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We present a family of three-dimensional concentrators constructed from the photic field generated by a
Lambertianemitter.Theprofileof these concentrators is obtained fromthe field lines fora two-dimensional
truncatedwedge and is based on the union between ahyperbola and a tilted parabola. By revolution of this
profile, we obtain hyperparabolic concentrators (HPCs). In the limiting case when the focal length of the
hyperbola becomes the radius of the exit aperture, the HPC becomes the well-known compound parabolic
concentrator.On the otherhand,when the focal lengthof thehyperbolabecomes infinite, theHPCachieves
the thermodynamic limit of concentration. © 2009 Optical Society of America

OCIS codes: 220.1770, 350.6050, 350.4600.

1. Introduction

Optical concentrators, illuminators, and couplers
have actual and potential applications and much ef-
fort has been made to improve the behavior of these
components [1,2]. Nonimaging optics is a field de-
voted to the design of such components, where light
collecting systems are used instead of the usual ima-
ging systems. One of the most powerful design tech-
niques for nonimaging optical devices is the so-called
flow-line method. Winston and Welford introduced
the concept of the geometric vector flux J [3], where
the direction of J is the flow line, and showed that
ideal flux concentrators have shapes that do not dis-
turb the geometric vector flux field. On the other
hand, Moon and Spencer [4] used an analogous con-
cept, the pharosage vector, to study the vector flux
field from Lambertian illuminators, developing the

so-called photic field theory, that has been used to de-
sign concentrators [5,6]. The analogy between these
two methods is due to the fact that flux and field are
intimately related concepts. One important capabil-
ity of this field approach is that it can provide higher-
order solutions; in our case, higher-order nonimaging
optics components.

The flow-line method has been used to study the
three-dimensional (3D) compound parabolic concen-
trator (CPC) [7], as a component originating from the
field of a Lambertian emitter in the form of a 2D
truncated wedge. After that, many developments
and modifications of the CPC were studied [1], in-
cluding a dielectric-filled CPC, a truncated CPC,
and a two-stage CPC. Shatz and Bortz studied a glo-
bal optimization procedure [1] to obtain reflective
concentrators having superior performance to that
of the 3D CPC. We focus our interest on the study
of the field from a Lambertian emitter in the form
of a two-dimensional (2D) truncated wedge, and
we show that the flow lines of this field define a
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new higher-order family of concentrators, the HPCs,
which improves on the performance of the 3D CPC,
which is the lower limit of performance of
the 3D HPC, and having the thermodynamic limit
of concentration as the theoretical upper limit of
performance.
In Section 2 we present the geometric design of the

concentrators based on the flow-line design method.
In Section 3 we analytically characterize the HPC.
In Section 4 we study the behavior of the 3D HPC
by ray-tracing simulations, showing the thermody-
namic limit as the upper limit of performance. Final-
ly, conclusions are given in Section 5.

2. Hyperparabolic Concentrator

The flow-line method was introduced byWinston and
Welford [3] and studied by several authors [7,8]. It
concludes that a way to design a concentrator with
maximum theoretical concentration is to place mir-
rors in the flow lines of a specific Lambertian emitter.
A classical application was to evaluate the flow lines
for a 2D truncated wedge [7], from which the CPC
geometry was obtained, as the flow line that starts
at the vertex of the wedge (focus of the tilted parabo-
la). Considering this photic field, we can study the
flow lines that start at the upper part of the wedge,
not at the vertex; see Fig. 1. These flow lines produce
new concentrators, which are HPCs, with the same
acceptance angle as a CPC but with a smaller exit
aperture diameter. These new concentrators have
the shape of a hyperbola continuously joined with
a tilted parabola, with its focus at the vertex of
the wedge. Figure 1 shows that the profile has an in-

flection point, which proves that its order is higher
than 2. The union between these two conics must ful-
fill three conditions: first, the focus of the hyperbola,
F0, and the focus of the parabola, Fp, must coincide;
second, the union point U is the intersection point
between the hyperbola and a line that passes
through the nearest focus of the hyperbola, F, and
cuts the axis of the hyperbola at an angle θ; and
third, the axis of the parabola, which passes through
its focus Fp, cuts the axis of the hyperbola at an angle
θ. These conditions ensure a continuous union be-
tween both conics. The starting and the ending
points of the profile have 0 slope; Fig. 2 shows a
sketch of this profile. With this geometry, in the limit-
ing case when the focal length of the hyperbola is the
radius of the exit aperture, f ¼ a0, the HPC becomes
the CPC. By its geometric design, it is easy to prove
that the 2DHPC is an ideal concentrator. All the rays
incident on the entry aperture of a 2D HPC at angles
minor or equal to θ will be redirected, by the para-
bolic section of the concentrator, to the segment
F − F0, and their second and successive reflections
will cause them to emerge from the concentrator.

The construction of HPCs can be done by rotational
symmetry (3D HPC), by translational symmetry (2D
HPC), or by elliptical symmetry [9] (elliptical HPC).
Figure 3 shows three 3D HPCs with different values
for the hyperbola focal length f and the same value
for acceptance angle θ and exit aperture radius a0.

3. Analytical Characterization of the Hyperparabolic
Concentrator

The HPC must be geometrically defined by three
parameters, unlike the CPC, which needs only two
parameters to be defined. The parameters of the
HPC are f , the focal length of the hyperbola, θ, the
acceptance angle, and a0, the radius of the exit aper-
ture. These parameters completely determine the
shape and the overall length of the HPC as functions
of its parameters (Fig. 2):

L ¼
�
f þ a0

sin θ

�
cot θ: ð1Þ

Fig. 1. Flow lines for the 2D truncated wedge, it shows HPC and
CPC profiles. Fig. 2. Geometric profile of the HPC.
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The union point between the hyperbola and the
parabola, which defines the length of the hyperbolic
part of the concentrator xu (Fig. 2), can be calculated
by the intersection between the hyperbola and the
line that passes through the focus. Using the HPC
parameters, it is

xu ¼ ðf 2 − a02Þðf tan θ − a0 sec θÞ
ðf 2tan2θ − a02sec2θÞ : ð2Þ

This point is the inflection point in the profile of the
concentrator. By this construction, the parabola has
a focal length of

f p ¼
�
f þ a0

sin θ

�
sin θ ¼ f sin θ þ a0: ð3Þ

It is also possible to write the equation of the HPC
as an implicit function of its parameters, the hyper-
bolic part and tilted parabolic part,

y2

a02 −
x2

f 2 − a02 ¼ 1; 0 ≤ x ≤ xu;

½ðyþ f Þ cos θ þ x sin θ�2 ¼ 4ðf sin θ þ a0Þ
× ½x cos θ − ðyþ f Þ sin θ þ f sin θ þ a0�;
xu ≤ x ≤ L: ð4Þ

4. Transmission-Angle Curves for Hyperparabolic
Concentrators

To study the behavior of the 3D HPC, we computed
the transmission properties by ray-tracing simula-
tions [10] for different parametric configurations.
We studied the dependence on the transmission-
angle curve versus the focal length of the hyperbola
for three different acceptance angles, θ ¼ 10°,
θ ¼ 30°, and θ ¼ 50°. The dependence on the radius
of the exit aperture a0 is basically a scale factor. The
way to build scaled HPCs with the same acceptance
angle θ and the same transmission-angle curve is to
multiply, by a scale factor of N, not only the a0 para-
meter, as in the CPC, but also the f parameter.
Figure 4 plots transmission-angle curves for six 3D
HPCs with acceptance angle θ ¼ 10°, radius
a0 ¼ 12mm, and reflectance ρ ¼ 1, these curves cor-
respond to a CPC (curve a), a HPC with f ¼ 18mm
(curve b), a HPC with f ¼ 30mm (curve c), a HPC
with f ¼ 60mm (curve d), a HPC with f ¼ 120mm
(curve e), and a HPC with f ¼ 240mm (curve f). It

Fig. 3. Three 3D HPCs with different hyperbola focal lengths of
f a ¼ 18mm, f b ¼ 30mm, and f c ¼ 60mm, and the same accep-
tance angle θ ¼ 30° and radius of exit aperture a0 ¼ 12mm.

Fig. 4. Transmission-angle curves for six 3D HPCs with θ ¼ 10°,
a0 ¼ 12mm: CPC (a, dashed curve), f ¼ 18mm (curve b), f ¼
30mm (curve c), f ¼ 60mm (curve d), f ¼ 120mm (curve e), and
f ¼ 240mm (curve f).

Fig. 5. Transmission-angle curves for six 3D HPCs with θ ¼ 30°,
a0 ¼ 12mm: CPC (a, dashed curve), f ¼ 18mm (curve b), f ¼
30mm (curve c), f ¼ 60mm (curve d), f ¼ 120mm (curve e) and f ¼
240mm (curve f).
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shows that the CPC transmission-angle curve be-
comes the lower limit of performance of the HPCs,
and that the total transmission of the concentrators
increases with f . At the theoretical limit of f → ∞,
the 3D HPC behaves as an ideal infinite source con-
centrator, with a step transmission-angle curve, thus
achieving the thermodynamic limit of concentration
in accordance with Garwin’s conclusion [11]. Similar
transmission-angle curves have been computed for
HPCs with acceptance angles of θ ¼ 30° (Fig. 5)
and θ ¼ 50° (Fig. 6).

5. Conclusions

We have presented a new 3D infinite source family of
concentrators, the HPCs. The design is based on the
application of the field method to a particular geome-
try, the truncated wedge. The HPC profile is made up
by the continuous union between a hyperbola and a
tilted parabola with its foci at the same point, the

vertex of the wedge. From the analytical point of
view, the HPC is a higher-order concentrator that
must be defined by three parameters, focal length
of the hyperbola f , acceptance angle θ, and radius
of the exit aperture a0. We have studied the transmis-
sion-angle curves by ray-tracing simulations for dif-
ferent configurations, showing that the lower limit of
performance for a HPC is the CPC and the theoreti-
cal upper limit of performance is the thermodynamic
limit of concentration.
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Fig. 6. Transmission-angle curves for six 3D HPCs with θ ¼ 50°,
a0 ¼ 12mm: CPC (a, dashed curve), f ¼ 18mm (curve b),
f ¼ 30mm (curve c), f ¼ 60mm (curve d), f ¼ 120mm (curve e)
and f ¼ 240mm (curve f).
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