] (Theorem 3.1) Equations (3.13) and (3.14) for (x4, yn) are found, of length 0
and 1 respectively, in the new variables. Recall that these new variables are non-local and involve all
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the previous recursion coefficients. In this respect, the meaning of length is not so clear. The nice
feature in this case is that [14] (Equations (3.13) and (3.14)) are discrete Painlevé equations that,
combined with the Toda equations, lead to a differential system for the new variables x,, and y, that,
after suitable transformation, can be reduced to Painlevé VI o-equation. Recently, it has been shown

in [24] that this system is equivalent to clP(Di1> / Dil) ), known as the difference Painlevé V.

3. Conclusions and Outlook

In their studies of integrable systems and orthogonal polynomials, Adler and van
Moerbeke have thoroughly used the Gauss—Borel factorization of the moment matrix
(see [28-30]). This strategy has been extended and applied by us in different contexts,
such as CMV orthogonal polynomials, matrix orthogonal polynomials, multiple orthog-
onal polynomials, and multivariate orthogonal polynomials (see [31-33]). For a general
overview, see [34].

Recently, we extended those ideas to the discrete world (see [16]). In particular, we
applied that approach to the study of the consequences of the Pearson equation on the
moment matrix and Jacobi matrices. For that description, a new banded matrix is required,
the Laguerre-Freud structure matrix, which encodes the Laguerre-Freud relations for the
recurrence coefficients. We have also found that the contiguous relations fulfilled by gener-
alized hypergeometric functions, which determine the moments of the weight, describe
a discrete Toda hierarchy known as the Nijhoff-Capel equation (see [18]). In [19], we
study the role of Christoffel and Geronimus transformations in the description of the men-
tioned contiguous relations, as well as the use of Geronimus-Christoffel transformations to
characterize the shifts in the spectral independent variable of the orthogonal polynomials.

In this paper, we delve deeper into that program and further explore the discrete
semiclassical cases. We find Laguerre-Freud relations for the recursion coefficients of
Gauss hypergeometric discrete orthogonal polynomials. We observe that a solution of
the Laguerre-Freud-type nonlinear equations for the recursion coefficients is provided by
the T-function, which is defined as a Wronskian of the Gauss hypergeometric functions,
respectively. Notice that in [20], we presented a study similar to the one in this paper for
the hypergeometric cases 1 F>,2F; and 3.

For the future, we will extend these techniques to multiple discrete orthogonal poly-
nomials [35] and their relations with the transformations presented in [36], as well as
quadrilateral lattices [37,38].

Author Contributions: Conceptualization, M.M.; Methodology, M.M.; Investigation, I.F.-I. and
M.M.; Writing—original draft, M.M. All authors have read and agreed to the published version of
the manuscript.

Funding: This research was funded by Spanish “Agencia Estatal de Investigacion” research project
[PI0D2021-122154NB-10], Ortogonalidad y Aproximacién con Aplicaciones en Machine Learning y Teoria de
la Probabilidad.

Data Availability Statement: This paper has no associated data.

Conflicts of Interest: The authors declare no conflict of interest.

1. Nikiforov, A.F; Suslov, S.K.; Uvarov, V.B. Classical Orhogonal Polynomials of a Discrete Variable; Springer Series in Computational
Physics; Springer: Berlin/Heidelberg, Germany, 1991.

2. Baik, J.; Kriecherbauer, T.; McLaughlin, K.T.-R.; Miller, P.D. Discrete Orthogonal Poly-nomials. In Annals of Mathematics Studies;
Princeton University Press: Princeton, NJ, USA, 2007; Volume 164.

3. Beals, R;; Wong, R. Special functions and orthogonal polynomials. In Cambridge Studies in Advanced Mathematics; Cambridge
University Press: Cambridge, UK, 2016; Volume 153.

4. Ismail, M.E.H. Classical and Quantum Orthogonal Polynomails in One Variable. In Encyclopedia of Mathematics and Its Applications;
Cambridge University Press: Cambridge, UK, 2009; Volume 98.

5. Ismail, M.E.H.; Van Assche, W. Encyclopedia of Special Functions: The Askey—Bateman Project. Volume I: Univariate Orthogonal
Poly-Nomials; Ismail, M., Ed.; Cambridge University Press: Cambridge, UK, 2020.



Mathematics 2023, 11, 4866 150f 16

10.

11.

12.

13.

14.

15.
16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

Van Assche, W. Orthogonal Polynomials and Painlevé Equations; Australian Mathematical Society Lecture Series; Cambridge
University Press: Cambridge, UK, 2018; Volume 27.

Dominici, D. Laguerre-Freud equations for generalized Hahn polynomials of type 1. J. Differ. Equ. Appl. 2018, 24, 916-940.
[CrossRef]

Dominici, D. Matrix factorizations and orthogonal polynomials. Random Matrices Theory Appl. 2020, 9, 2040003. [CrossRef]
Dominici, D.; Marcelldn, F. Discrete semiclassical orthogonal polynomials of class one. Pac. ]. Math. 2012, 268, 389-411. [CrossRef]
Dominici, D.; Marcellan, F. Discrete semiclassical orthogonal polynomials of class 2. In Orthogonal Polynomials: Current Trends
and Applications; Huertas, E., Marcellan, F,, Eds.; SEMA SIMAI Springer Series; Springer: Berlin/Heidelberg, Germany, 2021;
Volume 22, pp. 103-169.

Clarkson, P.A. Recurrence coefficients for discrete orthonormal polynomials and the Painlevé equations. J. Phys. A Math. Theor.
2013, 46, 185205. [CrossRef]

Filipuk, G.; Van Assche, W. Recurrence coefficients of generalized Charlier polynomials and the fifth Painlevé equation. Proc. Am.
Math. Soc. 2013, 141, 551-562. [CrossRef]

Filipuk, G.; Van Assche, W. Recurrence Coefficients of a New Generalization. of the Meixner Polynomials. Symmetry Integr. Geom.
Methods Appl. (SIGMA) 2011, 7, 068. [CrossRef]

Filipuk, G.; Van Assche, W. Discrete Orthogonal Polynomials with Hypergeometric Weights and Painlevé VI. Symmetry Integr.
Geom. Methods Appl. (SIGMA) 2018, 14, 088. [CrossRef]

Christophe Smet and Walter Van Assche, Orthogonal polynomials on a bi-lattice. Constr. Approx. 2012, 36, 215-242. [CrossRef]
Manas, M.; Ferndndez-Irrisarri, I. Pearson Equations for Discrete Orthogonal Polynomials: I. Generalized Hypergeometric
Functions and Toda Equations. Stud. Appl. Math. 2022, 148, 1141-1179. [CrossRef]

Hietarinta, J.; Joshi, N.; Nijhoff, EW. Discrete Systems and Integrabilty. In Cambridge Texts in Applied Mathematics; Cambridge
University Press: Cambridge, UK, 2016.

Nijhoff, EW.; Capel, H.-W. The direct linearisation approach to hierarchies of integrable PDEs in 2 + 1 dimensions: 1. Lattice
equations and the differential-difference hierarchies. Inverse Probl. 1990, 6, 567-590. [CrossRef]

Marias, M. Pearson Equations for Discrete Orthogonal Polynomials: III. Christoffel and Geronimus transformations. Rev. De La
Real Acad. De Cienc. Exactas Fisicas Y Nat. Ser. A Matemidticas 2022, 116, 168. [CrossRef]

Fernandez-Irrisarri, I.; Mafias, M. Laguerre-Freud equations for three families of hypergeometric discrete orthogonal polynomials.
Stud. Appl. Math. 2023, 151, 509-535. [CrossRef]

Magnus, A.P. A proof of Freud’s conjecture about the orthogonal polynomials related to |x|pexp(—x2"), for integer m. In
Orthogonal Polynomials and Applications (Bar-le-Duc, 1984); Lecture Notes in Mathematics; Springer: Berlin/Heidelberg, Germany,
1985; Volume 1171, pp. 362-372.

Freud, G. On the coefficients in the recursion formulae of orthogonal polynomials. Proc. R. Ir. Acad. Sect. A 1976, 76, 1-6.
Laguerre, E. Sur la réduction en fractions continues d'une fraction qui satisfait a une équation différentialle linéaire du premier
ordre dont les coefficients sont rationnels. J. Mathé-Matiques Pures Appliquées 1885, 1, 135-165.

Dzhamay, A.; Filipuk, G.; Stokes, A. Recurrence coefficients for dis-crete orthogonal polynomials with hypergeometric weight
and discrete Painlevé equations. . Phys. A Math. Theor. 2020, 53, 495201. [CrossRef]

Askey, R.A.; Daalhuis, A.B.O. Generalized hypergeo-metric function. In NIST Handbook of Mathematical Functions; Olver, EW.].,
Lozier, D.M., Boisvert, R.F,, Clark, C.W., Eds.; Cambridge University Press: Cambridge, UK, 2010.

Hahn, W. Uber Orthogonalpolynome, die g-Differenzengleichungen gentigen. Math. Nachrichten 1949, 2, 4-34. [CrossRef]
Slater, L.J. Generalized Hypergeometric Functions; Cambridge University Press: Cambridge, UK, 1966.

Adler, M.; van Moerbeke, P. Vertex operator solutions to the discrete KP hierarchy. Commun. Math. Phys. 1999, 203, 185-210.
[CrossRef]

Adler, M.; van Moerbeke, P. Generalized orthogonal polynomials, discrete KP and Riemann-Hilbert problems. Commun. Math.
Phys. 1999, 207, 589-620. [CrossRef]

Adler, M.; van Moerbeke, P. Darboux transforms on band matrices, weights and associated polynomials. Int. Math. Res. Not. 2001,
18, 935-984. [CrossRef]

Alvarez-Fernandez, C.; Prieto, U.F.; Mafias, M. Multiple orthogonal polynomials of mixed type: Gauss-Borel factorization and the
multi-component 2D Toda hierarchy. Adv. Math. 2011, 227, 1451-1525. [CrossRef]

Alvarez-Fernandez, C.; Ariznabarreta, G.; Garcia-Ardila, J.C.; Manas, M.; Marcelldn, E. Christoffel transformations for matrix
orthogonal polynomials in the real line and the non-Abelian 2D Toda lattice hierarchy. Int. Math. Res. Not. 2017, 2017, 1285-1341.
[CrossRef]

Ariznabarreta, G.; Marias, M. Matrix orthogonal Laurent polynomials on the unit circle and Toda type in-tegrable systems. Adv.
Math. 2014, 264, 396-463. [CrossRef]

Marias, M. Revisiting Biorthogonal Polynomials. An LU factorization discussion. In Orthogonal Polynomials: Current Trends
and Applications; Huertas, E., Marcellan, F,, Eds.; SEMA SIMAI Springer Series; Springer: Berlin/Heidelberg, Germany, 2021;
Volume 22, pp. 273-308.

Arvest, J.; Coussement, J.; Van Assche, W. Some discrete multiple orthogonal polynomials. J. Comput. Appl. Math. 2003, 153,
19-45. [CrossRef]



Mathematics 2023, 11, 4866 16 of 16

36. Branquinho, A.; Foulquié-Moreno, A.; Mafas, M. Multiple orthogonal polynomials: Pearson equations and Christoffel formulas.
Anal. Math. Phys. 2022, 12, 129. [CrossRef]

37. Manas, M.; Doliwa, A.; Santini, PM. Darboux transformations for multidimensional quadrilateral lattices I. Phys. Lett. A 1997,
232,99-105. [CrossRef]

38. Doliwa, A ; Santini, PM.; Manas, M. Transformations of quadrilateral lattices. J. Math. Phys. 2000, 41, 944-990. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.



Linear Algebra and its Applications 721 (2025) 277-309

Contents lists available at ScienceDirect

and Hs

Linear Algebra and its Applications T

E1 SEVIER journal homepage: www.elsevier.com/locate/laa

Matrix factorizations for the generalized Charlier
and Meixner orthogonal polynomials

L))

Check for
updates

Itsaso Fernandez-Irisarri, Manuel Mafias *!

ARTICLE INFO ABSTRACT
Article history: The Cholesky factorization of the moment matrix is considered
Received 22 October 2023 for the generalized Charlier and generalized Meixner discrete

Received in revised form 13 January
2024

Accepted 16 January 2024

Available online 19 January 2024

orthogonal polynomials. For the generalized Charlier, we
present an alternative derivation of the Laguerre—Freud
relations found by Smet and Van Assche. Third-order and

Submitted by V. Noferini second-order nonlinear ordinary differential equations are

found for the recursion coefficient ~,, that happen to be
In memory of the late Diego forms of the Painlevé deg-Py, in disguise. New Laguerre—
Dominici Freud relations are also found for the generalized Meixner
MSC: case, which are compared with those of Smet and Van Assche.
12C05 © 2024 The Author(s). Published by Elsevier Inc. This is an
33045 open access article under the CC BY license (http://
33047 creativecommons.org/licenses/by/4.0/).
Keywords:

Discrete orthogonal polynomials
Pearson equations

Cholesky factorization
Laguerre-Freud equations
Generalized hypergeometric
functions

Tau functions

Painlevé equations

Generalized Charlier orthogonal
polynomials

* Corresponding author.

E-mail addresses: itsasofe@Qucm.es (I. Ferndndez-Irisarri), manuel.manas@Qucm.es (M. Manas).

1 MM acknowledges Spanish “Agencia Estatal de Investigacién” research projects [PGC2018-096504-
B-C33], Ortogonalidad y Aproxzimaciéon: Teoria y Aplicaciones en Fisica Matemdtica and [PID2021-
122154NB-100], Ortogonalidad y Aprozimacién con Aplicaciones en Machine Learning y Teoria de la
Probabilidad.

https://doi.org/10.1016/j.1aa.2024.01.012
0024-3795/© 2024 The Author(s). Published by Elsevier Inc. This is an open access article under the CC
BY license (http://creativecommons.org/licenses/by/4.0/).



278 1. Ferndndez-Irisarri, M. Manas / Linear Algebra and its Applications 721 (2025) 277-309

Generalized Meixner orthogonal
polynomials

1. Introduction

Discrete orthogonal polynomials constitute a distinguished and well-established field
within the theory of orthogonal polynomials. Classical monographs have been dedicated
to this particular class of orthogonal polynomials. For instance, the classical case is
meticulously explored in [47], while the Riemann—Hilbert problem has been considered
for investigating asymptotics and applications, as discussed in [14]. For a comprehensive
and authoritative discussion on this subject, please refer to [33,34,15,51].

In addition to classical discrete orthogonal polynomials, there is a significant body
of literature addressing semiclassical discrete orthogonal polynomials. These involve sce-
narios where a discrete Pearson equation is satisfied by the weight function. A thorough
treatment of this topic can be found in the works of [25,26,23,24], along with relevant
references therein that provide a comprehensive overview.

For certain specific types of weight functions of generalized Charlier and Meixner
types, extensive research has been carried out to study the corresponding Freud-Laguerre
type equations governing the coefficients of the three-term recurrence. To delve into this
area, you can explore works such as [20,28-30,50].

To gain a comprehensive understanding of the subject matter discussed in this pa-
per, please refer to [16] for insights into Laguerre-Freud equations pertaining to D-
semiclassical linear functionals, and consult [17,44] for a detailed exploration of discrete
semiclassical linear functionals.

In our work presented in [43], we employed matrix factorizations to deal with discrete
orthogonal polynomials. To be more precise, we used the Cholesky factorization of the
moment matrix to investigate discrete orthogonal polynomials denoted as { P, (z)}5%, on
a uniform lattice. Specifically, we focused on semiclassical discrete orthogonal polynomi-
als, where the weight functions are constrained by a discrete Pearson equation, resulting
in moments expressed in terms of generalized hypergeometric functions.

In this study, we introduced a banded semi-infinite matrix called the Laguerre—Freud
structure matrix, which serves as a model for the shifts by +1 in the independent variable
of the sequence of orthogonal polynomials, { P, (z)}52 . Furthermore, our research in that
paper demonstrated that the contiguous relationships associated with the generalized
hypergeometric functions correspond to symmetries within the corresponding moment
matrix. Moreover, we established that the 3D Nijhoff-Capel discrete Toda lattice, as
discussed in [46] and [32], describes the contiguous shifts for the squared norms of the
orthogonal polynomials.

In our subsequent work presented in [41], we provided an interpretation of the con-
tiguous transformations for the generalized hypergeometric functions in terms of simple
Christoffel and Geronimus transformations. By utilizing Geronimus—Uvarov perturba-
tions, we derived determinantal expressions for the shifted orthogonal polynomials.
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Additionally, in our investigation detailed in [27], we explored three distinct hyperge-
ometric families along with their associated Laguerre-Freud equations.

In this paper, using matrix factorization techniques, we delve into the realm of discrete
orthogonal polynomials, specifically focusing on the generalized Charlier and generalized
Meixner. Our investigation centers on the analysis of the Laguerre-Freud structure ma-
trix denoted as W. We aim to deduce a set of nonlinear equations for the coefficients
Bn,Yn in the context of the three-term recursion relations, given by the equation

2Py (2) = Ppy1(2) + BnPn(2) + v Pr-1(2), n€ Ny, P_1(z)=0, Py(z)=1,

governing the monic orthogonal polynomial sequence. These nonlinear recurrence rela-
tions for the recursion coefficients can be expressed as follows:

Tn4+1 = Fl(”a’Yann—la s 7571,;677,—1 . -)7
ﬁn—i—l = F2(na’7n+17'7n7 <o 76n75n—17 .- ')7

where I} and F5 are certain functions. This type of relationship has been coined as
Laguerre-Freud relations, as introduced by Magnus in reference to [35] and [31], and
further explored in his works [36-39].

The literature contains several papers that discuss Laguerre—Freud relations in the
context of the generalized Charlier, generalized Meixner, and Gauss hypergeometric
cases. These can be found in references such as [50,20,28-30,23].

In both instances, it is noteworthy that the 7-function, defined as the Wronskian of
the modified Bessel and Kummer functions, serves as a solution for each set of nonlinear
Laguerre-Freud equations governing the recursion coefficients.

The paper’s layout is organized as follows: Following this introduction, Section 2 is
dedicated to the study of generalized Charlier orthogonal polynomials. Specifically, The-
orem 2.5 presents the tridiagonal Laguerre-Freud structure matrix. In Proposition 2.11,
we identify a set of Laguerre-Freud equations, which we demonstrate to be equivalent
to those outlined in [50]. Within this section, we also derive third-order and second-
order ordinary differential equations for the coefficient ~,,, as detailed in Theorems 2.7
and 2.17, respectively. It is worth noting that these equations, as pointed out by Peter
Clarkson, can be considered as a disguised Painlevé equation deg-Py; [21].

Moving on to Section 3, we shift our focus to the examination of generalized Meixner
orthogonal polynomials. In Theorem 3.2, we introduce the tetradiagonal Laguerre—
Freud structure matrix. After a series of simplifications, we present the corresponding
Laguerre—Freud relations in Theorem 3.7. Furthermore, this section includes a compar-
ative discussion with the Laguerre-Freud equations put forth by Smet & Van Assche in
[50].

To conclude this introduction, we provide a concise summary of the fundamental
aspects concerning discrete orthogonal polynomials, followed by a brief overview of the
pertinent details found in [43].
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1.1. Bastics on orthogonal polynomzials

For a linear functional p, € C*[z], the corresponding moment matrix is defined as:

G = (Gn,m)a G'n,m = Pn+m, Pn = <pz72n>7 n,m e NO = {07 1725 ce }

Here, p,, represents the n-th moment of the linear functional p,.. If the moment matrix
satisfies the condition where all its truncations, which are Hankel matrices, have the

property Gi-i-l,j = Gi,j+17
po p1 P2 Pr]

Goo - Gok1 p1 P2 Pk
GlF = = | p2 R

If the Hankel determinants Ay, := det GI*! are all non-zero, i.e., A, # 0 for all k € Ny,
then we obtain monic polynomials described by:

P,(z) :z”+piz”*1+~-+pz, n € Ny, (1)

where p§ = 0. These polynomials satisfy the orthogonality relations:

<p, Pn(z)zk> =0, ke{0,...,n—1}, <p, Pn(z)z”> =H, #0,

and the sequence {P,(z)}22, is a sequence of monic orthogonal polynomials, i.e.:

<p7 P”(Z)Pm(z)> = 5n,mHn

for n,m € Ny. The symmetric bilinear form (F, G), := (p, FG) is structured in a way that
the moment matrix serves as the Gram matrix of this bilinear form, and (P, P,), :=
On,mHp.

We introduce the function y(z) := [1 z z2~---]T. The moment matrix can be ex-

pressed as G = <p, XXT>. Notably, x serves as an eigenvector of the “shift matrix,”
denoted as Ax(z) = zx(z), where A is defined as:
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As a result, it follows that AG = GAT, and therefore, the moment matrix takes the form
of a Hankel matrix.

Given the moment matrix’s symmetry, it can be factorized using the Borel-Gauss
factorization, which takes the form of a Cholesky factorization

G=S"1HS .

In this factorization, S is a lower unitriangular matrix represented by:

Furthermore, the matrix H = diag(Hg, Hy,...) is a diagonal matrix, with Hy, # 0, for
k € Ny. The Cholesky factorization remains valid as long as the principal minors of the
moment matrix, i.e., the Hankel determinants Ay, do not equal zero.

The entries P, (z) in the expression:

P(z) := Sx(2), (2)
constitute the monic orthogonal polynomials sequence associated with the functional p.

Proposition 1.1. We can express the following determinantal relationships:

A, Ay,
Hy= =, ph=-2=

where
pO “““““““ p'n,—Q Pn—l po ........... /OTL—Q pn_l
A, = . A, =
Pn—2 Pn—1"-ccccc P2n—3 Dra Prq e P2n—3
pn_l ......... p2n_3 p2n_2 pn ........... p2,n_2 p2,n_1

We introduce the lower Hessenberg semi-infinite matrix
J=S8AS"! (3)

that has the vector P(z) as eigenvector with eigenvalue z, JP(z) = zP(z). The Hankel
condition AG = GAT and the Cholesky factorization give JH = (JH)" = HJ". Since
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the Hessenberg matrix JH is symmetric, the Jacobi matrix J becomes tridiagonal. The
Jacobi matrix J described in Equation (3) is formulated as follows:

Bo 1 0:eeeiionn
n p 1
J J—

The eigenvalue equation JP = z P manifests as a three-term recursion relation: zP,(z) =
Poi1(2) + BrnPn(2) + ¥ Pn—1(2), and when equipped with the initial conditions P_; = 0
and Py = 1, it fully specifies the sequence of orthogonal polynomials { P,,(z)}52, in terms
of the recursion coefficients 3, and 7,. For n € Ny, the expressions for the recursion
coefficients, derived from the Hankel determinants, are as follows:

AN AN

1 1 n n+1

ﬁn - /_\ ﬂ ) 4
pn pn—l—l " il ( )

Hn+1 . An—l—lAn—l

Tl = T A2

To facilitate future use, we introduce the following diagonal matrices: ~ :=
diag(v1,72,...) and B := diag(Bo,P1,...). Additionally, we define: J_ := AT~ and
Jy := B+ A. This establishes a convenient split for J as: J = ATy + B +A=J_ + J,.
In a more general context, when dealing with any semi-infinite matrix A, we’ll denote
itas A = A_ + A,, where A_ represents a strictly lower triangular matrix, and A, is
an upper triangular matrix. Furthermore, we’ll use Ag to refer to the diagonal part of
matrix A.

The lower Pascal matrix is defined as:

This matrix is instrumental in the equation: x(z+1) = Bx/(z). Furthermore, the inverse
of the lower Pascal matrix is expressed as:

1 > r (_1)n+m(n)7 n=>m,
B™ = (Bn,m)a Bnm =

)

This allows us to represent: x(z — 1) = B~ 1x(2).
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The explicit forms of the lower Pascal matrix and its inverse are:

(1 0o 1 1 P
1T 1 0 -1 1 1 S
1 2 1 0eeervviiiiiiin 1 =92 1 [ T
1 83 3 1 0eeeeeriiiinns . .
_1 -1 3 -3 1 ) P,
B={1 4 6 4 1 0..... > B~ = 1 -4 6 -4 1 (| P
151010 5 1 0. 1 5 -10 10 -5 1 0-----

In this context, we introduce the concept of dressed Pascal matrices: II := SBS~! and
II-!:= SB~'S~! which are connection matrices, i.e.,

P(z+1)=T1IP(z), P(z—1)=1""P(z). (5)

The lower Pascal matrix can be represented in terms of its subdiagonal structure as
follows:

BE' =T+ ATD+ (AT)?D + (A7)’ DB 4 ...

Here, we define: D = diag(1,2,3,...) and DI¥l = 2 diag (k®), (k+1)®) (k+2)®) ...,
in terms of the falling factorials: 2(*) = z(z — 1)(z — 2)--- (x — k + 1). This means:

(n+k)--(n+1)
- ,

DI = keN, neN.

The lower unitriangular factor can also be expressed in terms of its subdiagonals as:
S=T+ATSMN 4+ (AT)ZS[Q] + -+ Here, we define S := diag (S([)k}, S{k}, .. )

From Equation (2), it is evident that a connection exists between these subdiagonal
entries and the coefficients of the orthogonal polynomials described in Equation (1).
This connection can be expressed as: Sq[lk] = pﬁ 4+ We will employ the “shift operators,”
denoted as T, which act on diagonal matrices as follows:

T_ diag(ag,as,...) := diag(ai, az,...), T, diag(ag, aq,...) := diag(0, ag,a1,...).

These shift operators possess crucial properties, particularly when applied to any
diagonal matrix A = diag(Ay, 41, ...), as expressed in the following equations:

AA = (T_A)A,  AN=A(T,A), ANT =A"(T_A), ATA= (T AA".
(6)

Remark 1.2. It’s worth noting that the standard notation, as seen in [47], for the differ-
ences within a sequence { fy, }nen, is given by:

Afy = fo+r1— fn, n€Ny, Vfy:=f,—foo1, neN.
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Additionally, by convection V fy = fo, and these notations can be related to the shift
operators using the following expressions:

T_=I1+A, Ty =1-V.
Using these shift operators, we can derive the following expressions:
2D = (r_D)D, 3DB = (1?D)(T_D)D = 2(T_D?\D = 2DE(T2 D). (7)
Proposition 1.3. The inverse matriz S—1 of matriz S can be expanded as follows:
ST ATSHY ¢ (AT)Qs[—ﬂ 4o
The subdiagonals SI=F are expressed in terms of the subdiagonals of S. Specifically:

st = gl
sS4 = gl (gt si
S8l = —gB (1 s Sl (72 st SR (72 sy (7 sy g1,

Remark 1.4. The expansions for the dressed Pascal matrices are as follows:

H:I:l — I_|_A—|—7r[:t1] + (AT)Q’TFH:2] 4o ’

where 7+ = diag(w([)in],ﬂ:[lin], ce)
Proposition 1.5 (The dressed Pascal matriz coefficients). The specific values for mlEn]
are:
mit = +(n + 1),
n+2)(n+1
wipr = AEDOED o ) F (et 20k @®
n+2)(n+1
_ ! )2( ) F (04 1DBns1 F Prsas
w3 (n+3)n+2)(n+1) (+2)(n+1) , (n+3)(n+2) ,
7Tn = :l: 3 + 2 pn—|—3 - 2 n+1

£(n+ Dpps F (04 3)n 10 £ (04 3)DpyoPnia F (04 2)Dp 5P
Furthermore, the following relations hold:

28 =8l o ((ngm)pm _ (T_D[z}>5[11> ,
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1.2. Discrete orthogonal polynomials and Pearson equation

We are interested in measures with support on the uniform lattice Ny, which are
defined as follows: p =3 ;- 6(z — k)w(k). The moments of such measures are:

Pn = Z knw(k) (10)
k=0

In particular, the 0-th moment is:

po =3 w(k). (11)
k=0

The weights considered in this paper satisfy the following discrete Pearson equation:
V(ow) = Tw.

This equation can be expressed as: o(k)w(k) —o(k—1)w(k —1) = 7(k)w(k), where o(2)
and 7(z) are polynomials with real numbers as coefficients. If we define 6 := 7 — o, the
previous Pearson equation can be written as:

0k + Dw(k +1) = o(k)w(k), k€ No. (12)

Theorem 1.6 (Hypergeometric symmetries). Suppose the weight function w satisfies the
discrete Pearson equation of the type (12), where the functions 0 and o are polynomials,
with 6(0) = 0. In this context, the following statements hold:

i) The moment matriz satisfies:
0(A)G = Bo(A)GB'.
ii) The Jacobi matriz complies with.:
M 'HIJ") =o(J)HIO'.
Additionally, both matrices HO(J") and o(J)H are symmetric.

If we denote the degrees of the polynomials 6(z) and o(z) as N+1 and M respectively,
and if their zeros are {—b; + 1}, and {—a;}M,, we can express them as: 0(z) =
2(z+by—1)---(z+by—1)and o(2) =n(z+a1) - (z+an).

According to (11), the 0-th moment, represented as pg, can be calculated as:

:iw<k):i (@) (an)r  n* _ g far e an
7 k=0 k:O<b1+1>k(bN+1)k: k}' MEN bl bNan )
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where we are using the generalized hypergeometric function with the two standard no-
tations, as described in [13].

Then, based on (10), for any natural number n, the corresponding higher moments,
denoted as p,,, can be expressed as:

n n a e a

where 9, := 178%.
Given a function f(n), we define the Wronskian of the covector §(f) as follows:

YR
ﬁ;;f ﬁgﬂf ............. ﬂ?,"f

We refer to this Wronskian as the -Wronskian of f.
The Hankel determinants A, = det GI" are §-Wronskians of generalized hypergeo-
metric functions, given by:

An = Tn, ANn - 197]7'»“, (13>

Tn ::%<MFN [Zi %xﬂ]})-

Using Proposition 1.1 we find:

where

Tn+1
H, =
Tn

, pp=—UylogT,, n €N (14)

The functions 7 are the well-known tau functions [32]. In terms of these 7-functions,
we can represent the recursion coefficients as:

Tn+1 Tn4+1Tn—1
Bn = 1977 log * y  Yn+l = +—27 ne NO? (15)
Tn Tn

where we have utilized equations (13), (4), and (14).

Remark 1.7. Let’s observe that this Wronskian structure is not limited to weights that
only solve Pearson’s equations. In fact, the key requirement is that the weight depends
on a parameter 7 in such a way that J,w(k) = kw(k) for k£ € Ny. In these cases, the
tau function can be expressed as 7, = #;,(po), with pg = Y 7o, w(k). This allows us to
apply Equations (13), (14), and (15) without any restrictions.
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Theorem 1.8 (Laguerre—Freud structure matriz). Assuming that the weight w satisfies
the discrete Pearson equation (12) with polynomial functions 6 and o such that 6(0) = 0,
degf(z) = N + 1, and dego(z) = M, the Laguerre—Freud structure matriz is given by:

U :=T'HIJ")=0o(J)HO" =T '6(J)H = Ho(J")IT" (16)
=0(J+ NI 'H=HI"0(J" 1)

This matriz has only N + M + 2 possibly nonzero diagonals, consisting of N + 1
superdiagonals and M subdiagonals:

v = (AT)M¢(—M) 4o _|_AT77/}(_1) +¢(0) +77Z)(1)A_|_ - _|_¢(N+1)AN+1‘

Here, ¥ *) are diagonal matrices. The lowest subdiagonal and highest superdiagonal are
defined as follows:

(AT)MpED = p(J)MH,

M-1 M+1
oM = pH " —ndlag<H0H7k,H1 H ka--),
k=0 k=1 k=2 (17)
POFDANFL = (g TN+
N+1 N+2
zp(N“ =H H T*~ = diag (HO H Vi, Hy H vk,...>.
k=0 k=1 k=2

The vector of orthogonal polynomials, denoted as P(z), satisfies the following structure
equations:

0(2)P(z —1) = VH ' P(2), o(2)P(z+1) =V TH'P(2). (18)

The compatibility of the recursion relation, which represents the eigenfunctions of the
Jacobi matrix, and the recursion matrix leads to some intriguing equations:

Proposition 1.9. The following compatibility conditions between the Laguerre—Freud and
Jacobi matrices hold:

(WH ' J=vH !, (19a)
(LU TH ) =vTH . (19b)

1.3. The Toda flows

Let us define the strictly lower triangular matrix ® as:

$:= (9,5) S
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Proposition 1.10.

i) The semi-infinite vector P satisfies:

U, P = ®P. (20)
ii) The Sato—Wilson equations hold as:
~OH +9,H - H®' = JH.
Consequently, ® = —J_ and for n € Ng we have 9, log H, = J,, .
As a result, we conclude that ® = —J_, and for any n € Ny, we can establish that
Uylog Hy, = Jy -
Furthermore,
Proposition 1.11 (Toda). The following equations hold:
d= (9,98 ' =-ATy, (W,H)H =5
In particular, for n and k — 1 in N, we have:
OnPr = —Yns OnPpsr = —VntkPoiho1-
The functions q, = log H,, for n in N satisfy the Toda equations:
19%(-’" — @Int+1=4n _ gdn—qn-1
Additionally, for n in N, we have:
Uy Pp(2) = =y Pr-1(2).
Proposition 1.12. The following Lazx equation holds: ¥, J = [J4, J]. The recursion coeffi-
cients satisfy the following Toda system:
UnBn = Yn+1 = Yn; (21a)

1977 10g Yn = ﬁn - 571—17 (21b)

for n in Ng, with f_1 = 0. Consequently, we get:

79727 log vn = Ynt1 — 29 + Yn-1- (22>
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For the compatibility of (5) and (20), which means the compatibility of the system:

P(z+1) = 1IP(2),
Uy (P(2)) = ®P(2),

we obtain:
I, (1) = [@, T].

In the general case, the dressed Pascal matrix II is a lower unitriangular semi-infinite
matrix, possibly having an infinite number of subdiagonals. However, in the case when
the weight w(z) = v(z)n* satisfies the Pearson equation (12) with v independent of 7,
such that: 0(k + 1)v(k + 1)n = o(k)v(k), the situation improves. We have the banded
semi-infinite matrix ¥ that models the shift in the z variable as in (18). From the previous
discrete Pearson equation, we see that o(z) = nk(z) with x and 6 being n-independent
polynomials in z:

Ok + 1)v(k+1) = nu(k)v(k).

Proposition 1.13. Let us assume a weight w satisfying the Pearson equation (12). Then,
the Laguerre—Freud structure matriz ¥ given in (16) satisfies the following relations:

Gy " WTHY) = [@,n ' W T H, (23a)
9y (VH™ 1) = [@, WH 1. (23b)

Relations (23a) and (23b) are gauge equivalent.

2. Generalized Charlier weights

For the generalized Charlier weight, we have o(z) = n and 0(z) = z(z + b). Weight
functions that satisfy the Pearson equation

(k+1)(k+1+bwk+1)=nwk)
are proportional to the generalized Charlier weight, given by

L(b+ 1) 1
z4+b+DI(z+1)  (b+1), 2!

w(z) = I

The finiteness of the moments requires b > —1 and n > 0, see [25]. The generalized Char-
lier 0-th moment, as we have discussed, is the confluent hypergeometric limit function
po(n) = oF1(;0+1;m).

It’s worth noting that the finiteness of the moments requires that b > —1 and n > 0,
as discussed in [25].
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Remark 2.1. It is well known that this function is related to Bessel functions, namely,
J, and I,,. The relation is given by:

m%( - %) = Jv(n), mm(%) = Iy(n).

Here, J, represents the v-th Bessel function, and I, is the v-th modified Bessel func-

g b 2 (T])b

tion. It’s important to note that these two types of Bessel functions are connected:
et1% I,(x) = J, (et z). Therefore, in terms of these modified Bessel functions, you
can express it as, [25]:

pol) = %wm. (24)

This expression establishes a direct connection between the 0-th moment of the gen-
eralized Charlier weight and modified Bessel functions.

Remark 2.2. From (24) and (15), we obtain explicit expressions for the recursion coeffi-
cients in terms of the following §-Wronskian of a modified Bessel function:

T(b+1
S (%Ly@\/ﬁ)) .

These expressions for the recursion coefficients are:

Tn+1 Tn+1Tn—1
B =Oylog Ly = PEEETL e Ny,
n Th

Remark 2.3. The Charlier polynomials or Poisson—Charlier polynomials were introduced
by Charlier in [19].

Proposition 2.4. In the case of an extended Charlier-type weight, i.e., when 0(k+1)w(k+
1) = nw(k) with (0) = 0, the semi-infinite matriz HO(J ") allows for a Cholesky fac-
torization as follows:

0(J)H=HO(J")=0"'HO" " =TIHII".

Here, the dressed Pascal semi-infinite matriz Il = O~ is a lower unitriangular semi-
infinite matrix with only its first deg 6 subdiagonals different from zero.

Proof. From (16), we have II"'HO(J ") = HII", which means that HO(J") = IIHII'.
Given the uniqueness of the Cholesky factorization and its band structure, we can deduce
the result. O
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Theorem 2.5 (The generalized Charlier Laguerre—Freud structure matriz). For a gen-
eralized Charlier weight, which is characterized by o = n and 6(z) = z(z + b), the
Laguerre—Freud structure matrixz is as follows:

[ nHo  nHp Hy 0 ((FERTTp :
0 npHy  2pHy Hs 0
U = 0 0, nHy  3nHy  Hy

Proof. For the structure matrix ¥, as shown in (17), we can express it as follows: ¥ =
PO 4 pMA +pIA2. Let us find these diagonal matrix coefficients. In the one hand, as

U=nHIO = pnH + nHDA + qnHr®@A2 ... (25)
~~~ ~— —
main diagonal first superdiagonal second superdiagonal

we get from the main diagonal that 1(®) = nH, and from the first superdiagonal that
P = nHD. In the other hand, we observe that

U= H—1H<(JT)2 + bJT>
=(I-A"D+ (A" 72 ) H
X (AT +AT(B+T_B+bI)+vy+T1y+B%+b3+ (B+T_B+bI)yA + (T_y)vA?)

so that

U=+ Hy+Tyv+ B2+ b8) —ATDH(B+T_3 + bI)yA + (A7) 272 H(T_~)yA?
main (;iragonal

+H(B+T_B+bI)yA = NTDH(T_7)yA® +  H(T-y)7A?,  (26)

first superdiagonal second superdiagonal

and the result is proven. 0O

Proposition 2.6 (Compatibility). For a generalized Charlier weight, the recursion coeffi-
cients satisfy the following equation:

n(Bn — Brn-1 — 1) = (= Vnt1 + Yn—1)Vn- (27)

This equation holds for n € N with the initial condition vo = 0.
Alternatively, we can express this equation in different forms:

m%(,yi) = Yn+1 — Tn-1, (28a)



292 1. Ferndndez-Irisarri, M. Manas / Linear Algebra and its Applications 721 (2025) 277-309

1977 <7n7n+1

; ) = (n+ 1)%m — nYn41- (28b)

These alternative forms are valid for n € N with the same initial condition vy = 0.
Additionally, we have the relationship:

Bn—=Bnz—1=n(n7," — (n=1y%), n=2 (29)
Proof. Recalling that v = (T_H)H !, we can write:

UH ' =n+nHDAH ' + H(T_~v)yA’H ™!
=n+nH(T_-H) 'DA + H(T_*H) Y (T_~)yA?
=n+ n'y_lDA + A2

7 L 1 0.....

" 9

o 5 2 1
o

=lo o 5 2~
RET

0. 0 0 g -

The compatibility equation (19b), i.e. [WH !, J] = WH ! can be expressed as follows:

n Ty ... [ o4 ...
Y1 B 8, 1 O0----vun... 1 71
0 g S 0 oy
Y2 3‘.. " A 1 g Y2 4
o 0o g A 0 v Bo -~ |lo o 5 A"
V3o e e e T V3,
0 0 0 - 0 0 0 g
n T 1 o.....
7 Bo 1 0-eeeinnn 1
0 2
Y9 3 71 B 1,.
0 0 il 0 % B
3 S
+ . )
0 0 0 g

As a result, we obtain (27) from the first superdiagonal, and from the second superdiag-
onal, we derive (29).

Based on the Toda system (21b), it becomes evident that (28a) is equivalent to (27).
From (21b) we get
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Tn %%L Tn 7

1 nn -y nn(Bn — Bn—1 — 1)
e

and the statement follows. 0O

Theorem 2.7 (Third order ODE for generalized Charlier). The recursion coefficient -y,
of the generalized Charlier polynomials is governed by the following third-order nonlinear
ordinary differential equation:

L2 (%n(ﬁ% log v + 27n) + nQ%) = 2. (30)

Proof. On one hand, Equation (28b) can be expressed as:

+49, (wﬁnil) =(n=£1)vy, — nYnt1-
n

Hence, we can derive:

+ Y
9, (7"7”“ . Tn ”’”) = (n+ 1)yn = nyns1 — (0= D)y + 0y

n
=27, — n('yn—l—l - 'Yn—l) =2 — n219n (’Y—) )
n

where we’ve utilized Equation (28a).
On the other hand:

YnVn+1 T Yn—1Vn In In
9y ( - 0 1 ) =V, (?(%H +%—1)> - (7 (7 1og 3. +2%)) '

Here, we’ve employed the Toda equation (22) for the «’s. By comparing these two
expressions, we arrive at Equation (30). O

Remark 2.8. From:

d n 2d2 n 2d n
193710%:19”(1) T 7, ﬁn(i)zﬂ_n_L,
Yo) AN v dn Yn

we can express (30) as:

Ay, 1 (dy )\ 1dy, | 292 n?
— | +=="+ =
n dn n Tn

dnz v, \ dn

d Tn
d_77 (77731/11,71(%)) = 2?7 PI/II,n(’Yn) =
The notation used here is inspired by Okamoto’s alternative form Pjj; of the Painlevé
II equation (Pyy;,,(u) = 0), as found in the Digital Library of Mathematical Functions

(DLMF) at NIST, under entry 32.2.9. In this notation, parameters are specified as a = 8,
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v =B =0, and 6 = 4n%. This corresponds to the Painlevé equation P{;;(D7) equation
(9) in Okamoto’s work [48], where § = 0. See Theorem 1 (iv) in [48], along with the
subsequent comment.

For a connection to Pyyy, refer to [50], [51], and [20]. In particular, Remark 4.5 in [20]
provides functions p and ¢ for the Hamiltonian system H;;, as defined by Okamoto [49],

in terms of S, = —p} = I, 7y
2
g~ 2n b5 + 20 b= d Sy
- ds, ds, P dn?
5 (1= 1) n

. g = (20424 Dy +200° 4
4 (0% = Yn) 7

As established in [20], ¢ satisfies P;j; with @ = —4(n —b), 8 =4(n +b+ 1), v = 4,
and 6 = —4, as found in entry 32.2.9 in DLMF. This corresponds to Equation (2.4) in
[20] with A = =20 = —2(n—b) and B=2(0y+ 1) =2(n+ b+ 1):

d?>¢ 1 /dgq 2 1dgqg ¢ n+b+1 3
— +—+
dn* ¢

=&
Additionally, it’s worth noting that pl is a solution to the P} o-equation.

1
= ’V# = —ddp;, Equation (30) can be expressed as follows

Remark 2.9. In terms of p

9,p)? n?
L2 (’9%17 - % + 2np? + ;) = 2np.

This equation can be further expanded to:

p*05p — 2p(0yp) (ap) + (Uyp)® + (20p* — n®)dyp + 2p*(p — 1) = 0.

It’s worth noting that in [20], it is demonstrated that the function % satisfies an
instance of Painlevé V, another member of the Painlevé equations, which are known for
their special properties and integrability.

Remark 2.10 (The appearance of deg-Py,). Based on these observations, one is naturally
led to conjecture that Equation (30) possesses the Painlevé property and could poten-
tially be solvable in terms of the Py transcendents.

This conjecture indeed holds true, as it was recently demonstrated by Peter Clarkson
in [21]. An integration of this equation leads to an expression equivalent to deg-Pv,
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specifically [21, Equation (83)], which is itself equivalent to Py, as indicated in [21,
Equation (38)].

Proposition 2.11 (Laguerre—Freud relations for the generalized Charlier case). For n €
Ng, we can derive a set of Laguerre—Freud relations that govern the recursion coefficients,
as follows:

n-+1
Br+1 = 777(7 ) _ Bn+n —Db, (31a)
n+1
2
n—1"In n
Yos1 =0 — Yn — B2 — bB, + 2 nw Jrn7 7 Y-1 =" = 0. (31b)

Moreover, for n € N, we have the following expression for the coefficient of the sub-
leading term:

o b - 7"77;“. (32)

Proof. From equations (25) and (26), and by applying (6), we obtain two different ex-
pressions for the first superdiagonal, which only involve the recursion coefficients. These
expressions must be equated, leading to the following relationship:

nHD = H(B+T-B+bl)y — Ty (DH(T-7)y).

This results in:
nDy ' =B+ T_B+bl — (T4D) (T T_*H)(T-H) ' = B+ T_B + bl — T} D.

Here, we have used the expression v = (T_H)H !, as defined componentwise in (31a).
Alternatively, it is worth noting that equation (29), after summation and simplification
via a telescopic series on the right-hand side, leads to the expression in (31a).
From the main diagonal and the second superdiagonal, again using (6), we obtain the
following two expressions. However, one depends on 7l=2!:

nH = H(y+ Ty + 8% +08) = T (DH(B+T-B+bI)y) + T3 (x A H(T_v)y),
nHrl = H(T_v)y. (33)

From (33) and (8), we obtain (32). Once again, using v = (T_H)H !, we have:

n=7+Tpy+ B2+ — (T, D) (T4 HYH Ty (B + T + bI)(Ty T_H)T\ (H ")
+ T2 (2T PH)H
=+ Ty + 52+ b8 — (TL D)TD) = (T4 D)* Ty (y ") + Timl 2.
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Noting that 2Dl = DT_D, we can see that (9) implies 7#[-2 = D(T_D) — =2
Furthermore, (33) gives nl2 = D(T_D) — n~Y(T_*H)H~'. Therefore, T?rl~2 =
(IT?D)(Ty D) —n~'HT(H~'). From this, we arrive at:

0=+ Ty + 52+ b8 — (T D)*To(v™") —n ' HTZ(H Y.
We finally find:
Y+ Ty + B2+ 08 —n=n(TeD)*Ty (v~ +n ' HTF(H ),
which componentwise yields (31b). O

Remark 2.12. Smet and Van Assche found, as stated in [50, Theorem 2.1], that for the
generalized Charlier weight, the corresponding recursion coefficients satisfy (31a) and,
instead of (31b), they derived the following relation:

(Ynt1 =) (v —n) = 0(Bn — n)(Bn —n +b). (34)

It’s worth noting that (34) is an equation of the form ~,11 = g(yn, 8n), which only
involves a step backward in terms of the index n. This can be considered an advantage
compared to (31b), which is of the form ~v,+1 = f(Vn,Vn-1,8n). However, (27) gives
Yn—1 = F(Yn+1, Yns Bns Pr—1). Combining this with (31a), which gives 8,1 = G(5n, Vn),
we can derive v,—1 = F(Yn+1,7n, Bns G(Bn,¥n)). This allows us to find a relation that
involves only v,41,Vn, and f,.

Proposition 2.13. If (27) holds, then equations (31a) and (31b) are equivalent to (31a)
and (34).

Proof. For n € N, we rewrite (27) and (31a) as indicated:

n(ﬁn_5n71_1>, Bn_l_f_l:_ﬁn—}—m—}—n—b.

n n

n
Yn—1 = Vn+1 +

Hence, for n € N, and taking v_; = 79 = 0, we can write (31b) as follows:

nn(Bn — Bn-1 — 1 n?
7n+1:77_7n_6721_b6n+%(7n+1+ {6 ’yn ' >)+n,y

2
nIn n
:77+M_fyn—|—77——/Bi—bﬁn"‘n(ﬂn_ﬁn—l_l)
n Tn
n n’ "
_ g Dt _%+”__55_55n+n(2ﬁn—”——n+b)
U n o

=+ T = G = b 20 — 0+ b (35)
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This is equivalent to (34). The inverse statement is easily proven to hold. If we assume
(34), (31a), and (27) to be true, we can go backward in the chain of equalities leading
to (35) and obtain the stated result. O

Corollary 2.14. The (’s are subject to the following nonlinear recursion:

n(n+1)
Bn+1+ﬁn_n+b
n—1 nn 9
=n+ —1 — — b8,
7 (/Bn1+/6n2_n+2+b )6n+6n1_n+1+b ﬁn 5

+n(Bn+ Bn—1 —n+1+b). (36)
Proof. Notice that we can write (31a) as follows

nn+1)
Bn+1+6n_n+b’

Tn4+1 =

that we can introduce in (31b) to get (36). O

We now seek for a second order ODE for ~,,. From the above results it easily follows
that (this was previously found in [28]),

Lemma 2.15. The recursion coefficients 3, and v, satisfy the following system of first-
order nonlinear ODFEs:
+b—nn+2n—-—5b—05,)8, — T
VyBn = 7777 ( ) ( Pr)f T _ Tns (37a)
n—"n
VY = (b—n+1428,)v, —nn. (37Db)

Proof. Equation (35), after some simplification, can be expressed as:

n+(b_n>n+<2n_b_/8n)ﬁn_’7n

P— (38)

Yn+1 =1
which matches [28, Equation (16)].
On one hand, using (38) and the Toda equation (21a), we can deduce (37a), as seen
in Equation (18) of [28]. On the other hand, from (31a) and the Toda equation (21b),
we can obtain (37b). O

Remark 2.16. The differential system (37) was utilized in [28] to derive a second-order
nonlinear ODE for f3,,. Additionally, in [28, Theorem 2.1], it was demonstrated that an
auxiliary function y (as shown in [28, Equation (20)]) satisfies an instance of the Py
equation, which is related to Pryp. It’s worth noting that y is a solution to a Riccati
equation in which 3, appears in the coefficients.
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Theorem 2.17 (Second order ODE for generalized Charlier). The recursion coefficient ~yy,
satisfies the second-order nonlinear ODE:

(1= 22) (90 (P22 4 20) 4 290) + 200 = 0+ = B))

L0y | 2 UnyYn | TN
- 2( g n) +(n+1)( % +%)+( b+n—1)(—b+3n+1). (39)

Proof. Observe that Equation (37b) leads to

1
Bn:_(ﬁnlog’)/n‘i‘@_b‘i‘n_l)) (40)
2 n
so that
1 nn
U Bn = 51977 <19n log v, + 7) (41)

From (37a) and (41) we get
_ (L i - U
(1= (50 (Ontogrn + 1) 9n) 0 = 51 (0 = D) = (20— B) 3y = 5.

Replacing (3,, with the expression provided in (40), we obtain (39). To verify this, let’s
elaborate on the RHS of the equation.

(21 — b)Bn — B2 = 2n2_b(19n10g7n+n—2—b+n—1)
_i<19nlogfyn—|—%—b+n—1)2
= 2n2_b(19nlog7n+%—b+n—1) — i(ﬁnlog%—l—%y
B (b—Til—Fl)z +b—7;+1(19n10g%+%)
= —i<z9nlog%+ %)24— n+1<19,710g%+%>

(=b+n—-1)(-b+3n+1)
+ 5 ;

and the statement is proven. 0O
3. Generalized Meixner weights

Another interesting case arises when we consider o = z + a, which we refer to as the
extended Meixner type. The generalized Meixner weight serves as the primary example
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of these extended Meixner weights, corresponding to the choices o(z) = n(z + a) and
0(z) = z(z + b). A weight satisfying the Pearson equation

(k+1)(k+1+bwk+1)=nlk+a)w(k)
is proportional to the generalized Meixner weight

L+ 1DI'(2 4 a)n® _ (a). w7

W) = TG+ DTG+~ B 1), o

Note that the moments are finite if a(b+1) > 0 and n > 0 [25]. In this case, the moments
can be expressed in terms of

po =1F1(a;b+ 1in) = M(a,b+1,7),
also known as the confluent hypergeometric function or Kummer function.

Remark 3.1. The Meixner polynomials, associated with the Pascal distribution, i.e. w =
(a)zg where introduced in [45].

Theorem 3.2 (The generalized Meixner Laguerre—Freud structure matriz). For a gener-
alized Meizner weight, where o = n(z+a) and 0 = z(z+b), the structure matriz is given

by:

[n(Bo+a)Ho (Bo+B1+b)Hy Hy Ourporrrmrrresr e ]
nHi  n(Bi+a+DHy (Bi+PB2+b—1)H, Hy e
U = 0. nHy n(By+a+2)Hy  (By+Ps+b—2)H3 H4 (42)
nHy N(Bs+a+8)Hs  (Bo+fi+b-3H,

Proof. The structure matrix can be diagonally expanded (17), ¥ = ATp(=D 4+ (0 4
M A 4+ A2, Since ¥ = n(J 4 al)HIIT we obtain

= ATy + B +al + AV H(I + DA + 7@A% 4 7BIA3 1 ...)
= nATyH  +n(ATYHDA+ (8 +al)H)

first subdiagonal main diagonal

+n(ATyHxPIA? + (6 +al)HDA + AH) (43)

first superdlagonal

+n(ATyHTIA® 4 (8 + aI)Hw[ IA? + AHDA) +

second superdlagonal

and conclude that ¥(©) = T (YyHD) 4 1(8 + o) H. Additionally, recalling that
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T2+ 0T = (A2 (Ty)y + AT (B+T-B +bI)y + v+ Ty + 2 + b3
+ (B+T-B+bI)A + A?,

from the alternative expression ¥ = II"'H ((J")? + bJ "), we derive
U=T—-ATD+ AT 7 — (AT 4 Y H((AT)2+ AT (B+ T +bI)
+y+ Ty + B2+ b8+ (B4 T+ bI)yA + (T_y)7A?)
that splits into diagonals

U= H(T_7)yA°
—_——
second superdiagonal

~AT"DH(T_~)yA? + H(B + T_ + bI)yA

first superdiagonal
+H(y+ Ty + 52+ 08) = ATDH(B+ T8+ bD)yA + (AT)*x " H(T_5)yA°

main diagonal

+HAT(B+T_B+bI) — AT DH(y+ Ty + 8%+ b8) + (A n "I H(B+ T_B +bD)yA — (A7) 7 H(T_5)yA*.

first subdiagonal
(44)

Thus, we have (V) = —T' (DH(T-~)v) + H(8 + T_ + bl )y. Finally, the Laguerre—
Freud matrix has the form:

U=nA"T_H+n(B+al +T+D)H + (8+T-B+bl — T D)T_HA + T_*HA?.
When expressed componentwise, we obtain the form presented in (42). O

Proposition 3.3 (Compatibility). For the generalized Meizner case, the recursion coeffi-
cients satisfy the following equations:

(Bn + Brng1 +bo—n =141 — (Bt + Bn+b—n+1=0)v = n(Bn +a+n),
(45a)

Yn+2 — Vn — 277 + (ﬁn + ﬁn-{—l + b—n— n)(ﬂn—i—l - 571 - 1) = 0. (45b)

Proof. The matrix

[n(Bo+a)  Bo+Pi+b 1 R EETERERTERTS ]
m npr+a+l) pr+Poe+b-1 1
0. e n(Ba+a+2) Po+B3+b-2 1

VH ! =
mys  n(Bsta+3) PBs+fi+b-3
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satisfies the compatibility condition (19a). Since

[(WH, J]
(Bo+Br+b=m)71 4(By + B JiC Z)(ﬁ1 60) 1 0uzvvomsssseees
b-1-7 y3-v-1
_ m (€1(EOBEEI +b - 77)71 +(B1 + B2 Fb-1- n) (B2 - B1) 1
- 3+b—-2-1n)y: Ya—y2— 1 -
2 " —('(Bl%1++ﬁ/§’2++b—1—n77))y)3’2._ H(By+Pa+b - m(Bs = B2)

from the first row we obtain that

n(Bo + a)
Bo+pP1+b—n

M= Y2 = Bo+ B1+b—(Bo+ 1+ b—n)(B1— Bo) +n,

and from the next rows we deduce that the following equations are satisfied

(5n+5n+1+b—n—77)%+1—(5n—1+5n+b—n+1—77)%=77(5n+a—|—n),
771—!—2_%1_n+(6n+ﬁn+1+b_n_n)(ﬁn+l_5n)zﬁn+ﬁn+1+b_n-

These are represented by equations (45a) and (45b), the latter of which requires some
elaboration. O

Proposition 3.4 (Laguerre—Freud relations). For n € N, we find the following Laguerre—
Freud equations

Y1 ==V — (Bn +b—n)Bp +n(b—a—n+1)+n(B, +a+n)
+ 07 (Bt + B+ b =1+ 1= )y, (
0=n+3)(n+2)(n+1)(Bn—But2+1) — (0 "Ynts — 1 — 3)Vnto (
+(n+3)(n+2) <77_1(5n+1 + B2 +b—n—=1=n)ynt2 — (n+2)(Bpt1 + a))
n+2)(n+ 1)( "Brts + Baga+b—n—3 =) Ynsa — (n+4)(Bpgs + a))

46)
A7)

—(
+ (=Brrz+a—0) (" (Burz+ Bnrza+b—n—2—=n)ynis — (04 3)(Bny2 +a))
+ (Bnt2 + Bags +b—n—3—=0)Ynt3 — (n + 3)(Yns2 + Brtg + bBnt2)

+ (n+3)(n+2)(Bns1 + Png2 + ).

We also find

(n+2)(n+1)
5 .

piﬁrl - _7771(6"“‘1 + Bry2+b—n—1- 77)'7n+2 + Bng1 + a(” + 2) +
(48)

Proof. By comparing (43) with (44) and referring to (6), we can derive the following
result:
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NT-H =(B+T-B+b)T-H — DH (v + Ty + 5 +bp)
+ Ty (77 (B 4+ T-B + bI)Hry) + T2 (x=H(T_ 7)), (49)
0Ty (YHD) + (B + al)H) = H(y + Ty + % + bp)
— Ty (DH(B +T-5 +bI)y) + T3 (7 H(T-7)v),  (50)
(T (YHr®) + (B8 + al)HD + T_H) = ~T} (DH(T-~)y) + H(B + T-B + bI)y, (51)
(T (YHrBY + (8 + al)Hr® + T_(HD)) = H(T_~)~. (52)
Let’s examine relations (50) and (51). On the one hand, if we opt to solve (51) for 72,
we obtain (recalling that T_T, = I):
78 = —H YT (B+al)HD +T_H) —n 'DT_~
+n T H T YT (HAy(B + T- B + b))
= Y T_B+T2B+bl —D —n)T_~— (T_D)(T_B +al), (53)

so that
w2 = (B + Bz +b—n— 1= n)Yni2 — (0 +2)(Bus1 +a).
Moreover, from g = T S — SI and 72 = DB 4 (7_ 51 — S D — S we obtain
St = 7By pBI — pr_pB. (54)

This equation, when expressed componentwise, corresponds to (48). Now, taking into
account (9), we can rewrite (50) as follows:

n(B+al +TyD) =+ Ty + 2+ b8 — Ty (D(B+T-B + b)) + T2 (—7? + 2DB),
From (7), this leads to

N(T2B+al +T_D) =Ty +T_~+ T2+ 6723 — (T_D)(T_B+T?B+bl — D) — 72
=T*y+ Ty +T2B2 +bT%3 — (T_D)(T_B+T2B + bl — D)
— Y T_B+T?B4bl —D —n)T_~y + (T_D)(T_B + al)
=T2y+T v+ T2B% + T2 — (T_D)(T?*B + (b —a)I — D)
—n N T-B+T2B+bl — D —n)T_7,

that componentwise reads

N(Bntz +a+n+2)=Ynis+Yng2 + Bago + bBnrz — (N +2)(Bag2 +b—a—n—1)
=0 (Brg1 + Bny2z +b—n—1— 0V,
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which is (46).
Now, (52) can be written as follows
¥ = ~(T_B +al)T_7® + (n7'T%y - T2 D)T_~
= —(T_B+al)(n " (T2B+T3B+bI —T_D — )T~ — (T2D)(T?B + al))
+ (7 'T2y - T2D)T_~,
where (53) has been used. From (9), 703 + #l=31 = 2((7_281) DR — (7_DERH SN and
(54) (noticing that 3D = 2DR/(T2 DR — T_ D)) we get
778 =2pPRl(—12 7B + 72 DR — (72 D)12 8) — 2(T_ DB (== + DB — DT_B) — 7P
=3DP + 2(17_DP)(x® + D1_p) — 2D (1272 + (12 DYT3 B) — =l
=3DBIT_ (8 —T_ 28+ 1)+ 2(T_DP)7ll — 2plIT2 2] _ 73]
=3DBIT_(3 —T?B+1)— (n 'T%y - T2D)T_v
+2(T_DP) (nfl(T_ﬁ FT23+bI — D —n)T_~ — (T_D)(T_5 + aI)>
_opll (n—l(TEﬁ S T8+ 0] — T2D — T3~y — (T D)(T3 6 + af))
+(T_B+al) (i (T2B+T2B+b —T_D —n)T?~ — (T2D)(T? B + al)).
We now write (49) as follows
78 = (T2 4+ T2B4bI —T2D — )Ty + (T2 D)(T—~y + T2 3% + bT2 )
—(T_B+T?*B +bI)T_(2DP — 72
—(T?B+T3B+bI —T2D —n)T%y + (T2D)(T_~ + T? 5% + T2 B)
—(T_B+T2B+0bI)T_
x (2D — WT_B+T2B + bl — D — )T~ + (T-D)(T-B + al)).
Thus, we get the following equation
0=3DPNT_B—-T3B+1)— (n 'T?y - T2D)T_v
+2(T_ D) (rfl(T_ﬂ Y T23+bI — D — )T~ — (T_D)(T_5 + aI))
_9p (n—l(Tiﬂ ST 4] — T2D — T3~y — (T3 D)(T36 + af))
B+al)(n  (T2B+T2B+bl —T_D —n)T2y — (T2D)(T?B + al))
T?2B+T3B+bl —T?D —n)T?~ — (T?D)(T_~ + T? 5% + bT? )
(T_B+T?B+bI)T-
x (2D — "N (T_B+T2B+ bl — D —n)T-~ + (T-D)(T-B + al)).

+(T
+
_|_
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Hence, componentwise we obtain (47). 0O

Remark 3.5. Notice that the long and cumbersome expression in (47) is a ligature for
the recursion coefficients, given by:

(5n+4, 5n+2, ﬁn+1, B, TYn4+45 VYn+3, ’Yn+2)-

Our intention was to demonstrate that the method leads to these equations. Indeed, (46)
represents a more compact Laguerre-Freud equation for the 3’s. However, it’s important
to note that while (46) provides an expression for f,,41 in terms of (Bn—1, Bns Yn+1, Yn)s
(45a) offers an expression for (3, in terms of (B, Bn—1,7n,Yn+1))- In both cases, we
need to look two steps down, and we refer to these as “length two relations.” However,
we can combine both Laguerre-Freud equations to derive an “improved” expression for
Bn+1 which only requires one step down, namely (B, Vn, Yn+1), Creating a “length one
relation.” The same reasoning applies to (45b).

Proposition 3.6. The generalized Meixzner recursion coefficients are governed by the fol-
lowing length-one Laguerre—Freud equation.

Brst = —— (0 + (Ba+b=m)By = n(b—a—n+1)) +n(n+1)(B, +a+n))

n+1
—Bp—b+n+1+2n. (55)

Proof. We can express (46) as follows:

Bn—1+Bntb—n+1=—n)ym=nYn+1+m+ Bn+b—n)8p —n(b—a—n+1))
+ 77 (B 4+ a+n).

This expression, when substituted into (45a), yields the following result.

(Bn 4 Brns1 +b—n—=n)Vnt1 =Brn—1+ B +b—n+1 =)y +n(fn +a+n)
:77(7n+1+7n+(ﬁn“‘b_n)ﬁn_n(b_a_n‘{'l))
+n(n+1)(Bn +a+n),

and we obtain Laguerre-Freud equation (55).
Let us shift the relation (46) by n — n + 1:

Yn+2 = —Yn+1 — (Bny1 +b—n—1)8p11 +n(b—a—n)
+0(Bns1 +a+n+1)+ 0" By + Bog1 +b— 1 — ) Y01

Now, let’s introduce the expression for 7,42 into (45b). This leads to:
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’7n+277_(ﬂn +Bn+1 +b_n_77)(ﬁn+1 _ﬂn_l) = _<ﬁn+1+b_n_1)ﬁn+l +n(b_a_n)
+0(Bar1 +a+n+1) 4+ 07 (B + Bagr +b— 1= 20) 011

Now, (55) can be written as:

Yrt1(Bns1 + Brn +b—n —2n)
=0+ Bn+b—n)Bp —nlb—a—n+1)) +n(n+1)(Bn +a+n)+vng1,

so that
7n+2n_ <5n+ﬂn+1+b—n—n)(ﬁn+l _Bn_l)

=—Ppp1+b—n—1)ppt1+nlb—a—n)+nfry1 +a+n+1)
+(Yn+ B +b=n)Bp —nlb—a—n+1)) +(n+1)(Bn+a+n)+n 'y O

Our most significant Laguerre-Freud equations are (55) and (46), with lengths one
and two, respectively. For the reader’s convenience, we restate them as a theorem.

Theorem 3.7 (Laguerre—Freud equations for generalized Meizner). The generalized
Meixner recursion coefficients satisfy the following Laguerre—Freud relations

Bn+1 = (77(’771 +Bn+b—n)Bp—nlb—a—n+ 1)) +n(n+1)(Bp +a+ n))

n+1
—Bn—b+n+1+2n,

’YnJrl:_f}/n_(/Bn+b_n>ﬁn+n(b_a_n+]—)+n(ﬁn+a+n)
+77_1(Bn—1+ﬁn+b_n+1_n)7n

Remark 3.8. In [50], a system of Laguerre—Freud equations was presented. There are two
functions, denoted as u,, and v,, which are connected to 3, and =, as follows:

a— v,
Y =nn — (a — 1)un, 5n:n+a—b—1+n—¥'

The nonlinear system, as described in equations (3.2) and (3.3) in [50], is defined by:

a—1 a—b—1
(Uun + vn) (Unt1 +Vn) = —5—0p(vn — 1) (vn - 777)7
n a—1
U, a—b—1
(Un+vn)(un+vn—1)_m(un—l_n)(un—'_n a—l _).

It is worth noting that the first relation (3.2) in [50] expresses 7,1 as a rational function
of (Yn, Bn), constituting a length one relation. This rational function is a cubic polynomial
divided by a linear function in terms of the recursion coefficients.
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In contrast, our equation (46) represents a length two relation. It involves quadratic
polynomials in the recursion coefficients, not rational functions, and includes cubic poly-
nomials as (3.1) does.

The second relation (3.3) in [50] expresses 3,11 in terms of a rational function of
(Yn+1, Bn), which is a length one relation as well. The rational function in this case is a
cubic polynomial divided by a quadratic one.

On the other hand, our relation (55) is also a length one relation, but the rational
function it involves is a quadratic polynomial divided by a linear one.

Remark 3.9. A notable feature of the Smet—Van Assche system is that, for a specific
value of a = 1, it provides an explicit expression for f3,, and ~,, which becomes 3, =
n — b+ n and 7, = nn. This is confirmed through verification using SageMath 9.0,
where equations (45a), (45b), (46), and (47) are satisfied. In the case of a = 1, the
weight function is defined as: w(z) = ﬁ. The 0-th moment of this weight function
is given by the Kummer function: pg = M(1,b+ 1,n) = n%e”(F(b) — I'(b,m)), where
I'(b,n) = fnoo tt=le~tdt represents the incomplete Gamma function.

According to [29], this particular case corresponds to the Charlier case on the shifted
lattice N — b.

4. Conclusions and outlook

In their studies of integrable systems and orthogonal polynomials, Adler and van
Moerbeke have extensively employed the Gauss-Borel factorization of the moment ma-
trix, as seen in [1-3]. This strategy has been further developed and applied in various
contexts by us, including CMV orthogonal polynomials, matrix orthogonal polynomials,
multiple orthogonal polynomials, and multivariate orthogonal polynomials, as detailed
in [5,4,6-11]. For a comprehensive overview, please refer to [40].

Recently, we extended these ideas into the discrete realm, as described in [43]. Specifi-
cally, we applied this approach to examine the implications of the Pearson equation on the
moment matrix and Jacobi matrices. This description is based on a new banded matrix,
the Laguerre-Freud structure matrix, which encodes the Laguerre-Freud relations for the
recurrence coefficients. Furthermore, we discovered that the contiguous relations satis-
fied by generalized hypergeometric functions, which dictate the moments of the weight,
correspond to a discrete Toda hierarchy known as the Nijhoff-Capel equation (see [46]).
In our paper [41], we delve into the role of Christoffel and Geronimus transformations
in explaining these contiguous relations and use Geronimus-Christoffel transformations
to characterize shifts in the spectral independent variable of orthogonal polynomials.

In this paper, we delve deeper into this program and further explore discrete semi-
classical cases. We establish Laguerre-Freud relations for the recursion coefficients of two
types of discrete orthogonal polynomials: generalized Charlier and generalized Meixner.
We observe that in both cases, a solution to the system of nonlinear Laguerre-Freud equa-
tions for the recursion coefficients can be provided by the 7-function. This 7-function is
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defined as the Wronskian of modified Bessel and Kummer functions, respectively. It is
worth noting that a similar study to the one presented in this paper for the hypergeo-
metric cases 1Fy, o Fy, and 3F, was previously presented in [27].

Looking ahead, we plan to extend these techniques to multiple discrete orthogonal
polynomials [12] and explore their relationships with the transformations presented in
[18]. Additionally, we aim to investigate quadrilateral lattices [22,42].
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1 Introduction

Discrete multiple orthogonal polynomials, t-functions, generalized hypergeometric
series, Pearson equations, Laguerre—Freud equations, and Toda type equations are
intriguing mathematical objects that have attracted considerable attention due to their
deep connections with various areas of mathematics and physics. These intertwined
concepts play a fundamental role in understanding the underlying structures and
dynamics of discrete systems, integrable models, and special functions. In this paper,
we delve into the rich mathematical theory of discrete multiple orthogonal polynomi-
als, explore their relationship with 7-functions and generalized hypergeometric series,
and investigate their applications in Laguerre—Freud equations and Toda type equa-
tions.

Orthogonal polynomials [18, 26, 46] are a fascinating and powerful tool in Applied
Mathematics and Theoretical Physics, with a wide range of applications in vari-
ous fields. They possess remarkable properties and have been extensively studied
for their applications in approximation theory, numerical analysis, and many other
areas. Among the vast family of orthogonal polynomials, two special classes that
have attracted significant attention are multiple orthogonal polynomials and discrete
orthogonal polynomials.

Backin 1895, Pearson [62], in the context of fitting curves to real data, introduced his
famous family of frequency curves by means of the differential equation J;(()f)) = Z;gg ,
where f is the probability density and p; is a polynomial in x of degree at most i,
i = 1, 2. Since then, a vast bibliography has been developed regarding the properties
of Pearson distributions. The connection between Pearson equations and orthogonal
polynomials lies in the fact that the solutions to Pearson equations often coincide
with or are closely related to certain families of orthogonal polynomials. They are
characterized by a weight function, which determines the orthogonality properties of
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the associated orthogonal polynomials. These equations have been extensively studied
due to their close relationship with special functions, such as the classical orthogonal
polynomials (e.g., Legendre, Hermite, Laguerre) and their generalizations. In this
work, we will use the Gauss—Borel approach to orthogonal polynomials, for a review
paper see [53]. In previous papers, we have explored the application of this technique
to the study of discrete hypergeometric orthogonal polynomials, Toda equations, t-
functions, and Laguerre—Freud equations, see [35-37, 55].

Multiple orthogonal polynomials [5, 46, 57, 61] arise when multiple weight
functions are involved in the orthogonality conditions. Unlike classical orthogonal
polynomials, where a single weight function is used, multiple orthogonal polynomials
exhibit a more intricate structure due to the interplay of multiple weight functions.
These polynomials have been studied extensively and find applications in areas such as
simultaneous approximation, random matrix theory, and statistical mechanics. For the
appearance and use of the Pearson equation in multiple orthogonality, see [21, 29], see
also [22]. On the other hand, discrete orthogonal polynomials [46, 60] emerge when
the orthogonality conditions are defined on a discrete set of points. These polynomi-
als find applications in various discrete systems, such as combinatorial optimization,
signal processing, and coding theory. Discrete orthogonal polynomials provide a valu-
able tool for analyzing and solving problems in discrete settings, where the underlying
structure is often characterized by a finite or countable set of points. Discrete Pearson
equations play an important role in the classification of classical discrete orthogonal
polynomials [60]. When a discrete Pearson equation is fulfilled by the weight, we are
dealing with semiclassical discrete orthogonal polynomials, see [30, 32—-34]. Multiple
discrete orthogonal polynomials were discussed in [17].

Integrable discrete equations [45] have emerged as a fascinating and important
field of study in Mathematical Physics, providing insights into the behavior of dis-
crete dynamical systems with remarkable properties. These equations possess a rich
algebraic and geometric structure, allowing for the existence of soliton solutions, con-
servation laws, and integrability properties. The concept of integrability in discrete
equations goes beyond mere solvability and extends to the existence of an abundance
of conserved quantities and symmetries [4]. This integrability property enables the
development of powerful mathematical methods for studying and understanding their
behavior. One of the key features of integrable discrete equations is their connection
to the theory of orthogonal polynomials. These polynomials play a central role in
the construction of discrete equations with special properties. The link between dis-
crete equations and orthogonal polynomials provides a deep understanding of their
solutions, recursion relations, and symmetry properties.

The 7-function [44] is a key concept in the theory of integrable systems and serves
as a bridge between the spectral theory of linear operators and the dynamics of soli-
ton equations. It has profound connections with algebraic geometry, representation
theory, and special functions. Semiclassical orthogonal polynomials, along with their
corresponding functionals supported on complex curves, have been extensively stud-
ied in relation to isomonodromic tau functions and matrix models by Bertola, Eynard,
and Harnad [20]. In the context of discrete multiple orthogonal polynomials, the t-
function captures the underlying integrable structure and provides insights into the
dynamics and symmetries of the corresponding discrete systems. Its study enables
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us to uncover deep connections between different mathematical objects and uncover
hidden patterns.

Generalized hypergeometric series, another important topic in this research, con-
stitute a class of special functions that arise in diverse mathematical contexts [6, 24].
They possess remarkable properties and have been extensively studied due to their con-
nections with combinatorics, number theory, and mathematical physics. Generalized
hypergeometric series play a key role in expressing solutions of differential equations,
evaluating integrals, and understanding the behavior of various mathematical models.
They have a pivotal role in the Askey scheme that gathers together different important
families of orthogonal families within a chain of limits [47]. See [19] for an extension
of the Askey scheme to multiple orthogonality. Recently, we have completed a part of
the multiple Askey scheme by finding hypergeometric expressions for the Hahn type [
multiple orthogonal polynomials and their descendants in the multiple Askey scheme
[23] (but for the multiple Hermite case).

Laguerre-Freud equations are a family of differential equations that emerge in the
study of orthogonal polynomials associated with exponential weights. For orthogo-
nal polynomials, these Laguerre—Freud equations represent nonlinear relations for the
recursion coefficients in the three-term recurrence relation. In other words, we are
dealing with a set of nonlinear equations for the coefficients {8, y,,} of the three-term
recursion relations z P, (z) = Pu+1(2) + B Pu(2) + v Po—1(2) satisfied by the orthog-
onal polynomial sequence. These Laguerre—Freud equations take the form y,,11 =
Gy Vs Yae1s s Bus Bu=1,...) and By+1 = B, Vut1s Vus -+ Brs Bu=1,---)-
Magnus [49-52], referring to [42, 48], named these types of relations Laguerre—Freud
relations. Several papers discuss Laguerre—Freud relations for the generalized Char-
lier, generalized Meixner, and type I generalized Hahn cases [27, 30, 38—40, 64].

Laguerre-Freud equations are also connected to Painlevé equations. The Painlevé
equations are a set of nonlinear ordinary differential equations that were firstintroduced
by the French mathematician Paul Painlevé in the early 20th century. These equa-
tions have attracted significant attention due to their integrability properties and the
rich mathematical structures associated with their solutions. The connection between
orthogonal polynomials and Painlevé equations lies in the fact that certain families
of orthogonal polynomials can be related to solutions of specific Painlevé equations.
This relationship provides deep insights into the solvability and analytic properties of
the Painlevé equations and allows for the construction of explicit solutions using the
theory of orthogonal polynomials. For an account of the connection between these
fields of study, see [27, 28, 65].

Moreover, building upon the mentioned studies [35-37, 55], this paper investi-
gates the relationship between discrete multiple orthogonal polynomials, T-functions,
generalized hypergeometric series, and specific equations such as Laguerre—Freud
equations and Toda type equations.

Toda type equations, on the other hand, are nonlinear partial differential-difference
equations with wide-ranging applications in mathematical physics and integrable
systems [44, 45]. Exploring the connections between these equations and the afore-
mentioned mathematical objects sheds light on the interplay between discrete systems,
special functions, and integrable models.
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In this paper, we aim to provide a comprehensive overview of the theory of discrete
multiple orthogonal polynomials, t-functions, generalized hypergeometric series,
Laguerre—Freud equations, and Toda type equations. We will delve into the mathemat-
ical properties, explicit representations, and recurrence relations of discrete multiple
orthogonal polynomials. Furthermore, we will explore the relationship between these
polynomials, t-functions, and generalized hypergeometric series. Finally, we will
investigate the applications of these concepts to Laguerre—Freud equations and Toda
type equations, including both continuous and totally discrete types, showcasing their
relevance in the field of mathematical physics and integrable systems.

The layout of the paper is as follows. We continue this section with a basic intro-
duction to discrete multiple orthogonal polynomials and their associated tau functions.
In the second section, we delve into Pearson equations for multiple orthogonal poly-
nomials, generalized hypergeometric series, and the corresponding hypergeometric
discrete multiple orthogonal polynomials. We discuss their properties, including the
Laguerre-Freud matrix that models the shift in the spectral variable, as well as conti-
guity relations and their consequences.

In the third section, we present two of the main findings discussed in this paper.
In Theorem 3.9, we present nonlinear partial differential equations of the Toda type,
specifically of the third order, for which the hypergeometric tau functions provide
solutions. Additionally, in Theorem 3.20, we provide a completely discrete system,
extending the completely discrete Nikhoff—Capel Toda equation, and its solutions in
terms of the hypergeometric tau functions.

Finally, in the fourth section, we present explicit Laguerre—Freud equations for the
first time for the multiple versions of the generalized Charlier and generalized Meixner
IT orthogonal polynomials.

1.1 Discrete multiple orthogonality on the step line with two weights

Let us introduce the following vectors of monomials in the independent variable x
X:[lxx2-~-]T, X(l):[le O-~--]T, X(z):[OIOx----]T.

Let us also consider a couple of weights w», w® : Ny — C defined on the
homogeneous lattice Ny. The corresponding moment matrix is given by

A=Y X I (XD ®wD k) + XD kw® (k).
k=0

We also consider the matrices

I1M:=diag(1,0,1,0,...), 1¥:=diag(0,1,0,1,...).
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and shift matrices

and A@:=A21® q € {1, 2}. The following equations are satisfied

AXx) =xXx), APXD@)=xXxDx), APXPx) =xxP 1),
ADXP(x) =0, APxD(x) = 0.

The moment matrix satisfies
A = M (AT)?,

so that we say that a matrix is bi-Hankel matrix.
The Gauss-Borel or LU factorization of the moment matrix is

M =S"HST (1)

where S and S are lower unitriangular matrices and H is a diagonal matrix.

We define the truncated matrix .#!"! as the n-th leading principal submatrix of the
moment matrix ., i.e. built up with the first n rows and columns. Then, we introduce
the so called t-function, as

7, = det .2/, (2)

Factorization (1) exists whenever 7, # 0 for n € Np.
Matrices S and S expand as power series in AT with diagonal matrices coefficients

S=1+ASW 4 (AT oo s =14 ATSEN 4 (ATY2S
S=T+ASM (A2 40§ = 1 ATSET 4 (ATY2 S 4

In particular, the following equations hold
si=1 — —S[l], si=21 — _gl21 (a_S[l])S[l],

and matrices S~ and ST=2 fulfill analogous relations.
In what follows we will use lowering and rising shift matrices given by

a_ diag (mg, my, ...) = diag (my, my, ...),
a4 diag (mg, my, ...) = diag (0, mo, ...).
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Any diagonal matrix D fulfills the following algebraic properties:
AD = (a_D)A, DA =Aa;D, DA =A"a_D, A'D=a,DA".

Multiple orthogonal polynomials of type Il and I on the step-line are given as entries
of certain vector of polynomials. Type II multiple orthogonal polynomial B, are the

entries of the vector B, while type I multiple orthogonal polynomials A,(f‘), ae€{l,2},
are the entries of the vectors A® where

B:=SX, AD.=H~ 15X a€{l,2).

The degrees of these polynomials, for perfect sytems of weights, are easily seen to be

9
deg B, = n, degA,(f): ’7n+2 a-‘—l, a e {l,2},

here [x] is the the smallest integer that is greater than or equal to x. The following
multiple orthogonality relations are satisfied

2 o0
Y S AL GO KK =0, kel0,...,deg By},
a=1k

=0

0

> Baow@wor" =0, kelo,....degal® ] ae12
=0

>~

According to [5, Proposition 7] the type 1I polynomials can be expressed as the fol-
lowing quotient of determinants

1
1 [n] :
Bi=_ M ra n € No. 3)
n
%n Qe %n,n—l x"

Hence, for the coefficients p,{ of the type II multiple orthogonal polynomials

By =x"+pyx" 4+ pi x4+ pl

we get determinantal expressions. For that aim, let us consider the associated -
functions r,{ , j € {l,...,n — 1}, as the determinants of the matrix .# n.j1
j e {1,...,n — 1}, obtained from .#Z!" by removing the (n — j)-th row

[An—jo-AMn—jn1] and adding as last row the row [#},0----.AMn n—1]. Then,
by expanding the determinant in the RHS of (3) by the last column we get

J

ph = (—1)/ i . (4)

n
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Similarly [5] we have

%O,I’l
1 WAL :
AW = o, n € Np. (5)
" Tn+1 -//n—l,n
(a) (a) (@)
Xy e X200 X

The Hessenberg matrix 7:=SA S~ and its transposed matrixis 7" = H~'SA2S~'H
give the 4-term recursion relations related to these multiple orthogonal polynomials.
Indeed, the following recurrence relations hold

TB = zB, TTAW = 7A@, ae{l,2). (6)
Notice that T is a tetradiagonal Hessenberg matrix, i.e.,
T=(A)y+AB+a+A, (7)

where «, 8, and y are the following diagonal matrices
o = diag (ao, o1, . .. ), B = diag (B1, B2, ...), y =diag (y2, v3,...).

The diagonal matrices «, B, and y are related with §, S and H matrices by the
following equations:

=Sy ay st = qp s = s = g2 5121 321 4 311 g, 5000y,
B=H "a_H( SM +a 81 = g=la_H@a S — a_ 8y = o s — g[21 _ glg_q,
y=H 'a® H.

8)
We introduce the following matrices 71 and T®
TO.=H 'SADSTTH =T"M@ ~MD.=g7I51DSTH  4e({l1,2).
These matrices satisfy
TWAD =5, ,zAD, a,be{l,2}.
aswellas TT = TW + 7@ Hence, T@ are matrices with all its superdiagonals but

for the first and the second have zero entries.
The Pascal matrices L = (L, ) have entries given by



Toda and Laguerre—Freud equations and tau functions for... Page90f43 30
while its inverse L~ = (in,m) have entries

i, [EOG) iz
0 n<m.

These matrices act on the monomial vectors as follows

X(@z+1) =LX(2), Xz—1)=L""X(2).
and can be expanded as

LY =1+ A'D+ (A")?DP 4 ...
with D:=diag(1,2,3,...) and D"::= diag(n™, (n + D™, ...) where x® =
x(x —1)---(x —n + 1). In terms of Pascal matrices we define the dressed Pascal
matrices
M:=SLS™, n'=sr.~'s1

For type II multiple orthogonal polynomials we find the following properties:

B(z+ 1) =T1B(2), B(z—1)=T""'B(2).

We can proceed similarly for the type I multiple orthogonal polynomials. We intro-
duce the matrices L=@ g € {1, 2}, with nonzero entries

+ n
L2rz(j—)a—1,2m+a—1 = (il)”"‘m (m)’ ac {15 2}’ n,mec NO’ n Z m,

and zero for any other couple sub-indexes. We will also use L@ = LT(@_ These
matrices satisfy

LY@ = @ ae{l,2}.

The partial Pascal matrices can be expressed as band matrices, but in this case the even
or odd diagonals are null, i.e.,

LY@ = [@ 1 (AT2 D@ 1 (AT D@2
where we have
pinl — :l diag(n™, 0, (n+1)™,0,...), DI~ ; diag(0,n™, 0(n + )™, ..).
Analogously, dressed Pascal matrices are defined by

n+@.—g-1gp+@s-1y,
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and the following relations are satisfied

AD(z £ 1) = TTFDA@D ().

2 Discrete Multiple Orthogonal Polynomials and Pearson equations
2.1 Pearson equation

Let us consider that weights w'", w® subject to the following discrete Pearson equa-
tions

Ok + Dw @k + 1) = 0@ (k)w'® (k), ae{l,?2). (9)

where 0, (1) and 0@ are polynomials, and 6(0) = 0. An important result regarding
these type of weights is:

Theorem 2.1 Let us assume that the weights wD, w® solve the Pearson equations
(9). Then, the corresponding moment matrix . satisfy the following matrix equation
T

ON)M = LA (L(”a(”(A(‘)) + L<2>o<2>(A<2>)> (10)

Proof For the moment matrix is .# we find

0N = 00X (K (wD XV k) + w® X (k)"
k=1

=Y 0k + DXk + DV &+ DXVk+ 1D +w® &+ DXP &+ 1))
0

Xk +D(eP®OwP®OXVE+ 1D+ 0@ Bw?R)XP(k + 1))

o

x~
Il
[}

LXK (o P w0 XD ®TLDT + 0@ w? k)X k)L

o

~
Il
=

LXE) (XD @) Tw® %) + XD ) w® (k) (6P (ADHLDT

WK

~
Il
=}

+ 0(2)(A(2)T)L(2)T)
— L.//[L(I)G(l)([\(l)) +L(2)U(2)(A(2))]T.

O

This matrix property implies for the tetradiagonal Hessenberg recursion matrix 7
the following
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Proposition 2.2 Let us assume that the weights w"), w® solve the Pearson equations
(9), for the recursion matrix T in (7), the following relation holds

n-'6(T) = o O(r OO 4 @ (TR, (11)
Proof Using Eq. (10) and the Gauss—Borel factorization we get
O(A)STTHS T = LS HS T (e M(ADH LD 45D (APTHLON),
grouping S on one side and S on the other side of the equation:
SO(M)S™ = SLST HE (0D (ADHLDT 4 6@ (AP LOHST -,
it can be written as
n=le(r) = HS_T<0(1)(TIT)(S’TH_I)(HS_T)L(DT + 0(2)(TZT)(S’TH_I)(HS_T)L(Z)T)STH_l,
and finally we get Eq. (11). |

2.2 Hypergeometric discrete multiple orthogonal polynomials

Let us write the polynomials 6 and 0@, g e{l,2},in Eq. (9) as follows

02)=z2(z+ci—1)--(z+eny—1), D)

=1 +b") (b)), M@ NeNo, ae{l,2. (12)

In the subsequent discussion we require of generalized hypergeometric series, see [0,
03],

bi,....b (b (b k
I M;n]:zz(l)k bm)ik n

mFEN ,
[61,---,61\7 (c)k -+ (en)k k!

k=0

where we use the Pochhammer symbol (b)y:=b(b+1)---(b+k — 1) and (b)g =1,
Pearson equations (9) determine uniquely the weights w", w®, up to multiplica-
tive constant, to be

(@) (@)
(1) (bzvaﬂa))k (n(“))k

@1y —
w' (k) = , ae{l,?2}. (13)
(k- (en )k k!
In what follows we will use logarithmic derivatives
@@ ?
l? _:7” a e {1, 2},

87](“) ’
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as well as

9= 4 9@, 9= — @,
We introduce t@:=1logn'®, a € {1, 2} and

RCEC . (D _ @
2 2 ’

so that nV = e/*7 and n®@ = !~

Lemma 2.3 For the differential operators ¥ and O we find

0 ~ 0
0= _, Y= ..
ot ot
Proof It follows from
0 B 0 0 _ s 0 _ 0 0 _5
ar  ar(H + 9@ af  ar(h 9@ 7

O

An open question is whether the system of weights {w", w®} is perfect. That is
the case if we are dealing with AT systems, see [46]. Following [17, Examples 2.1 and
2.2] we can give two families satisfying this condition:

Lemma 2.4 (Perfect & AT systems) The system of weights {w", w®} with:
(i)

(bl)k T (bM)k (’l(a))k

(a) _
w (k) = , a € {l,2},
(e (en)k k!
where 17(“), bi,cj > 0, and
(ii)
b1). - (by_1), (BDY), pk
0@ (k) — ( 1)k (bm 1)k( )k n ac (2.

(k- (en)k k!’
with n, b;, cj, b@ = 0
are AT systems and consequently a perfect systems.

Proof (i) This fitin [17, Examples 2.1].
(i1) This fitin [17, Examples 2.2].
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Proposition 2.5 In terms of generalized hypergeometric functions, the moment matrix
can be written as a block matrix

o ol o @l o e
p(())p(())pf)pl()pé)pé) ..........
IR IROIROIRO IR,
P Y e 0 P P e
M = 11> 12> il) iz) ?1) z2> : (19
Py P ,03 p3 P4 Py frereeeeees

where the moments are expressed in terms of generalized hypergeometric series as
follows
M, Fn [

Proof 1t follows from the definition of the moment matrix .# . Equation (15) deter-
mining the moments in terms of two families of generalized hypergeometric series
follows from Eq. (14) and [55]. O

Given a function f = f(n) we consider the covector 8n(f)::[f v f pn-1 f],
For two functions fi (n'V) we consider the double Wronskian of the covectors 8, ( /1)
and 6, (f2) given by

(@)
M(a) : 7,’(a)

» CN

(a)
b\ ..b
cl, ...

@ _

n

B@y @ e, ] ae(l,2), neN.

(15)

N f2 9 f1 9 | 0rn 9%fh |- pn=1 g gn=lf
ﬁfl ﬁf2 1}2](1 7-92][2 l93f1 l93fl ...... ﬂnfl ﬁnf2

02f 02fh | A 93K | vth 9th o1 9 S

%n[f]v fZ]::

ﬁ2n—1f] ﬁ2n—1f2 ﬁlnfl 192nf2 792"!-!-1]61 ﬁ2n+1f2 03n_1f] 19371—1]('2

the double Wronskian of the covectors §,1(f1) and §,( f2) given by

Wons1l f1, f2]i=

N Lol oA ofh | 92A O fH | 9= 9n=l | 9 fy

v fi 7 f2 ﬁzfl 192f2 193f1 193f1 ....... A SR L ) ﬂn—f—lfl
192'](] 192'f2 193'f] 293.f2 194‘f1 194.f2 ....... l}”"jlfl ﬁn—'j]fZ ﬁn—ijZf]
§2n;1f1192n;1f2 1921'1]01 192}'1]02 ﬁzn:f_lfll?zn:}_lfQ ..... 293n'_1f1293n'_1f2 193hf1

192nf] 192nf2 ﬁ2n+1f]l92n+l f2192n+2f1192n+2f2 _______ ﬁ?’” fl 193nf2 193n+1 fl
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We refer to these objects as double §-Wronskians. Then, the t-function (2) can be
written as the double §-Wronskian of two generalized hypergeometric series as follows

N (@) ) 2)
by’,...,b by, ....b
™= Wy |:M1 FN|: MO 77(1)], MZFN|: ! M® H(Z)H .
Cly -y CN Cly.vs CN

Double or 2-component Wronskians were first considered, within the context of inte-
grable systems, by Freeman, Gilson and Nimmo in [41], see also [43].

Lemma 2.6 For the associated t-function we find
1 _
T, = 01,.

Proof 1t follows from the multi-linearity of the determinant and Equation (14) in where
the even columns depend only on 1" and the odd columns on 1®. O

Proposition 2.7 The following expressions in terms of the t functions hold true

T
H,= ", pl=—9logr,. (16)
Tn

Proof 1t can be proven [5]

H, = , Pp=— . 17
Tn Tn

Then, using the previous Lemma 2.6 we get the result. O

Proposition 2.8 The moment matrix satisfies
9O = M ND, ae{l,2}.

Proof 1t follows from Eq. (15). O
Remark 2.9 The previous results apply to more general situations than those provided
by the Pearson equation and the generalized hypergeometric series. We only need to

assume that 9w@ (k) = kw'@ (k). Using the double §-Wronskian, we can construct
a tau function as follows:

o0
= Walpg . o501, pe” =Y w @), aefl,2).
n=0

Then, Lemma 2.6 and Propositions 2.7 and 2.8 hold true.
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2.3 Laguerre-Freud matrix

Theorem 2.10 (Laguerre—Freud matrix)Let us assume that the weights fulfill discrte
Pearson equation (9), where 0, 0V and 6@ are polynomials with deg® = N and
max (degoV, dego®) = M.Then, the Laguerre-Freud matrix given by

U =1""'9T) =V a@OHnM" + @ T@Hn®’ (18)
is a banded matrix with lower bandwidth 2M and upper bandwidth N, as follows:
Moreover, the following connection formulas are fulfilled:

0(z)B(z—1) = V¥B(2), (19)
(A9 +1)'092) = (A9 @)Y, ae{l,2}. (20)

Proof If degh = N then 6(T) = AN + MWN-DAN=1 4 ... 50 it will have N
possible nonzero superdiagonals and using the same argument we conclude that it has
2M subdiagonals possibly nonzero.

For the type II polynomials B(z) we have

WB(z) ="'0(IB(zx) =TN"'0(z)B(2) =0()B(z — 1)
and for the type I polynomials A we find

WTA@ (7) = (Ha)(,(l)(T(l)) 4 H(Z)G(z)(T(z))) A@ ()
— H(a)a(a)(z)A(a)(z) — O(a)(Z)A(a)(Z +1).

Lemma 2.11 If the matrix M is such that M X (z) = 0 then M = 0.

Proof From MX(z) = 0 we conclude that M | X (0) = 0 but ! X™(0) = e,,
where e, is the vector with all its entries zero but for a unit at the n-th entry. Therefore,
we conclude that the n-th column of M has all its entries equal to zero. Consequently,
M =0 O

Proposition 2.12 (Compatibility 1) For recursion and Freud—Laguerre matrices the
following compatibility relation is fulfilled

(W, T] = V. (21)
Proof Using (19) and (6) we find

TVYB(iz) =TO0(Z)B(z—1)=0(2)(z—1)0(z)B(z — 1),



30 Page160f43 I. Fernandez-Irisarri, M. Mafas
V(T —1)B(z) =¥ (z—1)B(z) =(z— 1)0(z)B(z —1).
Therefore, (W, T] — ¥)B(z) = 0. Consequently, we get (¥, T] — ¥)SX(z) =0

and according to Lemma 2.11 we deduce that ([, 7] — ¥)S = 0, and as S is an
unitriangular matrix, with inverses, we deduce that [V, T] — W is the zero matrix. O

2.4 Contiguous hypergeometric relations

For generalized hypergeometric series we have the following contiguous relations

d by,....,b
(77 +bi) MFN|: M;n]
dy Cly..ovCN

by,,....bj +1,...,b .
:biMFN[ : it M;n], ief{l,...,M}
Cl,...,CN
d bi,...,by
(77 +Cj_1> MFN|: ;?7]
d’? Cly...,CN
bi,....,by _
=(c;j—DwuFn i, jefl,...,N}
Cl,...,c;j—1,...,¢cn

Let us denote by ;0@ the shifting the b — b* + 1 and by ©; the shifting
cj —> c¢j + 1. These contiguity relations translate into the moment matrix as follows:

Theorem 2.13 (Contiguous relations for the moment matrix) The following equations
for the moment matrix hold:

MDD =D 0D, ie{l,... . MD), ac{l,2), (22)
M+ (cj— V)l = (c; — 1O, jell,...,N} (23)

Proof To prove Eq. (22) we notice that, according to (14), we can write the following
equations for moment matrix entries

(0D 1 6) 0~ 0

(19(1) + bl‘(l))//fn,zmﬂ = bi(l)j/n,Zerl = ®§1)///"’2m+1’
(0P + b)) My 2m = b My 2m = BP O My 21,

(@@ +b2) My 2mi1 = b OP My, 1.

with n,m € Ny. Let us prove Eq. (23) by noticing that the entries of the moment
matrix satisfy

O +cj — Dbl nomy = (¢j — 1)Oi My 2m)>
(0 +cj — Dl nom+1) = (¢j — 1)Oi M (5 2m+1)-
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so that

///(A(l)T + A(Z)T) +(cj— Dt =(c; —1)O;.M.

2.5 Connection matrices

Definition 2.14 Connection matrices are defined as

0@ =(OWH) 1 (OWEHAD b NS H, iefl,...,MD), ae{l,2},

(24)

iQ@W.=5;0@Ws)~! ief{l,.... M9}, ae{1,2},

(25)

wj:=(0;H)"1(0;5)(A* +c¢; — DS'H, jefl,...,N}, (26)

Q;:=5(0;5)7, jefl,...,N}. (27)
Lemma 2.15 The following relations between connection matrices are fulfilled

0@ = b @@, iefl,..., M9y, aefl,2), (28)

w;" = (c; — DL, jefl,...,N). (29)

Proof Letusprove Eq. (28). From the definition (22) and the Gauss—Borel factorization
(1) of the moment matrix .# we find

STTHSTA@ + s THE T = b (0@ (0 WH);0WS)T,
ie{l,....M“9},ae(l1,2},

that after some cleaning leads to

HST(AD" 45 0@5H (0@WH) =pWsq0@s) i e{l,..., M@},
a e€{l,2}.
Analogously, Eq. (29) can be proved using (23) and (1). O

Proposition 2.16 Connection matrices have a banded triangular structure with three
non-null diagonals. In the one hand, fori € {1, ..., M@}, a € {1, 2}, we have

0@ = bl.(“)l + (ia)(“))[l]A + (ia)(a))[z]Az, (30)

1 1
2= a7 @) AT @) a1
i

i
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with

(iw(a))[l]::bl(“) (S[l] _ ,'®(a)S[1]) — (l.®(a)H)—l (a_H) (a+(i®(d)§[l])[(ﬂ(a)) _J@ (Cl_S[l])),
(0 :=(0WH) 1@ H,

where m € S5 is the permutation w(1) = 2 and w(2) = 1. In the other hand, for
jef{l,..., N}, we find

wj = (cj — 1)I+a)5.1]A+a)5.2]A2, (32)
1 1

Q' =7 AT [1] AT 2 [2]’ 33

j + Cj_le +( )cj—lw/ (33)

with

ol=(c; = (M — 0,8 = a_ H(©;H) ' (a4 (©;5M) — a_3M),
wg.z]::(GjH)_laz_H.
Proof Above relations are found using Eq. (28), (24) and (25). Let us show only the
cases ;' and ; QD as the others cases are proven similarly. Departing from Eqgs. (24)
and (25) we see that
0@ = GO@WH)L0@ 1 + ATSH 1+ (AT2F2) 4 )T @OA2 + )1 + ATSI
+ (A2 4 E,
Q@ = 1+ AT 4,0 @ 4 ATSIET 4,

and using (28) we get the result. O

Theorem 2.17 Vectors of polynomials A9, a € {1,2}, and B fulfill the following
connection formulas

0 @AD () = (2 + b)) (,0WAD (7)), (34)
QW 0WB(z) = B(z), (35)
w0 AD(@) = (z+c — D(6;AV(2)), (36)
Q;0;B(z) = B(2), (37)

withi e {l,..., M@}, ae{1,2},and je{l,...,N}.

Proof Equations (34), (35), (36) and (37) can be proved through the action of connec-
tion matrix on vectors A and B. Let us check (34):

0@ AD (@) = (0WH)T (0@ (AW + )XW ()
= (OWH)(;093)(z + b )XV (2),

and immediately (34) is proved. O
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3 Multiple Toda systems and hypergeometric 7-functions
3.1 Continuous case
Let us now explore how the hypergeometric discrete multiple orthogonal polynomials
leads to solutions, in terms of T-functions, which are double Wronskians of generalized
hypergeometric series, to multiple Toda type systems.

Let us start by introducing the strictly lower triangular matrices

W= Ds)s1, W= D85, ae{l,2).

For them we have the following two lemmas

Lemma 3.1 The following relations are fulfilled
@B =¢@B, ae{l,2}. (38)
Proof From B = SX we get

DB = DHX = @ YHSTISX = ¥ YS)S!B.

O
Lemma 3.2 The following relations are fulfilled
SV HAD) =g DHA@, ae{l,2). (39)
Proof We have that
9DHAD) =9($HX D =pHAW,
O
Proposition 3.3 The following equations are fulfilled
dOH @ _ He@ — 7@y aefl,2). (40)

Proof Recall that .# = S~'HS so that

POESTHS ) = —S'TWDP)S THS T+ ST @PH)S T — S THS T@@8)TST
— STTHSTA@T

SO

YO — DHSTH - HS @8 = HS AW STHH =T@ H,
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We will denote:

p=pD + @ F=pD + 5@

Proposition 3.4 The following equations hold

WH)H ' = q, (41a)
—¢ = (A)?y + ATB, (41b)
—¢p=Aa_HH™! (41¢)

Proof From (40) we obtain
OH —¢H —H¢' =TH = (AY?yH+ ANBH+aH +a_HA
Diagonal by diagonal we get the equations. O

Proposition 3.5 The following relations are fulfilled

oSt = —(s1" a2y 4+ s Haml ), (42a)
pst = —g, (42b)
98 = —a" Ha" 'S, (42¢)
oS = —g=la_H. (42d)

Proof Relations (42a)and (42b) can be obtained from (4 1b) if we consider the equation
in the form 9§ = —((A )2y + A T)S equating by diagonals. Analogously, (42d) and
(42¢) con be obtained from (41c¢). O

Proposition 3.6 For the step-line recursion coefficients the following expressions hold

a=@HH ' =ays— sl
p=—osM =a, s sl _slllqg (0mH"), 43)
y = —0SP 4+ (a_shstl = g1 H,

Proof 1t is proven using Eq. (8) and Proposition 3.3, just split (41b) by diagonals. O

Corollary 3.7 In terms of tau functions the entries in recursion Hessenberg matrix can
be expressed as follows

Tn+1 Tn4+3Tn

o, = 9 log , Bn = 92 log 7, Vn = .
Tn Tn+2Tn+1

Proof It follows from Eqgs. (43) and (16). O
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Proposition 3.8 (Multiple Toda equations) The functions q,:=log H, and f,;:= S;El] _
p,ll 41 Solve the system

79%1 = fn—l - fn’

) (44)
U fn— Chfn— fur1 — fu—D)O f = gln+1dn=1 _ gfn+27dn
Proof Using Eq. (43) we write
9S8 = —a, s 4 s st wa_H)(a_H)!,
9S8 = (wa_sthst — p=1a> 1.
Acting with ¥ on the first equation an using then the second equation we get
(@a_shst — stha, sM 4 a, H'a_H - H 'a®> H
— 9251 _ (5[1](5[1] _ a_S“]))
Then, the equation reads
fn—lﬁfn — fnﬁfn—l—l + e‘]n+2_‘]n _ e‘]n+1_4n71
= =02 fu+ (fo = far DO fu + fo @ fo = O fus1)
that after some clearing leads to Eq. (44). O

Theorem 3.9 The t-function satisfies the following nonlinear third order differential—
difference equation

0T U, U,
1?31'”_;_1 _ ( n+2 + n+1 n

+ )1921, o+ (19171—1—1)2 (ﬁfn—i—Z _ ﬁTn)
n

Tn+2 Tn+1 Tn Tn+1 Tn42 Tn
Tp+3T, Tn+2Tn—1
_ n+3tn . n+21tn . (45)
Tn+2 Tn
Proof Notice that the first equation ¥¢, = f,—1 — fu, when the 7 function is used,

becomes an identity, indeed
Vg, = vlogt,4 — O logt,, foo1— fu= p,ll — p,llH = —vlogt, + ¥ logt,41.

Then, the second equation reads

T+2Th—1 _ Tn43Tn

—3 log 7,41 — ¥ (2log 141 — log 1,42 — log 'cn)ﬁz logt,41 = ,
Tn+1Tn T+2Tn+1

that expanding the differentiations leads to

20T+ OTpDP g1 P g

3 2
L Tovl Tn+1
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2 2
n (@ t41) n D T+ (219Tn+1 _ VTuq2 ﬁfn) 3T T 2Tl
‘L"%_H Tn+1 Tn+1 Tn+2 Tn Tn+2Tn+1 Tn+17Tn

and after some clearing we get

Ut 92t 931 Ut 2 92t Ut Ut
_( n+12) n+1 + n+1 +<_( ;4—1) + n+1 (_ n+2 . n)

Tt Tn+1 Tiil Tn+1 Tn+42 Tn
Tn+3Tn Tnt2Tn-1
Tn+2Tn+1 Tn+1Tn
from where we immediately find Eq. (45). O

Remark 3.10 For the discrete hypergeometric orthogonal polynomials the standard
Toda equation, see for example [55, Equation (168)], can be written in terms of the
t-function as the following nonlinear second order differential-difference equation

2
2 (P Tur1) Tn+2Tn
0 Tn-‘,—l - = .

Tn+1 Tn+1

We clearly see that (45) is an extension to the multiple orthogonal realm of the standard
Toda equation.

Next we write this multiple Toda equations as the following Toda system for the
recursion coefficients «, 8 and y:

Proposition 3.11 For multiple orthogonality with two weights we have the following
Toda type system:

da =B — ai B, (46)
U=y —ayry + pla—a —a), “47)
9y = y(ala — a). (48)

Proof Equation (46) is immediately obtained from (41a). From (41b), analyzing diag-
onal by diagonal we can obtain two different equations:

195[1] = —p,
y = =SB+ (@a_stthst,

using equations above and expressions for «, B and y depending of S1? and S!!! we
obtain (46), (47) and (48). O

Proposition 3.12 (Lax pair) The matrices T and ¢ are a Lax pair, i.e. the following
Lax equation is satisfied
0T =[¢,T] = [T+, T], (49)
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where

T_ = (A")’y + A'B,
T,=T—-T_=a+A.

Proof We have T = SAS~! so that

HOT = ¥ @DHAs — SAS 1@ @857 = @@ g5)s~1 §AS‘£—§AS‘£(ﬂ(“)S)S_1

6@ T T $@
and we get Eq. (49). The other form can be proved with (41b) and:
[~ T, T1=[Ty —T,T]=[Ts,T1I.
O

Remark 3.13 As mentioned in Remark 2.9, the previous results are applicable to more

general situations beyond generalized hypergeometric series. The only requirement is

that 9w@ (k) = kw@ (k). Once again, we utilize the tau function defined as t, =
1 2

Walpg . pg 1 where pi® = Y02y w@ (k).

Coming back to the hypergeometric situation, there is another compatibility equa-
tion for Laguerre-Freud matrix, when we make calculations for concrete cases of
multiple orthogonal polynomials we will name it Compatibility 1I.

Proposition 3.14 The following compatibility conditions hold for recursion and
Laguerre-Freud matrices

SV = [p, U] = [-T_, ¥] = [V, T_], (50)
SUT = W [, W] =0T+ [T, W], 51)

with lower triangular matrices :=pD + 1 and ;L(“)::(ﬂ(a)H_l)H +H 1¢@H.
Proof We have that

0(z2)B(z — 1) = VB(2),
9 B(z) = ¢B(2).

Therefore,
D@ ()B(z—1) =9(¥VB(z) = WV¥Y)B(z) + VU B(z) = (WV) — V¢)B(z),
then

V(@ ()B(z—1)) =((0V¥)+¥¢)B(z).
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We also have
B (O(@)B(z—1)) =0(x)¢pB(z — 1) = ¢V B(z).

Equating above relations and grouping terms and using Lemma 2.11 we find that
oW = [¢, V]

To prove (51) we need to show first #(DAD = pMAD @ADL = [, 24D
PDA?D = [ WA@ and 9P AP = ;1D AP We will prove equations for AD
because for A? it is analogous:

D AD Z pO 15 xD = (3@ F NS + B (9@ §)xD
=WPH HYHHE'SXD
+H ' @PSHTSHTHTISH XD
= ((WPH YH+H T0PHS TH)AD.

Hence, we get

D AN — (OHYH + H gD H) AW,

e
and
sM AWM — ﬁ(l)(H_lg)X(l) — ((19(1)[_1—1)5* + H_l(ﬁ(l)S'))X(l)
=wVH HYHE'SXxD
+H Y YSHHETIH I HTIHXD
= ((VYH YH+H '0VHSTH)AD.
Consequently,

SDAD — (@O Y H + H GO )y AD,
na

if we add both last equations we have # AV = 1A (and for A® there is the same
equation). The compatibility Toda—Pearson must hold:

0(1)(Z)A(1)(Z +1) = \I]TA(l)(Z)’
AV (2) = AW (2),

On the one hand

2V @AV @+ 1) =0 WAV (@) =2 (WH AV (@) + ¥T9AD ()
=2(WNAV @) + WAV @).
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On the other hand
20 VDAVC+ 1)) =V @AV + 1)+ oV @uAV+ 1) = 7 +weTab().
Consequently, equating both:
9(¥HAV () + WAV (@) = 7 + e AV (),
and using Lemma 3.21 we finally get

S (W) = W' + [u, UT].

3.2 Multiple Nijhoff-Capel discrete Toda equations

We will now study the compatibility conditions between shifts in the three families of
hypergeometric parameters:

1 & 2 (@)
S FR Ul T (9

for functions u,. We will use the following notation:

(i) & denotes a shift in one and only one parameter in the first family of parameters,
ie., bgl) — bﬁl) + 1 for only one given r € {1,..., MD}. The corresponding
tridiagonal connection matrix is denoted by (", and we define d ::bﬁl).

(ii) u denotes a shift in one and only one parameter in the second family of parameters,
ie., bs(z) — b§2) + 1 for only one given ¢ € {1, ..., M(D}. The corresponding
tridiagonal connection matrix is denoted by Q(?), and we define d ::béz).

(iii) u denotes a shift in one and only one parameter in the third family of parameters,
1.e.,,cs — cg—1foronlyonegivens € {1, ..., N}. The corresponding tridiagonal
connection matrix is denoted by Q) and we define d =c, — 1.

(iv) u denotes the shiftn — n + 2.

Lemma 3.15 Connection matrices fulfill the following compatibility conditions:

QWQM — QH(® (52a)
QOIO@ — Q(Q)Q(AY), (52b)
QMO@ — Q@M (52¢)

Proof In the one hand, connection formulas can be written as follows

Q"B = B, Q8B = B,
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sothat QB = B and, consequently, QWO B = QB = B. On the other hand,
we have QWB = B so that QQ®B = QB = B. Hence, the compatibility
P = P leads to (52a). Relations (52b) and (52c) are proven analogously. O

From this point we will use the following notation:

1 1 2 2
Hyp,=:u, Hy11=:v, Sén]::f, Sén]H::g, Sgn]::F, S£H]+1=:G.

Theorem 3.16 (Multiple Nijhoff—Capel Toda systems) The four functions u, v, f and
g satisfy the following 3D system of four nonlinear difference equations:

(i) For the shifts’,” and ™

sF-PN+if-PH+ef-p=

[y =

N

Ko ]
|

Sy K

v
+

IS
S
<> T
|
Sy |
S—

(53a)

Foa o~ . = 22, 1 (o
f(g—g)+f(g—g)+f(g—g)=~<~—:), (53b)

d\v v

la = - i - = 19 ~ 3

A=+ (f=H+ . (f=f)=0, 53
dﬁ(f ) dﬁ(f ) dv(f ) (53¢)
Lt G p Ve -p=0 (53d)

(ii) For the shifts’,” and

Sy S

sF-PH+ef-P+af-h=

[y —
-

S Sk [ V¢

) (54a)

el =e L 1 v 1{v v
f(g—g)+f(g—g)+f(g—g)=~< —~>+v<v—:>,
d v d\vV 7
(54b)
LTI S PP S SRR L S S (54c)
d i dv d?v -
7 - 10 S T
L E@=-9+ .. E—2+ ..(g—5 =0. 54d
dﬁ(g g)+dﬁ(g g)+dﬁ(g 8) (54d)
(iii) For the shifts’, and
1 1

L:t - x Vv X
f=DH+ . (f=f)=0, (55a)
u U
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i ¢ 19 4
8-+ .. (g—9 =0, 55b
db_t(g g) dﬁ(g g) (55b)
T SV B &7 7
gf—pN+eglf—-H+glf=-f= ( — ) (55¢)
d\u u
- A ZX o 2/\ X 1 ‘l’_)\ 1_)
f(g—g)+f(g—g)+f(g—g)=v<x—v)- (55d)
d \?D 1%

Proof (i) From (52a) we can find the following two non-trivial equations for matrices
S and H from second and third subdiagonals:

1 ~ 2 ~ N 2 1 n
g(az_H)H_l + (a_St — q_ Sty s _ glily 4 C?I(I)H_laz_H

1 x ~ N - X 1 ~
= H Y2 )1 + (a_sM — a8 (ST — iy 4 J(aZ_H)H_l (56)

QU

and
1 A = A 1 A A x
g(aZ_H)H_l(az_S[l] — a2 St + £1<2>(a3_H)(a_H—1)(S“] — Sthy

1 ~ X 1 - - z
= Czl(“(aZ_H)H—1 + Cz(aiH)(a_H_l)(S[” — sty (57)

From (56), equating by one side the terms that multiplied /" we obtain (53a) and
from the terms multiplied by 7?) it is obtained (53b). From (57), equating terms
in 7V it is obtained (53¢) and from terms in 7@ we get (53d).

(i1) From (52b), we find two non-trivial equations for matrices S (l'and H from second
and third subdiagonals:

1 v < v v X 1 v
j(az_H)H_l + (a_ St — q_Stystl — gty 4 ‘zl(z)H_laZ_H

1 5 5 <M1 = S 1 .
— dVI(Z)H_la%H + (a_S[l] _ a_s[l])(S[l] i S[l]) + g(az_H)H_l(Sg)

and
1 vox v 1 v v x
g(aZ_H)H_l(az_S[l] — a2 St + Jl(l)(a_H_l)(aiH)(S[l] — St

1 < ~ 1 - - <
= JI(Z)H_laZ_H + Cz(aiH)(a_H_l)(S“] — Sty (59)

From (58), equating by one side the terms that multiplied /(1) we obtain (54a) and
from the terms multiplied by 7 it is obtained (53b). From Eq. (59), equating
terms in /1 it is obtained (54c) and from terms in /® we obtain (54d).
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(i11)) From (52c), from third subdiagonal we can obtain
1 ~ ~ % 1 X ~ -
g<a2_H—1)1“><a3_H)<S“] — St + &ﬂ“H—l(az_H)(aZ_sm — a2 8t

1 ~ n 2 1 A R
= C;’I(Z)(a—H_])(aiH)(S“] — Sty 4 d1(2>H_1a2_H (60)

and from the terms of /() we can obtain (55a), and from terms of /® we can
obtain (55b).
From second subdiagonal we get the following equation:

{I(z)ﬁ_laz H + (a_SUHSM _ (q_ Sty st — §[1]) + 1AI(1)I-:I_1a2 H
d - d -

_ g2y (a_ SIS — (q_ §1y(§11 — §l1ly 4 hogen
d - d -
(61)

from terms of 71 we obtain (55¢) and from terms of 7 we deduce (55d).
O

Remark 3.17 EachsetofEqgs. (53),(54) and (55) is anonlinear system of four equations
of discrete partial difference equations in three variables for four functions. The first
two systems (53) and (54) are equivalent under the interchange of " «— 7 u <— v
and f «— g.

Remark 3.18 Notice that Eqgs. (53) and (54) can be considered for the AT systems
of weights described Lemma 2.4. Therefore, we are sure that the multiple orthogonal
polynomials do exist. For other cases, one needs to proof perfectness or that the system
is AT, which is still a open issue.

Remark 3.19 In[55], we discovered the Nijhoff—Capel Toda equation (Equation (128))
for standard non-multiple hypergeometric orthogonal polynomials [55]. It can be
expressed as:

NN
S Ko
SN
Sor ]

This equation is obtained by considering Equation (53a) with v = g = 0. Conse-
quently, we refer to these systems as multiple Nijhoff—Capel Toda systems, namely
(53), (54), and (55). The mentioned equation is the fifth equation among the canon-
ical types for consistency equations corresponding to an octahedral sub-lattice, as
described in [4] and [45, Equation (3.107c) and §3.9].

Theorem 3.20 The multiple Nijhoff-Capel system (54) reads

1 ~1 ~1 ~1 X1 ~1 ~1 ~1 21
‘L'2n+1 Ton _ Ton + IZH—H Ton _ Don + t2n+1 Ton _ on
T2n+1 ‘E2n f2n ‘EZn +1 fz n ‘EZn f2n—|— 1 on %Zn
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1 (Tt Ton Tongl T N 1 (Tmt1 Ton Tong1 Ton
- = 2 2 = ~ - ~ - x ’
d n Ton+1 T2n T2n+1 d 2n T2n+1 Dn Tl
=1 [/z1 A1 =1 /21 ~1 21 (21 £1
Ton [ T2n+1 4 D41 Lt TOn [ T2nt1 Tont 4t Ton [ Tont1 r2n+1
‘E2n ‘EZn—I—l TZn—H TZn f2n+1 TZn—H 772n f2n—|—1 ‘L’2n+1
L T T Ton Tongd
— 51z 2 = ~ >
d \ Ton41 Ton Dn+l Top
2 2 al -1 = z -1 =1
L Tong1 T (To, Ty n L Dnt1 T [Ty, Toy
d T Touer \Ton T d T Topag \2n Ton

= - -1 A1
I T Ton41 Ton _ Ton -0
d Ton+1 Ty Ton Ton
E 2 71 21 13 z 71 71
Ton+1 Ton 2+l _ Tkl ) T2n+1 T2n 2n+1 _ “2n+1
d Ton Ton+1 TZn—H 72n+1 d Ton Tyl %2n+1 T2n+1
~ X =1 Z1
I Tont1 Ton T T
+ : N _2n+1 _ 2n+1 —0.
Ton Topg1 \ P2n+1 Tzn+1

Notice that we have large families of solutions to this system of equations in terms of
double Wronskians of generalized hypergeometric functions.

Proof Use the T-function parametrization

2041 o 22 fe Don _ D1
= " =

b

on T2n+1 2n T2n+1

Lemma 3.21 If a matrix M is such that MXY(z) = MXP (z) = 0 then M = 0.

Proof We have that

1 d" XxD(z)
n! dz”

1 d" X9 (z) B
z=0 n! dz? =0

(M . . .
Observe that ! "X 4z @ {Z _o 1s the vector with all its entries equal to zero but for a 1

nx2
in the 2n-th entry Slmllarly, d X , @ ! _o 1s the vector with all its entries equal to

zero but for a 1 in the (2n + 1) th entry Therefore all the columns of M have O all its
entries. O

Lemma 3.22 The following equations are satisfied

T = o TT (62)
TP = o DTT (63)
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TTa)(s) — a)(s)TT (64)
holds.
Proof From eigenvalue equation for 77 and A®, AOTT = zA@ and (34) for this
case, A(“)(Z) + A(“)(z) it can be seen
AOTF — 4@

so that

(r) (r) (r)
j~T erA(a)(Z) =z erA(“)(Z) — erTTA(a)_
z+d z+d z+d

Hence, if we denote M = (TT0® — TToWT)H1S we find MX@ = 0 so that,
according to Lemma 3.21, we get that M = 0 and as H~'S is a lower triangular
invertible matrix we conclude the result. and finally we get

T 0" = "7,

For Eqgs. (63) and (64) it can be proven analogously. O

Theorem 3.23 The six functions u, v, f, g, F and G fulfill the following system of six
2D nonlinear difference equations

(i) For the shifts”and ~:

d(G—F+F ~+f<z:>—§>+g<f—f))=;—g, (652)

AdF—G+G—F+3(f—f)+ fG— :Z—z (65b)

ﬁ~ T - .

-(g— f)+d(g (G — F- f(f +d.=d_+ G- f)

u u u u

+d(f — f)(F —8(g— f)) (65¢)

vvvv

5(f—g)+d(f—f)(F—G—g(g—f))+dﬁ=dv 5(f g)

+d(g—8(G—F— f(f—2), (65d)

5(G f(f—g))+dﬁ(f—f)=d5(f—f)+b:t( —F— f(f-2),
(65¢)

P - = I T

ﬁ(F—G—g(g—f)Hdﬁ(g—g)=dﬁ(g—g)+ (F G—32(g-— f))

(651)



Toda and Laguerre—Freud equations and tau functions for... Page310f43 30

(ii) For the shifts” and ":

L =dG-F—C+F+f@G-d+if -, (66)
&F—G—F+é+af—ﬁ+f@—@=—; (66b)
Lt G-DG-F- (-2 ="+ (- HF -G —3G- .
u
(66¢)
TV 5
=D +d(f = DEF -G - — ) +d,
=éz dg—8)(G—F—f(f—2)+ yf 2, (66d)
v : . = x vs = = 0 - ¥
(G—F—f(f-g+d.(fF—PH=d_(F- D, (66e)
v u v
ﬁ( —3) = Z@ D+ @—G—g@—ﬂy (66f)
(iii) For the shifts”and
AG—F-CtF+efe Pt fG—bn=-" (672)
u
AF—G-F+G+f@—g+a(f—f = Z (67b)
A LE{ _ A A 2 2 2 A 1; R 2
d(: +(g—g)(G—F—f(f—g))> + .-
u u
; _ i
LE— D+ (ﬁ+u F - g@—ﬂo (67¢)
u
?Hf AE-G-2@—1) = +@—@@—F—f&—@x
(67d)
A (F-H=d"(F - P+ G-F—FF-2). (67e)
u 1] u
CE-G-sG-fN+d G-8=d"(g—2. (67)
1)) v u
Proof From (64) we obtained three non-null diagonals. From first diagonal
62(514_‘5'[2] — sl2 + Sl _ a+§[2] + S'[l](a_S[l] _ a_S‘[l]) + a+§[1](§[1] _ S[l]))
_aH azH
N Cl_f_ﬁ I‘} ’
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if we take 1 part we obtain (65a) and from [ ) we obtain (65b); from second
diagonal

2
(0, S1T — 3y a;IH +d(a ST — a8 (q, §121 — 321 _ S5 _ g 3l

2 17 2 2
~a“H ~a H a H
+d . =d .+ . (a_SM— g% gl
H H H

—}—c?(S[l] _ S'[l])(SD] _ Cl_S[Z] _ a_S[l](Cl_S[l] _ a2_5[1]))’

from part coming from 71 it can be obtained (65¢) and from part of I it can be
obtained (65d); from third superdiagonal

3 2
a—ff(a+g[2] L E g sy 4 g% g2 st _ g2 5,
a_H H
3
_ g™ s _ g
a_H
a2 H

+ g (a_S[Z] _ aZ_S[Z] _ aZ_S[l](aZ_S[l] _ Cl3_S[1])),

from part of 1 (1) it can be obtained (65¢) and from partof / ) it can be obtained (65f).
From (63) we can obtain three non-null diagonals. From first superdiagonal

2
_H aZ H v v v . v
1O g @T ey s - s121 g §121 g §20 4 g (g s g 1)
arH H

+a+§[1](§[1] _ S[l]))

from part of / (1) it can be obtained (66a) and from partof / ) it can be obtained (66b);
from second superdiagonal

2
I®) “;;[H (ST S0 4 g st — g §1) (g, §120 — 3120 _ g0 _ o 30y

+d(st — Sty (sl —q_gl21 g gllq_ gl — 2 glll))

2
a- H
+1? - (a_st — o2 sl

from part of I(1 it can be obtained (66¢) and from part of 1?) it can be obtained (66d);
and from third superdiagonal

3 2 1
O “—g (0§12 3121 SIS _ g3 4 J“—;’ (@2 sl — g2 311
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3 2
v N - a- H
= d(stM - 3y Tt 1@ . (a_ s — g2 g2 g2 glllj(g2 gl1) g3 gllly)
a_

from part of 1 () we can obtain (66e) and from I® we can obtain (66f). O

Remark 3.24 Notice that

2 2
T T
F 2” , G 2n+1 ,
T2n T2n+1

As we did in Proposition 3.20 for the multiple Nijhoff—Capel Toda system we can get
t-function representation of the system (65).

4 Laguerre-Freud equations for generalized multiple Charlier and
Meixner Il

We will begin by applying the previous developments to the multiple orthogonal poly-
nomials discussed in [17], specifically the multiple Charlier and Meixner II sequences
of multiple orthogonal polynomials. It has been proven in [17] that in all these cases,
the system is AT, indicating that we are dealing with perfect systems. Subsequently,
we will proceed with the study of generalizations of these two cases. The original
polynomials were found in [25] and [58], respectively.

We will demonstrate that it is possible to discuss Laguerre—Freud equations in
all these examples. In this multiple scenario, we extend the concept of Laguerre—
Freud equations to encompass nonlinear equations satisfied by the coefficients of the
recursion relation in the form:

Vn :ﬁn()’n—l, /311—1’ ai’l—19"')7 (683)
Bn :gn()/n’)/n—l, Bn—1,n—1,...), (68b)
al’l :%l(yﬂv 13119 Vl’l—]’ﬁn—laan—la---)- (680)

4.1 Charlier multiple orthogonal polynomials

In this case we set

(hHk )k
T wd) ="
k! k!

w (k) =
if M, n® > 0, it is an AT system, and polynomials 6, o) and o® are:

6(k) = k, oW k) =nWD, oD k) =n?.

Now, 0D and 0@ are degree zero polynomials and 6 is a degree one polynomial,
consequently there are not non-zero subdiagonals and there is only one non-zero
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superdiagonal, this is:
W = lﬁ(o) + 1//(1)'

To obtain Laguerre-Freud matrix firstly it is used ¥ = a(l)(TlT T + 0(2)(T2T )T,
from this expression it is obtained:

Yy @ = WM 4 @@ v =y D+ 5@Dp,.
From the expression ¥ = I1-'6(T) we get
y =1, vO® =q —a,.D.
Attending to the above results the Laguerre-Freud structure matrix is
U=y 4 @ 7@ 4 A

Let us discuss [V, T] = V. First we obtain that [V, T] = ATI]f(_l) + &(O) + 1/7(1)A,
1.e.,

vV =y —ary = B0 — AV —1?),
O =pg—ap
,’}(1) —a.o—o+ (77(1) _ 77(2))(1(1) _ [(2))’

equating these to Laguerre—Freud matrix W we obtain three non-trivial equations:

ao—a=1+n0—y@)® _ [y

B—aif = ,7(1)](1) + 77(2)1(2)7

y —apy = ,3(77(1) _ 77(2))(1(1) . 1(2)),

From compatibility equations we get

o, = 2n + o, Aon+1 :2n+1+n(2) _77(1)"‘0[0,
Ban =n(n'V +n'?), Banr = n((n? + ) + 0D,

yant1 = nn@ (@ — M), yania = (n+ DM —5@),

where n € {0, 1, 2, ... }. These results have been found previously in [17].
4.2 Meixner of second kind multiple orthogonal polynomials

In this case we have:

(k) = k, o W(k) = nk + by), o@D (k) = n(k + by).
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The weights are:

n* n*
wh (k) = bk, w® k) = bo) -

if b1, by, n > 0, according with Lemma 2.4, it is an AT system.
The Laguerre-Freud matrix has four non-trivial diagonals:

W =AY 4y DA,

The main diagonal and the first super diagonal can be obtained by means of W
n—to(r):

vy =1, vO® = —a,D.
Both subdiagonals are obtained through ¥ = a(l)(TlT )T + o® (T)I3:

1 1 — _
@ =@+ DD 4 2 DM 4 b 1D 4 5y 1@, D =g, D =gy

30

Using Compatibility I we can obtain three non trivial equations from first superdiag-

onal, first subdiagonals and the main diagonal, respectively:

1
ca—a= (D + b —b)U? -1V,
n

ay =y =1 U+ =y 1%,

1
arp—p= (@ —a D).
n—1
Equating both expressions for (9 we obtain expressions for a:

1
2n+1)+
n 1

oy = 2n + L n(l’t +b1), apy1 = {_

n
b
=y | — 77(n—i— 2)

From compatibility conditions we obtain:

N )}
fsr = 2G04 nlbr b+ D)+ b,
772
Y= n)3n(n + b1 — D+ by —b2),
772
Ykl = 71)3n(n + b2 — D(n + b2 — by).
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As we can see, results for oo, 2,41, Ban, BPan+1, Y2n and y2,41 agree with results
obtained in [17].

4.3 Generalized Charlier multiple orthogonal polynomials
In this case we have that:

0(k) = k(k + c), oD k) =D, o @ k) =n?.
The weights are

1 pF
(c+ 1) k!

1 p@F

, w® (k) =
(c+ 1) k!

w (k) =

are for ¢ > —1,7", n® > 0, according to the Lemma 2.4, AT systems. Due to
the o1, 0 and 6 polynomials degrees, Laguerre-Freud matrix has three non-trivial
diagonals:

U = 1p(o) + w(l)A + w(Z)AZ_

By means of W = I1716(T) we can obtain expressions for first and second subdiag-
onals and through & = H{a(l)(TlT ) + 1'[£<7(2)(T2T ) the main diagonal is obtained:

gy = OO L@@y g gty te—aiD,  y? =1

From Compatibility I non-trivial equations for first superdiagonal, main diagonal and
first subdiagonal are obtained:

a_f—ayf=(@+I1—a_a)(a_a+a+c—arD)
+ (77(1) — ,7(2))([(2) — [(1)),
pWI® 4 @12 — _ uiy +Ba_a+aoa+c—ayD)
—ay B+ ara+c— aiD),
B =D —1?) = y(a®a +a_a+c—D)

—ary(a+ara+c— aiD).
These equations can be written element by element respectively as

Buiz — Bn = (@ 4+ 1 — atny)@up1 +an +c —n) + (=1)" 1 — @),

CORIG) o1y p — @
2 2
— Bulay +op—1 +c—n+1),

(=1 Bus1 (1D = @) = ypi2(otnsr + atnst +c —n — 1)

= Y42 — ¥n + Bur1(@ng1 + oy +c —n)
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— Yn+1(oy +@y—1 +c—n+1).

From Compatibility II we obtain three non-trivial equations from first superdiagonal,
main diagonal and first subdiagonal, respectively:

af-afp=@+I—aa)aatatc—aD)+nV @A —10),

Y= aiy =1 4 7@ 1@ pa,Ba+ara+c—alD)
—Bla_a+ao+c—ayD),

B —y®ya® — 1Py = y@?a+a_a+c—D)—ary(@+ara+c— u%rD).

Proposition 4.1 (Laguerre—Freud equations) Laguerre—Freud Equations (68) for gen-
eralized Charlier multiple orthogonal polynomials are

apt2=n+1—c—oyyq
7,5 (D" Bt 10 = 1) + o1 @ + e+ —n+ 1),

B2 = Bn + (ap + 1 —app1)(@py1 + 0oy +¢c—n) + (_1)n+1(77(1) - 77(2))’
V2 = Vo + Bnlatn +ayp—1 +c—n+1) — Buri(aps1 +ay +c —n)

M 4,2 1) _ (2
N+ n —n
—1)" .
+ 5 + (-1 )

4.4 Generalized Meixner of second kind multiple orthogonal polynomials
In this case we have

0(k) = k(k +c), oD (k) = nlk + by), o@D (k) = nlk + by).
The weights are:

bk n* (b)r 1~

w k) = : w k) = :
(c+ Dy k! (c+ Dy k!

if by, by, n > 0 and ¢ > —1, according with Lemma 2.4, it is an AT system.
In this case Laguerre—Freud matrix has five non-null diagonals, it is:

Second and first superdiagonals are obtained using W = [1710(7T):

y@ =1, yW=a+aa+c—ayD,
v O =a,B+B+al@+c)—arD(ara+a+c)+ aiH[_z].
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Using ¥ = o D(THIT] + o @ (7)) IT5:
v =qy, ¥y V=g O =n@+ 10D+ b))+ 17 @ DY + by)).

From Compatibility I we get three non-trivial equations from the first subdiagonal,
the main diagonal and the first superdiagonal, respectively:

n(ayy —y) +y@_a+a a+c—D)—ary(asa +a+c—aiD)
=B (10 + (b1 — by (d D — 1)),
y—aly =n (a +B—ap+1V@D!M + b))+ 1P @A DY + b2)>
+C1+,B(Cl+0( +a+c¢c— CliD)
—Ba@+a_a+c—arD),
a_f—arf+ (a0 —a) (@ —a_a+c—ayD)
(e —aa+ G —bUV - 1?) —1P) =a+aa+c—a,D,

Equations above can be expressed as

N(Vn+1 — Vut2) + Vo2 (@1 + g2 +c— (n+ 1) — yur1(oy + opp1 +¢c —n)

1 -1
=nﬂn+1< “2 ) +(—1)"(b1—b2>>,

V2 — Yn + Bnv1(on +opp1 +c —n) — Bulop—1
top +c—m—1)+nBn — But1)
n—1 1 1—(=D" b
_ b 1+=D"Y),
U(an-i— 2 +<2+ 2) 2 +2(+( ")
ap +opp1 +c—n= By — Bu + (Anp1 —ay)(ay — opp1 + ¢ —n)

1y —1
n (an s + (=1 by — b + )2 )

respectively.
From Compatibility I we obtain

nasy —y) +y(a_a+a a+c— D) —ary(are+o+c—aiD)
=BV + (b1 — )1V = 1?)),

y —ady =nla+p—asp+I1D@D!" +by) + 1P @@ DM + b))
+Cl+,3(Cl+Ol +oa+c— Clﬁ_D)
—Ba+a_a+c—arD)
nI+a’a—a)=T?B+a_B—B—a B+ala(@a+c)—ala+c)
—a_D(@®a+a_a)+aD(a + asa)
—2cl + 772 — ain[_z].
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as we can see that first and second equations appear in compatibility I.

Proposition 4.2 (Laguerre—Freud equations) Laguerre—Freud equations (68) for gen-
eralized Meixner Il multiple orthogonal polynomials are

ap2=n+1—c—app1 + Vn__4_12 Wnt1 (o + apg1 +¢ —n) + (V2 — Vat1)

1 -
+77/3n+1( “2 ) +(—1>”(b1—b2>>>,

Brizo=B—n+a,+ayp1+c—n— (a1 —ay)d—n—oup1 +c—n)
(=D" -1
, )
Yat2 = Vot Bn(du—1tan +c—n+1) — Boyi(@n +ony1 + ¢ —n) — 9By — But1)

n—1 1 b 1— (=" bll Iy
+n<w4— ) +<2+ 0 ) +2( +G—)O.

= 1@ = e + (<1 (b = b2) +

Conclusions and outlook

Adler and van Moerbeke extensively utilized the Gauss—Borel factorization of the
moment matrix in their studies of integrable systems and orthogonal polynomials [1—
3]. We have also employed these ideas in various contexts, including CMV orthogonal
polynomials, matrix orthogonal polynomials, multiple orthogonal polynomials, and
multivariate orthogonal polynomials [5, 7-16]. For a comprehensive overview, refer
to [53].

In a recent work [55], we applied this approach to investigate the implications of
the Pearson equation on the moment matrix and Jacobi matrices. To describe these
implications, we introduced a new banded matrix called the Laguerre-Freud structure
matrix, which encodes the Laguerre—Freud relations for the recurrence coefficients.
We also discovered that the contiguous relations satisfied generalized hypergeometric
functions, determining the moments of the weight described by the squared norms
of the orthogonal polynomials. This led to a discrete Toda hierarchy known as the
Nijhoff—Capel equation [59].

In [54], we further examined the role of Christoffel and Geronimus transforma-
tions in describing the aforementioned contiguous relations and used Geronimus—
Christoffel transformations to characterize shifts in the spectral independent variable
of the orthogonal polynomials. Building on this program, we delved deeper into the
study of discrete semiclassical cases, discovering Laguerre—Freud relations for the
recursion coefficients of three types of discrete orthogonal polynomials: generalized
Charlier, generalized Meixner, [37] and generalized Hahn of type I [36].

In [35], we completed this program by obtaining Laguerre-Freud structure matrices
and equations for three families of hypergeometric discrete orthogonal polynomials.

In this paper, we extend the previous lines of research to multiple orthogonal poly-
nomials on the step line with two weights. We derive hypergeometric 7-function
representations for these multiple orthogonal polynomials and introduce a third-order
integrable nonlinear Toda-type equation for these t-functions. Additionally, we dis-
cover systems of nonlinear discrete Nijhoff—Capel Toda-type equations satisfied by
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these objects. Finally, we apply the Laguerre—Freud matrix structure and compati-
bilities to derive Laguerre—Freud equations for the multiple generalized Charlier and
multiple generalized Meixner of the second type.

As a future outlook, we highlight the following five lines of research:

(i) Finding larger families of hypergeometric AT systems.

(i1) Analyzing the case of p weights with p > 2.

(iii) Studying the connections between the topics discussed in this paper and the trans-
formations presented in [21, 22] and quadrilateral lattices [31, 56].

(iv) Exploring the relationship with multiple versions of discrete and continuous
Painlevé equations involving the coefficients «,,, 8,, and y;,. The results presented
in this paper constitute progress in this direction, as identifying this connection is
a nontrivial problem that can be further investigated in future works.

(v) Discussing higher-order integrable flows and finding applications to multicompo-
nent KP-type equations.
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TODA AND LAGUERRE-FREUD EQUATIONS FOR MULTIPLE DISCRETE
ORTHOGONAL POLYNOMIALS WITH AN ARBITRARY NUMBER OF WEIGHTS

ITSASO FERNANDEZ-IRISARRI! AND MANUEL MANAS?

ABSTRACT. In this paper, we extend our investigation into semiclassical multiple discrete orthogonal polynomi-
als by considering an arbitrary number of weights. We derive multiple versions of the Toda equations and the
Laguerre-Freud equations for the multiple generalized Charlier and multiple generalized Meixner II families.

1. INTRODUCTION

Discrete multiple orthogonal polynomials, 7-functions, generalized hypergeometric series, Pearson equa-
tions, Laguerre-Freud equations, and Toda type equations are intricate mathematical concepts that are
deeply intertwined and have broad applications across various fields of mathematics and physics. They are
fundamental tools for understanding complex systems, integrable models, and specialized functions.

In our prior work, cf. [26], we focused on the scenario involving two weights. Now, in this exposition, we
venture into a deeper investigation of discrete multiple orthogonal polynomials encompassing an arbitrary
number of weights. We aim to unveil the intricate mathematical landscape surrounding these polynomials,
uncovering their symbiotic connections with r-functions and generalized hypergeometric series. Addition-
ally, we explore their fascinating applications in Laguerre-Freud equations and various instances of Toda
equations.

Orthogonal polynomials, see [33, 15, 5], an indispensable cornerstone of Applied Mathematics and Theo-
retical Physics, hold sway over a vast array of disciplines, finding utility in approximation theory, numerical
analysis, and beyond. Within this expansive realm, multiple orthogonal polynomials and discrete orthogonal
polynomials emerge as particularly intriguing subclasses.

Originating in 1895, Pearson’s pioneering work [45] in curve fitting gave birth to a renowned family of

frequency curves encapsulated by the differential equation ];((;C)) = Z igg Here, f denotes the probability
density function, and p; represents polynomials of degree at most i, for i = 1,2. Pearson equations, an
enduring subject of study, find their nexus with orthogonal polynomials through their solutions, which often
align with or closely resemble certain families of orthogonal polynomials. Central to this connection is
the weight function that underpins the orthogonality properties of these polynomials. These equations have
garnered considerable attention owing to their intimate connection with special functions, including classical
orthogonal polynomials like Legendre, Hermite, and Laguerre polynomials, as well as their extensions. Our
approach in this study involves employing the Gauss-Borel method for orthogonal polynomials, extensively
discussed in a review paper [40]. Building upon our prior research, which explored the application of this
technique to various domains, such as discrete hypergeometric orthogonal polynomials, Toda equations,
t-functions, and Laguerre-Freud equations [41, 23, 24, 25], we delve deeper into its implications in this

paper.
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2 I FERNANDEZ-IRISARRI AND M MANAS

Multiple orthogonal polynomials [44, 33, 42, 2] emerge when the orthogonality conditions involve mul-
tiple weight functions. In contrast with classical orthogonal polynomials, which rely on a single weight
function, multiple orthogonal polynomials possess a more intricate structure due to the presence of several
weight functions. These polynomials have been extensively studied and find applications in various fields,
including simultaneous approximation, random matrix theory, and statistical mechanics. For insights into
the utilization of the Pearson equation in multiple orthogonality, refer to [18, 8] and also [9].

In contrast, discrete orthogonal polynomials [33, 43] arise when orthogonality conditions are defined over
a discrete set of points. These polynomials are employed in diverse areas such as combinatorial optimization,
signal processing, and coding theory. They serve as valuable tools for analyzing and solving problems
in discrete settings, where the underlying structure often comprises a finite or countable set of points.
Discrete Pearson equations play a crucial role in the classification of classical discrete orthogonal polynomials
[43]. When the weight satisfies a discrete Pearson equation, we encounter semiclassical discrete orthogonal
polynomials, as discussed in [21, 22, 19, 20]. Furthermore, multiple discrete orthogonal polynomials have
been examined in [4].

The realm of integrable discrete equations [32] stands as an enthralling and consequential domain within
Mathematical Physics, shedding light on the dynamics of discrete systems endowed with extraordinary
attributes. These equations boast a complex algebraic and geometric framework, affording them soliton
solutions, conservation laws, and integrability properties. Integrability in discrete equations transcends
mere solvability, encompassing a wealth of conserved quantities and symmetries [1]. This integrability
property paves the way for the development of robust mathematical tools to analyze and comprehend their
behavior.

A distinctive hallmark of integrable discrete equations lies in their intimate connection with orthogonal
polynomials. These polynomials assume a pivotal role in crafting discrete equations with distinct character-
istics. The nexus between discrete equations and orthogonal polynomials offers profound insights into their
solutions, recursion relations, and symmetry properties.

The t-function, as elucidated by Harnad [31], stands as a linchpin in the domain of integrable systems,
seamlessly bridging the spectral theory of linear operators with the dynamics of soliton equations. Its
significance reverberates across various mathematical realms, including algebraic geometry, representation
theory, and special functions.

Semiclassical orthogonal polynomials and their associated functionals, supported on complex curves,
have been subject to extensive scrutiny in the context of isomonodromic 7 functions and matrix models by
Bertola, Eynard, and Harnad [7].

In the sphere of discrete multiple orthogonal polynomials, the 7-function assumes a paramount role,
encapsulating the intrinsic integrable structure and offering insights into the dynamics and symmetries of the
corresponding discrete systems. Its exploration unveils profound connections between diverse mathematical
entities and unveils hidden patterns lurking within.

Generalized hypergeometric series, a focal point of this research, represent a class of special functions
prevalent across diverse mathematical landscapes [14, 3]. Renowned for their exceptional properties, they
have been subject to extensive inquiry owing to their connections with combinatorics, number theory, and
mathematical physics. These series play a pivotal role in expressing solutions of differential equations,
evaluating integrals, and comprehending the behavior of various mathematical models.

Crucially, generalized hypergeometric series occupy a central position in the Askey scheme, a compre-
hensive framework that unifies essential families of orthogonal functions through a chain of limits [34]. The
Askey scheme, as extended to encompass multiple orthogonality in [6], provides a structured approach to
understanding various families of special functions.

Recently, we have made strides in advancing the multiple Askey scheme by establishing hypergeometric
expressions for Hahn type I multiple orthogonal polynomials and their progeny within this scheme [10], see
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[11] for the corresponding bidiagonal factorization, and [12, 13] for the explicit expressions for type I and
IT classical multiple orthogonal polynomials and ts recursion coefficients.

Laguerre-Freud equations form a family of differential equations that surface in the realm of orthogonal
polynomials associated with exponential weights. These equations encode nonlinear connections among
the recursion coefficients within the three-term recurrence relation for orthogonal polynomials. In essence,
they entail a set of nonlinear equations governing the coefficients {$,,y,} within the recurrence relation
2P, (2) = Pp41(2) +BnPn(2)+ynPn-1(z) characterizing the orthogonal polynomial sequence. These equations
manifest as Y41 = G(1, Vi, Yn-1s - - +» Brs Br=1, . . . ) and Bus1 = B, Yusls Yis « + - » B> Bri1s - -+ ).

Named Laguerre-Freud equations by Magnus [36, 37, 38, 39] with reference to [35, 30], these equations
have garnered attention in various contexts. Numerous studies delve into Laguerre-Freud relations concern-
ing generalized Charlier, generalized Meixner, and type I generalized Hahn cases [46, 16, 27, 28, 29, 19].

Laguerre-Freud equations share a profound connection with Painlevé equations, a family of nonlinear
ordinary differential equations initially introduced by Painlevé in the early 20th century. These equations
have garnered considerable attention owing to their integrability properties and the intricate mathematical
structures underpinning their solutions.

The intertwining of orthogonal polynomials with Painlevé equations stems from the fact that specific
families of orthogonal polynomials can be linked to solutions of particular Painlevé equations. This asso-
ciation offers profound insights into the solvability and analytic properties of Painlevé equations, enabling
the construction of explicit solutions through the theory of orthogonal polynomials. For a comprehensive
exploration of this interplay between these domains, refer to [47, 16, 17].

Expanding upon the insights gleaned from prior investigations [41, 24, 25, 23], this paper delves into
the interrelations among discrete multiple orthogonal polynomials, 7-functions, generalized hypergeometric
series, and specific equations such as Laguerre-Freud equations and Toda type equations.

In contrast, Toda type equations represent nonlinear partial differential-difference equations of para-
mount importance in mathematical physics and integrable systems [31, 32]. Unraveling the nexus between
these equations and the aforementioned mathematical constructs offers profound insights into the dynamics
of discrete systems, the behavior of special functions, and the intricacies of integrable models.

In this paper, our goal is to offer a comprehensive exploration of discrete multiple orthogonal polynomials
with an arbitrary number of weights, 7-functions, generalized hypergeometric series, Laguerre-Freud equa-
tions, and Toda type equations. Moreover, we will investigate the intricate interplay between these entities,
uncovering their connections and mutual dependencies. Specifically, we will examine how discrete multiple
orthogonal polynomials intertwine with 7-functions and generalized hypergeometric series, unraveling the
underlying mathematical relationships.

Furthermore, we will delve into the practical implications of these mathematical concepts by exploring
their applications in Laguerre-Freud equations and Toda type equations. By examining both continuous and
discrete variants, we aim to showcase their significance in the realm of mathematical physics and integrable
systems, illustrating their versatility and utility in diverse contexts.

The layout of the paper is as follows. We continue this section with a basic introduction to discrete
multiple orthogonal polynomials and their associated tau functions. In the second section, we delve into
Pearson equations for multiple orthogonal polynomials, generalized hypergeometric series, and the corre-
sponding hypergeometric discrete multiple orthogonal polynomials. We discuss their properties, including
the Laguerre-Freud matrix that models the shift in the spectral variable, as well as contiguity relations and
their consequences.

In the third section, we present two of the main findings discussed in this paper. In Theorem 3.9, we
present nonlinear partial differential equations of the Toda type, for which the hypergeometric tau functions
provide solutions. Additionally, we discuss a completely discrete system, extending the completely discrete
Nikhoff-Capel Toda equation, and its solutions in terms of the hypergeometric tau functions.
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Finally, in the fourth section, we present explicit Laguerre-Freud equations for the first time for the
multiple versions of the generalized Charlier and generalized Meixner II orthogonal polynomials.

1.1. Discrete multiple orthogonality on the step line with an arbitrary number of weights. Let’s delve

into the fundamentals of discrete multiple orthogonality concisely.
We start by defining two sets of vectors of monomials in the variable x:

1 ea

X @ xeq
— a) _
X = K2|s x'4) = XQ?a,

where a € {1,...,p} and {ea}Zz1 represents the canonical basis in R”.
Next, we introduce the moment matrix:

M= X (k) (XD (ywD () + -+ XD (lw' D (k)"
k=0

where functions w(®), a € {1,..., p}, denote p weights supported on the homogeneous lattice Nj.
Now, let’s discuss some key matrix components:

i) Projection Matrices: These are semi-infinite matrices defined as
19 = diag(0,...,1,0,...,0,1,...),

where a € {1,..., p}, and non-zero diagonal entries occur in positions a +ip for i € N.
ii) Truncated Projection Matrices: These are defined as

1@ = diag(0,...,0,1,0,...,0) € RP*P,

with the non-zero element at (f(“))a,a, forae{1,...,p}.
iii) Shift Matrices: These are given by
0 1 0-evvvnne.

and AW = A1@) qe{1,...,p}.
We observe the following equations hold true:
AX(x) =xX(x), ADXP (x) =xXD(x)S44.
The moment matrix .# is a p-Hankel matrix, satisfying:
AM = M (AT)P.
We then consider the Gauss-Borel factorization for /:
M =STTHST,

where S and $ are lower unitriangular matrices and H is diagonal.
These matrices S and S can be expressed by adding diagonal matrices:

S=T+A"SH 4 (AT o g = p 4 ATSIEU L (AT)2502
S=T+A"SH 4 (A28 4o S = p 4 AT 4 (AT)2802

Additionally, we define the lowering and rising shift operators, a_ and a,, for diagonal matrices D as:
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a_diag(mg, my, ...) = diag(my,mo,...), a,diag(mo,my,...) = diag(0,my,...).
Lastly, we define multiple orthogonal polynomials:
i) Type I
AW = g8,
where n € {1,...,p}.

ii) Zype II:
B = S§X.
For perfect systems of weights, the degrees of these polynomials are:
+2-
deg B, =n, degAi,a) = u}—l, ae{l,...,p},

where [x] represents the smallest integer greater than or equal to x. Multiple orthogonality relations are
expressed as:

p o
Z Z AL (w @ (k)k™ =0, k€ {0,...,deg By_1},
a=1 k=0
D By (w @ (k™ =0, ke{0,....deg A}, ae{l,...,p}.
k=0

Let’s introduce the r-functions:

i) 7 functions are defined departing from truncations of the moment matrix Ml as:

7, = det .,

ii) t-associated functions T,{ with j € {1,...,n—1}, are the matrix determinants .#!"/! obtained from
') by removing the (n — j)-throw [M,—_j0 ... M,_jn-1] and adding, as the last row, the row
[Mno ... Muna].

Type I polynomials can be expressed as:
ﬂo,n
1 [n] :
A,(,“)(x)=— M : , neNyg, a €{1,...,p}.
Tn+l %n—l,n
(@ (a) (a)
| X X ‘ x!
Similarly, type II polynomials can be expressed as:
!
1 [n] :
B,(x) =— M - |, meNg.
Tn xn1
| My - My | X" ‘

These multiple orthogonal polynomials satisfy recurrence relations. Considering the multi-Hankel struc-
ture of the moment matrix .#, the banded Hessenberg matrix 7" can be constructed in terms of S and S as
follows:

T:=SAS =HS T(AT)PSTH.
Thus, we have a p + 2 terms recurrence relation that can be written as:

TB(x) =xB(x), TTAY(x) =xA¥(x).
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The banded Hessenberg matrix has p + 2 non-zero diagonals:
T=A+aQ +ATa® +...+ (AP,
where expressions for o matrices depending on § or S are as follows:
a® = q, s — gl
oV = a+S[2] —sl2 +S[1](a_S[1] _ S[l]),
a
o' = a+S[a+1] + gla-11 4 Z a‘_lS[“_i]S[_i],
i=1
g—a-1
- H‘l(a‘_’H)(af_“S[P‘“] +aeSl-rmal e N (a]§lil)qegl-(pmamnl),
j=1

PV = g (a7 H) (0, ST - a2 151,
a'P) = (aPH)H™ !,
Partial recurrence matrices 7 are given as follows

7@ = H1§A, S H.

q
7@ =TT,

For this discrete scenario we require also of the Pascal matrices L* are defined as matrices with entries
are

Note that

. {(:;), nzm, - {<—1>n+m<:;>, nzm,
L 0, n<m, m 0 n<m.
Note that L*L™ = I. Moreover, we can readily check that
X(x+1)=L"X(x), X(x-1) =L X(x).
Pascal matrices can be expanded as follows
L*=1+A"D+(A)?DP ...
where

1
D = diag(1,2,3,...), D" = Zdiag(n™,(n+1)",...)
n

and x" =x(x-1)...(x —n+1).
Partial Pascal matrices L("* are defined departing from the truncated projectors as follows and they have
the following nonzero entries:

L@ =(il)n+m(:1)’ ae{l,....p}, nmeNy, nzm

2n+a-1,2m+a-1
Partial Pascal matrices satisfy
X@W(x+1) = LO*XD(x), X@(x-1)= LD XD (x).
Partial Pascal matrices can be expanded as:

L@* = 1@ £ (AT)4D, +(AT)2pH 4 .
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where we have
plnl .= 1diag (n(”)ea, (n+1)Me,, .. ) , ac{l,...,p}.
The dressed Pascal matrices caull1 be defined from Pascal matrices as follows
" =SL*s™, M =8SL"§57!
and satisfy
B(x+1)=1I"B(x), B(x-1)=1I1"B(x).
Partial dressed Pascal matrices are defined as follows
n@* = g8 @*§1g, n'@- = g=1SL -5 1H,
so that the following relations hold
MO*A@ (x) = A@D(x +1), TYD7A@ (x) = AD(x-1).
In this paper, generalized hypergeometric series are used, and they are given by

(9]

bi,...,by f
b)r... (b

mFn sn|=mFn(b1,....,bysc1,. .., en51) 3=ZM%

Cly. . CN e (c)k - - (en)i k!

where (a)i is known as the Pochhammer symbol and is defined as
(@) =ala+1)...(a+k-1), (a)=1.
2. DISCRETE MULTIPLE ORTHOGONAL POLYNOMIALS AND PEARSON EQUATION

2.1. Pearson equations. From hereon we will assume that all the weights adhere to the Pearson equations,
represented as:

1) 9(x + Dw D (x +1) = o (x)w@ (x),

where 6(x) and o, (x) are polynomials and a € {1,..., p}.
First, we give an important relation fulfilled by the moment matrix ./:

Theorem 2.1. The moment matrix satisfies the following equation:

p T
2) O(AN)M = L+ M (Z L%, (A™)
a=1
Proof. Beginning with (A)./4, we expand it as follows:
) p T
O(AN) M = Z 0(k)X (k) Z w(“)(k)X(“)(k))
= a=1

P T
0(k +1)X(k +1) (Z w @ (k+1)X @ (k + 1))

a=1

(=]

P T
X(k+1) Z a0 ()W @ (k)X @ (k + 1))

a=1

0

e Wbllﬂz iMe T

P T
L*X (k) Z U'a(k)w(“) (k)X(“) (k)T(L(a)+))

a=1

>~
I

0
T

P
= L7 | ) L oy (M)
a=1
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Then, we provide its counterpart for the Hessenberg recurrence matrix:

Proposition 2.2. The following equation holds for the Hessenberg matrix T if the weights satisfy the Pearson equa-
tions:

p
MO(T) = " o (T T(MW)T,
a=1
Proof- Utilizing equation (2) and the Gauss-Borel factorization for the moment matrix, we have

T

O(A)STHS T = L*S1HS T (ZLW+ L (A@)

If we multiply both sides by S on the right and by STH™! on the left, we obtain:
p
SO(A)S™ = SL*STTHSTT Y o (M) TSTH I HS (L )T (HSTT)
a=1

Finally, we get

P
o(T) = IT* Z oo (TN T (@H)T,
a=1

2.2. Relation with generalized hypergeometric series. If we write the polynomials 6 and o, as
0(k) =k(k+c1-1) - (k+ey —1), k) =0 (k+b\") - (z+b\) ),
with M@ N e Ny and a € {1,..., p}, the weights that satisfy the Pearson equation are:

(b -+ (b)) e (yla)yk
(k.- (en)k k!

where a € {1,..., p}. We define the following operators:

9 O o(a)
ik ﬁ::;ﬂ .

Theorem 2.3. The moment matrix can be written in terms of hypergeometric functions as follows

@ (@) (p) @ (p)

w(@ (k) =

9@ = p(@

po po ...... p() pl ...... pl .....
1 2 1
= ol e gl
where the moments are
3 (a) . w. F b(a) b(a) .. (a) a) _ ﬁ(a) m _(a)
() p() = M, N( 1 M(a)acla---’CN777 )’ _( ) p() ’

anda € {1,...,p}.

Proof- 1t follows from the definition of the moment matrix. O
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Definition 2.4. We introduce the notation

f: [fl ...... fp]a f[O]ZQ’ f[r]:[fl ...... fr], I’G{l,..,,p—l},
The extended Wronskians are the following determinants:
f 9f 92F | 917 gn 7]
19]? ﬂzf ﬂ‘sf .......... ﬂnf ﬂ”+1f[r]
Wpnerl 1= 17 "7 17 Dn 27 1 :—1 ;
gPf 9P" f Ve N P 9p+hn f 9pthn f[r]
ﬂp’”."lf 1917".”]7 ﬁP".HlJ? .......... ﬂ(P+1).’l+V—2f ﬂ(p+1)n+'—r—1f[r]

Proposition 2.5. The t function is the extended Wronskian of a hipergeometric series:

T = Wyl Fn (DY, bj(vl[)(lﬁcl’ conenyn), L ,MPFN(bY’), N bg\;’()p);cl, ey ).
Proof. 1t follows from Theorem 2.3. ]
Proposition 2.6. The following equation holds
N = (AT
Proof. 1t follows from (3). |

2.3. Laguerre-Freud Matrix. Next, we demonstrate that when a Pearson equation is fulfilled, there is a
banded semi-infinite matrix that connects the shifted multiple orthogonal polynomials in the homogeneous
lattice with the non-shifted ones; i.e., it models translations in the lattice.

Theorem 2.7. Suppose the weights adhere to Pearson equations (1), where 6 and o, . .., o, are polynomials satis-
Jfying deg 0 = N and max{dego,...,dego,} = M. Then, we establish the following relationship:

P
(4) T 6(T) = Z oo (T T (IO = .

a=1
This matrix 'V emerges as the Laguerre—Freud matrix. It exhibits a banded structure, characterized by pM subdiagonals
and N superdiagonals, detailed as follows:

Proof- The relation (4) follows from the symmetry equation (2) and the Gauss—Borel factorization. The
equation (5) follows from the degree of 6 and maximun of the degrees of o, that departing from (4) gives
us the number of non-zero superdiagonals and non-zero subdiagonals, respectively. m]

Theorem 2.8. Fora € {1,..., p}, the following equations are fulfilled
(6) 0(x)B(x — 1) = ¥YB(x), PTAD (x) = 0, () AD (x +1).
Proof. For the type I polynomials we can write:
q
WTA (x) = 3 %0 (T) AW (x) = Ty () A (x) = 0 (1) A (x +1).

a=1

For the type II polynomials we have that
YB(x) =I1"6(T)B(x) =I1"0(x)B(x) = 0(x)B(x — 1).
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The Laguerre-Freud and the recurrence matrices are closely connected:
Proposition 2.9. The following compatibility formula holds
[P, T] =Y.
Proof- Using (6) we obtain the following two equations:
TYB(x) =T8(x)B(x—1) =6(x)(x —1)B(x - 1)

and

YTB(x) = YxB(x) =x0(x)B(x — 1),
with both equations above we have that

[V, T]B(x) =0(x)B(x —1) = ¥B(x).

O

2.4. Contiguous hypergeometric relations and connection matrices. Generalized hypergeometric se-

ries fulfill:

d
(Ud—n+bi)MFN(b1,---,bM;CL--.,CN;U) =bimFn(b1,....bi+1,....bpysc1,...,CN; 1)

and
d
nd_l]+cj_1 MFN(bl,...,bM;Cl,...,CN;I]) =biMFN(bl,...,bM;Cl,...,Cj—1,...,CN;T])

forie{l,...,M}and j € {1,...,N}.

We will use the following notation: ;0% corresponds to the shift b
the shift c; — ¢; - 1.

These relations imply for the moment matrix:

E“) — bl(a) +1 and ©; corresponds to

Theorem 2.10. Fora € {1,..., p}, the following equations for the moment matrix are fulfilled
(7) ./%(A(a))T +bl(a)/% _ bl(a)i(a(a)_%’
(8) MANT + (c;j=1)M = (c; -1)O; M.

Proof. The equations (7) and (8) are derived from the contiguous hypergeometric relations for generalized

hypergeometric functions. To prove (7), we first analyze how the operator (9, + bga)) acts on different
entries of the moment matrix. There are two scenarios: one where it acts on pj, and another where it acts
on pk with k # a.

Firstly, we have:

(B, + L)l = (D, + b)) (O p8) = 90 (D, + b\ )G = 900 (610D pfl) = b1V;0( p4,
and
(O +b; o, = b{" pry = b{V 10 k.
From these results, we see how the operator acts on the moment matrix:
(O + bVl = (NN +b 0 = 50D 1.
To prove (8), we examine how the operator (i, +c;—1) acts on different elements of the moment matrix:
(O, +¢cj—Dpp =(cj=1)0O;py,, and (9, +cj— l)pfn =(cj - 1)®jp,]j1.

Thus, we can write:

P
(Z ﬁ’]i + Cj— 1) pgn = (Cj - 1)®jp;(qlq,
i=1
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and when acting on the moment matrix, we obtain:

(iﬁm+cj—1)ﬂ:./% Zq:A,T

i=1 =1

+(c; =)l = (c; - 1)O.M.

O

Definition 2.11. Fori € {1,...,M@}, j € {1,....N} and a € {1,..., p}, the connection matrices are defined
as

W@ = (0YH)T(0WS) (AW + b5 H,
iQ(a) — S(i®(a)5)_1,
wi = (0;H)(0;85)(AD +¢; -1)§7'H,

Q; = 5(0;5)7L.
Theorem 2.12. The connection matrices fulfill the following relations
9) ()7 = bV Q@
(10) wj =(c; -1)Q;.

Proof. Starting from (7) and using the Gauss—Borel factorization for the moment matrix, we can prove (9).
We have:

STTHS T(AO)T 4+ p D g 15T = p@ @@ (§-1g5-T)
i i ! :
Multiplying the equation above by S on the right and by STH™! on the left, we obtain:
STHISTTHS T(A)T 4+ p Y5 TH 1S IHS T = p Y5 TH1,0@ (ST1HST).
l L
This simplifies to:
(HS)((A)T +5!) = b\,0(@).
Thus,
(HS AT + b HST = 0O HTT.

This confirms (9).

Similarly, equation (10) can be proved starting from (8) using an analogous process:

(iﬁm'}'cj_l)ﬂ:ﬂ i/\;—

i=1 =1

+(c; =)l = (c;-1)O;.M.

Following a similar factorization and multiplication approach as above, we will obtain:

(15)

q
ZA;+C]' —1) = (Cj _1)®j (HS_T) .
i=1

Proposition 2.13. Connection matrices have a triangular structure with p non-zero subdiagonals:

11) 0@ = b+ (0 @)U+t (@) PIAP,
(12) ig(a) = I+ AT(iQ(a))[l] +eee 4 (AT)P(iQ(a))[P],
with

m
(WP = (VP HE@HT, (@) = gl slioml - (@)m = (@ (gl)iml,
=0
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Proof- Equations (11) and (12) can be proved starting from (9) and using the definitions of the connection
matrices. We have:

(@) = H (1 CSIUA 4 §12IA2 ] [(A’f)T + b}“)] 0@ [1 +SUA LSRN B
Expanding this, we get:
(@) = H [(AT)P1<a>a€H,-®<a>H—1 +.. ] .

For the second connection matrix:

QW =4 (AT

m
D ar_n—lS[l]i@(a)S[l—m]‘ _
1=0

Therefore, the expanded forms show that:

0@ = b+ () UA+ 4 (@) PIAP,

where
(iw(a))[P] — [(a)alei@(a)H—l’
and
QW = [+ ATGQEH) M 4 (AP (;Q@)[P]
where

m
Q@) = Y sl @t gli=m,
=0

Additionally, the relationship between these matrices is given by:

(,-a)(“))[m] — b;“)(iQ(“))[m].

The type II and type I multiple orthogonal polynomials satisfy:

Proposition 2.14. The following equations hold

(13) i @AW (2) = (2+b{) (0D A ()
(14) iQ@,0B(z) = B(z)

(15) WA (2) = (z+¢; = 1)(©;A' Y (2)
(16) Q;0;B(z) = B(z2).

Proof- Relations (13), (14), (15), and (16) are proven by applying the connection matrices to the vectors of
polynomials. As an example, the proof of (13) is shown below:

(O WHTIS) (AW + b )T H(HTISX (2) = 0 (H8) (2 + b)X @ (2) = (2 + b{) O WA (7).
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3. MULTIPLE TODA SYSTEMS AND HYPERGEOMETRIC T FUNCTIONS

In this section the multiple Toda equations and the multiple Toda system for the recurrence coefficients
will be studied. In particular, for the case of three weights Toda equations and the differential-difference
equation solved by tau function will be studied.

Definition 3.1. Fora € {1, ..., p}, the consider the strictly lower triangular matrices:
o' = (998)sL, ¢ = (955
Differential properties of the multiple orthogonal polynomials can be described in terms of these matrices:
Lemma 3.2. Fora € {1,..., p}, the multiple orthogonal polynomials of type II and type I satisfy:
OB = g @ 9@ (HA@) = G ga@)
Proof. First, if we act with (%) over B we have the following equalities:
DB = (3VHX = (¥ YSSTISX = (9SS IB.

Second, we can see that
ﬁ(“)(HA(a)) — (ﬁ(a)S)X(a) — (5(“)HA(°[).

O
The interplay between these matrices follow from the Gauss—Borel factorization:
Proposition 3.3. Fora € {1,..., p}, the following equations are fulfilled
(17) 9 OH = ¢ H - H(§') = (T)TH,
Proof. Departing from the Gauss—Borel factorization for the moment matrix we can see that
HO(STHS T) = -1 V)STHS T + ST DVH)S T — STTHS T (9 D8 TSTT = STTHS T (AT,
Consequently, we find:
HVH— (9 9STH - HS T (9 V8T = HS (AT STHH = (T'“)TH.
O

For the complete derivation ¢ we have the following associated strictly lower matrices:

Definition 3.4. The following matrices are defined

p p
=) 0", =), 6.
a=1 a=1

Proposition 3.5. The following equations are fulfilled

(18) (WH)H ! = o,
P
(19) 9= ) (A",
a=1
(20) ~¢=ATa_HH L.

Proof- Adding equations (17) for a € {1,..., p} we obtain
9H — ¢H - H(¢p)" = (T)"H.

Identifying diagonal, subdiagonal and superdiagonal parts in both sides of the equation we obtain equations
(18), (19) and (20). m]
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For the subdiagonal in the lower connection factors in the Gauss—Borel factorization we have:

Proposition 3.6. The following equations are satisfied

(21) oS = —a_HHY,

(22) 95 = —q4 Ha4 1 g15la-1]
(23) gl = —aM,

(24) gstal = —qla Z a_ale0glil

Proof Equations (21) and (22) can be proved equating diagonal by diagonal (20). Analogously, equations
(23) and (24) can be proved from (19). O

Proposition 3.7. The following equation are fulfilled
98-l = q_SU-4lqa_HH, ae{1,...,q}).
Proof Departing from #(S571) = 9(I) = 0 we have that 0 = (#5)S~1 + §(¥S571), so:
§9S1=-ATa_HH™!

and we obtain that
98 =-S5 ATa_HH .

]
Proposition 3.8. Fora € {1,..., p}, the recursion coefficients can be expressed as follows
(25) o = (9H)H™,
a-1 ) . )
(26) '@ = —[gslel 4+ 3" (9al sle=l) 171,
Jj=1
Proof- 1t is proven splitting Equation (19) by diagonals. O

We now derive a differential system for the functions
=log H,, f(m) =S, m]
where m € {1, ..., p}

Theorem 3.9. Functions q,, = log H,, f(m) LL 1 wherem e {1,..., p} solve the following system:

27) Bgn = fO = fD,
(28) f(m+1) n( m-1) Z ’E:’-’; J) ( J) (m) + Z(ﬁ (m J) ( J)]’
(29) ednp=dn — _ (p) +Z(ﬁ (p J) ( J)]

Proof Equations (27) and (28) are obtained from (25) and (26) for m € {1,..., p — 2} and equating them
to expressions of the coefficients & depending on S matrices.

Equation (29) is obtained from (28) for m = p —1 and (28) for m = p: we derive the first equation, isolate
#SP] in the second equation and substitute in order to eliminate 7], O
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As an example of the result above we have the case for three weights. Now, we have that g, = log H,,
fu=Su), gn=5," and k, = 5.
We have four equations:

Yqn = fn-1— Jfn
(30) Dfn=8n = 8n-1+ fu(fn — fus1),
(31) Bgn — (D fur1) fn = kn = gne1fn — fnr28n + fuSfnir Sure — kn-1+ fufns2 + 8n — JuSus1s
(32) em3™n = PGk + Igni1 fr + D fur2(gn — fufus1)-

The variable k,, can be omited if we derivate equation (31) and obtain #k, from (32), so the resultant
expression is:
(33)
ﬁzgn - (ﬁerHl)fn — (O fus1)0fn = e+ n=1 _ gn+s=dn (D fn)8ns1 = fur208n+ (0 f) fus1 frro+ fu (D fra1) frs
= (9gn) fn-1+ (0 fus1) (fu-1fn — &n-1) + (D 1) frro + 08n + fu0 frso — fu1D fu — ful fraa.

In terms of T-functions we have that:

(34) qn =log H, =log 1p41 — log 7y,
)
(35) fr = -
Tn+l
_ T5+2
8n = .
Tn+2

If (30) is written in terms of 7-functions, the following result is obtained:

2 2
Tn+2 _ Tt _ (97341) 9 Tn42 _ U Tpa1

’

Th+2 Tpn Tn+1Tn+2 Tn+l
so we have that
o ((91i41)0T; 921,

(36) gn =80+ Z ( ‘/+1) jt+2 _ j+1

= Ti+1Tj42 Tj+l
Let us take a derivation on Equation (36):
(37)

5 [P 1) 00 + (970) P 100 (9770)* 1m0 (F1j42)* 101 Prja (1701974

dg, = ﬂg0+z - - - + .

= Tj+1Tj+2 Tj+2(7j+1)2 Tj+1(Tj+2)2 Ti+l Tj+1

Remark 3.10. By substituting the expressions from (34), (35), (36), and (37) into equation (33), we obtain
a fourth-order differential equation (with discrete integrations) for the r-functions.

Proposition 3.11. Forn € {0,..., p — 1}, we have the following Toda type system
9a® = ¢® _ q,q®,
g™ = o) _ g, (1) 4 o) (qn o (0) _ 40y

9aP) = ¢P) (aPa ) = o),

Proof- This can be proved by applying the operator ¢ to Equations (25) and (26), and utilizing Equation
(18). ]
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Proposition 3.12. The following Lax equation is satisfied:
T = [¢,T] = [T+, T],

where T_ = Zgzl(AT)”a/(") and T,a©) + A.
Proof. Departing from T = SAS™! we have that

T = (9S)AS™! — SASL(98)S L = ¢T - T¢ = [¢,T],
and attending to Equation (19) we see that ¢ = -7_ =T, —T so [¢,T] = [T}, T].
Proposition 3.13. The following compatibility conditions hold:
(38) ¥ = [¢, ¥],
(39) IV = [, P+,
where u™ = (9, H WH + H 1¢"WH and u = Zf’zl u®.
Proof- Starting from equations

0(z)B(z—-1) =¥B(z), 9B(z) = ¢B(2),

we find:

HO0(z2)B(z—1)) = H¥YB(z)) = 9¥YB(z) + YIB(z) = (¥ + Y¢)B(2),
#(0(2)B(z~1)) = 0(2)¢B(z ~ 1) = $¥B(2).
Equating both equations, we have:
oY = 9Y + Yo,

and isolating the term with the derivative of ¥, we obtain (38).
To derive (39), we first prove that P A = m) A(n).

90m A = g(m) (=15 x ()
= (" HYHYHHE 'S + H Y@ S (H LS Y HS))x™
= (" HYH+H g™ H)A™
— M A

From this equation, we get Zf’zl PDAM = Z?zl uDAM — gAM = A,
Now, starting from equations
on(DAM(z+1) =PTAM (7)), YA =A™,
we find:
(o)A (z+1)) = H(PTAM) = @PHAM + ¥T9AM = (YT + ¥ p)A™,
on()A™ (2+1) = 0u () (A" (24 1) + A" (2 +1)) = (u+ D¥HA™ (2),
so equating both equations and simplifying, we obtain:

9P = [, ¥+ V7.
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Multiple Nijhoff-Capel discrete Toda equations. We study now the compatibility between the shifts of
the p + 1 families of parameters for the hypergeometric series:

BN e,
where a € {1,..., p}. For a function u, it is considered the following notation:

i) 72 means a shift in one and only one parameter in the family of parameters {»(¥}, i. e. bl = b1
for only one given r € {1,..., M@}, the corresponding connection matrix is denoted by Q) we
denote d = bﬁa),

ii) it means a shift in one and only one parameter in the family of parameters {b®)} with m # m , i.
e. bﬁa) — b§“> +1 for only one given g € {1,.. M@} the corresponding connection matrix is
denoted by Q) we denote d = b;,m),

iii) # means a shift in one and only one parameter in the family of parameters {c}, i. e. ¢y — ¢s —1 for
only one given s € {1,..., N}, the corresponding connection matrix is denoted by Q(*), we denote
d=cs-1,

iv) @ to denote the shift n — n+gq.

Lemma 3.14. Connection matrices fulfill the following compatibility conditions:

(10a) QG = QAW
(40Db) QWQ@ = Q@)
(40c) QNH@ = Q@B

Proof. In the one hand, connection formulas can be written as follows
Q"= Q“B=B5,
so that QB = B and, consequently, QWA B = Q) = B. On the other hand, we have O®B = B so

that QM QB = QB = B. Hence, the compatibility B = B leads to (40a). Relations (40b) and (40c) are
proven analogously. m]

Lemma 3.15. The following equations are satisfied

(41a) T =TT
(41b) T = @17
(41c) TT0®) = w&TT
holds.

Proof. All Equations in (41) are proven similarly. Let us prove (41a). From the eigenvalue equation for 7"
and A@ A@TT = z4@7 and Equation (13) for this case, A(?)(z) = %A(“)(Z), it can be seen that:

Vé
A@Tf _ ZA<“)T,
so that:

TTﬁA(“)(z) — ZﬁA(G)(Z) — ﬂTTA(“).
z+d z+d z+d

Hence, if we denote M = (T7w"™) =TTw " T)H~1S, we find MX (%) =0, so that M = 0. Since H1S is a lower
triangular invertible matrix, we conclude the result. Finally, we obtain:

T =TT,

For equations (41b) and (41c), similar proofs can be carried out. ]
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As an example, for three weights, p = 3, we find tridiagonal connection matrices:
Q) = (AT(QENH B+ (AT)2( QNI L AT(Q) I 4
Q") = (AT3(QUNH)B 4 (AT2(QUHT  AT(QUNHI 4,
QD = (ATH3(QHBI L (AT2(Q)2] 4 AT(Q@)[] 4,

where the diagonals are given by

3
(Q(s))[B] — ad:{_l (Q(s))m = gl21 _ g2l _,_g[l](a_g[l] _ a_S[l]), (Q[s])[l] =gl _ 5[1]’
3
. a’H c c L . N N
(Q(r))[d] = pn de , (Q(r))[Z] = gl2l _gl2l 4 S[ll(a_S[l] _ a_S[l]), (Q[r])[ll =gl _ S[l],

T (@@)2 = gl2) _g12  § g ST g glly (Qladyltl = g1l _ gl

4. LAGUERRE-FREUD EQUATIONS BY EXAMPLES

Our objective is to determine the Laguerre—Ireud matrix for various specific cases and derive the coefhi-
cients of the polynomials or the Laguerre-Freud equations for these coefficients.

In the case of p weights, our extension to this multiple setting of the Laguerre-Freud equations for the
coefficients of the 7 matrix are defined as:

0 0 -1 1
a/fl ) = P/Tn( >(a,(1p),a,(1p ),--.,017(1 ),CV,(LIZ)l,---),
a';(1m) = gn(m) (al}ip)s oo ’a?(lm*-l)’alr(zl:?[’ e ’aflo—)l’ e )’
0
P = %,(p)(a,(i)p---’“r(L—)l’ar(fi?z"")’

withm e {1,...,p -1}

4.1. Multiple Charlier case. In this scenario, the weights are given by w(® (k) = (":l!))k witha € {1,...,p},
and the polynomials of the Pearson equations are § = k and @ (k) =n'@, wherea € {1,...,p}.
Since deg # = 1, we have one non-zero superdiagonal and zero non-null subdiagonal. This results in the

following structure for the Laguerre-Freud matrix:

¥ =y 4y DA,

By applying ¥ = I176(T), we can obtain:
v =¢©® _q.p, y® =1,
and using ¥ = ¥7_ (@ (II*)T, we have:

p p
p©@ =Y g@r@, y® =N @ ha_ g (@ - e,

a=1 a=1
By equating both expressions for (?), we can derive that:
af,o) =a+n(a+l), ae{0,1,...,p—1}.
If we calculate the compatibility [¥,7] =¥ we obtain the following non-trivial equations:
aPa® — o = b,

@D — q, @D = o@D (o0 _ q24O 4 q1),
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p
a® —q,a® = Z p(@ @,

a=1
P
a_a® —a® = 3 @ (1@ _ (@) 4,
a=1
where a € {1,...,p —1}. So we can write the coefficients as
a,(,%+a=pm+a+n<““> ae{0,....p-1},
1
Upnsa = Zn“”mZn ae{l2...p-1},
I+1 I+1 I -
a;,:,rﬁ)a = afl(j;rﬁ)a_l +a/;31+a_1(77(a h_ 77(“)), ae{l+1,...,p—-1},

where m € Nj.

4.2. Multiple generalized Charlier case. In this case, the weights are given by

1 @)
c+Dr K

and the polynomials from the Pearson equations are

0(k) = k(k+c), o@(k)=n

(42) w @ (k) =

Due to the degrees of these polynomials, the Laguerre—Freud matrix ¥ has the form:
Y=y Oy DALy @2,
Now, using the relation ¥ = I176(T'), we find:
yP=a® ra_ a9 +c-a,D, y? =1,

where / is the identity matrix.
From the equation ¥ = Zf;zl 7@ (7 @) T it follows that:

p
b =Y @@,
a=1

From compatibility [¥,7] = ¥ we can obtain

Proposition 4.1. The following Laguerre—Freud equations hold for the generalized multiple Charlier weights (42)

o'P) a,(p 1)
vty =m+p=1=c—al))  + "L (al) +ap +c—m)+ L= (r(m +1) = r(m),
Upntp m+p
a’(iil—aﬁ,})+ar(r?ll+a$) +c— m+(a/(0) r(r?il)(a(o) 2)4)_1+c—m)+r(m+2)—r(m+1),
’(ﬁl—a/ﬁ,f) (1)(0(0) L te— m+1)—a$3_1(a£,?)+a(0) +c—m)+r(m+1),
o = @i = ,S;‘:,Ql(aé?m vayl, g +e—(a+m)+ai) (@) +ay) +e - (m-1)

+ aff,:?a(r(m +1)—r(a+m+1)),

wherea € {1,...,p -2}, andr(n) =n— p[%J, r(n) e {1,...,p}. Here |_xJ, is the largest integer that is equal or
smaller than x.
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4.3. Multiple Meixner II case. For this case, the weights are given by

(@) Ui
Wi (k) = (ba)i 7

and the polynomials from the Pearson equations are
0(k) =k, o' (k) =n(k +ba),

where a € {1,...,p}.
Considering the degrees of these polynomials, the Laguerre—Freud matrix has the structure:

Y= (AT)PyP) 4. 4y (WA,
By applying ¥ = I176(T), we obtain:

yO =1 g =g o p.
Using the relation ¥ = 3.7 | T (TN (7T we find:

p
w(‘”=77(a<°>+Zl<a>(ba+(a+)"D<“>) c ™ =ne™, mefl,...p}).

a=1

From the compatibility condition [¥,T] = ¥, we obtain the following non-trivial equations for the coeffi-
cient matrices:

>

1 % .
aa® - = — (1 + 3 0 (1D (b + @l D) = 19 (by + ol D)
-7

a=1

1
a® - a,aW = —(a/(o) —a.D),
1-7n

p
= 21D by + a7 D),

p
n
a™) — a0 = -7 (a(l) (I + Z 1'9(by +a? D@)

a=1 a=1
where [ € {1,...,p —1}.
Equating both expressions for ¢ (?) we can obtain o?) entrywise:
1
parm = 7= (Pa+m+ (b1 +a))

1-73

Departing from compatibility equations and using the expression for the @(?) elements we can obtain:

m
o 1 1 a(a+1) m@m+1) o (pa+m—-1)(pa+m)
apa+m_1—7’] 1_7] ( +77) 9 + 9 +7];b_]+1 9 ’
(1+1) _(I+1) n ()
pa+m+l+1 — alpa+m+l + 1-— 77(117a+m+l(:l + b1 +a).

4.4. Multiple generalized Meixner II case. In this case, the weights are given by:

(ba)k 77k

@ (1 — n
(43) v (k)_(c+1)kk!’

and the polynomials from the Pearson equations are:
0(k) =k(k+c) and @ (k) =n(k +by),
where a € {1,...,p}.
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To find the Laguerre-Freud equation we proceed as follows. Considering the degrees of the polynomials
defining the Pearson equations, the Laguerre—Freud matrix has the structure:

¥ = (AT)P¢(—P) Foee l//(Q)AQ.
Applying ¥ =I176(T), we obtain:
v =1 yV=a_a®+a® +c-a,D.
Using the relation ¥ = 2521 0o (TNT (2@ T we find:

P
O =75 (a® +Zl(“)(ba +a?Dy|, U™ =pa™  me{1,...,p}).
a=1

From the compatibility condition [V, 7] = ¥, we find

Proposition 4.2. The following Laguerre—Freud equations are satisfied for the generalized multiple Meixner weights
given in (43)

T R AL C ey N AR RV At
B afiil)mm—l) a/gll)p+m—1(a'1(70a)+m + Cli,oa)m_l +c—(a-1))),
QE’I‘L"‘” ;’1“)+m + 77(01(7063+m+1 - 01(70a)+m —bm—a)+ (a,(ﬂ?m - (1'1(7051)+m+1 +1)(e [(7(2+m+1 + 01(70(1)+m +c— (m+ pa)),
LZZELM =a ﬁfﬁfnﬂ n(a ;:l;rizn+l+1 ﬁ,’;ﬁ;ﬂ) - ;,IJBMM( ;(L)er”ﬂ + a,(,03+m+l +c—(a+l)
sl (@ e —(a=1)),
1(’123’)’“”2 - I(’Z;ri)"” n(a;’l¢1+m+l(bm+l ta+l)+ a;l;-ir)n+l+1 [(71;11)1%1) (Pl;ern+l+1(a1(70a)+m+l+1 +c—(a+l)
ral e (@) e —(a=1)).

CONCLUSION AND OUTLOOK

In this paper, we continue our study of semiclassical multiple discrete orthogonal polynomials, now
considering an arbitrary number of weights. We have derived multiple versions of the Toda equations and
the Laguerre-Ireud equations for the multiple generalized Charlier and multiple generalized Meixner II
families.

The investigation of mixed multiple discrete orthogonal polynomials, along with the corresponding Toda
and Laguerre-Freud equations, presents an intriguing area of research. Additionally, the exploration of
Pearson equations in the multiple scenario for the unit circle appears to be both unexplored and promising.
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