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Resumen

Aritmética Posit y sus Aplicaciones

El fin del escalado de Dennard, asi como la llegada de la era post-Moore han supuesto
una desaceleracién en la mejora del rendimiento de los sistemas computacionales modernos.
Como resultado, los desafios en la arquitectura de computadores son, a dia de hoy, atin mas
dificiles, dado que hemos perdido los recursos que antes crecian de manera exponencial
gracias al escalado de Dennard y la ley de Moore. Todo esto ha dado lugar a areas criticas
en esta nueva era. Entre ellas, destaca el co-disefio de hardware/software para lenguajes
de alto nivel y de dominio especifico, que permite aumentar tanto el rendimiento como la
eficiencia energética.

Asociada a la especializaciéon de las arquitecturas de hardware, han surgido en los
altimos afios nuevos formatos de representacion para incrementar el rendimiento de las
aplicaciones modernas. Especificamente, el formato IEEE 754 de representacién de niimeros
en coma flotante es actualmente utilizado en la mayoria de los computadores modernos para
representar y operar con nameros reales. No obstante, en esta nueva era, la supremacia de
este formato se ha cuestionado debido a que no resulta 6ptimo para todo tipo de aplicaciones.

En este contexto, en el afio 2017 se presentd una propuesta innovadora: un nuevo formato
aritmético denominado posit para la representacion de ntiimeros reales en computadoras.
Este formato emergente fue concebido con el propésito de reemplazar el estandar IEEE 754
de ntimeros de coma flotante, ofreciendo ventajas tales como un rango dindmico maés
amplio, mayor precision, resultados idénticos bit a bit en todos los sistemas y un disefio
hardware maés sencillo, entre otras. Las propiedades que presenta el formato posit parecen
ser sumamente ttiles en algunas aplicaciones modernas. Sin embargo, para obtener un
rango dindmico mayor, el formato posit sacrifica precision al representar valores de gran
magnitud, lo cual podria resultar perjudicial en ciertos casos. Ademas, la adopcién de un
nuevo formato aritmético implica el desarrollo de la tecnologia necesaria, lo que lleva un
coste significativo. Este escenario aflade una capa adicional de complejidad al discernir si el
formato posit ofrece un rendimiento superior al de coma flotante.

El objetivo de esta tesis es la exploracién de las propiedades y caracteristicas del formato
posit para evaluar su viabilidad como alternativa al formato de coma flotante IEEE 754, que
prevalece en las aplicaciones modernas. Ademds, también se propone el disefio de unidades
aritméticas para examinar el impacto hardware de este formato.
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Para abordar estos objetivos, en esta tesis se emplean diversas técnicas de simulacién de
este nuevo formato, ejecutando aplicaciones de alto nivel con diferentes configuraciones
de aritmética posit. De esta manera, se puede verificar como un cambio sencillo en la
aritmética subyacente utilizada en los célculos puede, en muchos casos, producir resultados
mas precisos o con un menor margen de error en comparacioén con el formato estandar
implementado en los computadores. Por otro lado, con el propésito de evaluar el impacto
que tendria la implementacion de este nuevo formato en sistemas reales, en esta tesis se
aborda el disefio y la evaluacién de diversos componentes hardware dedicados a realizar
operaciones aritméticas bdsicas, como la suma, la multiplicacién o la divisién en formato
posit. Estos componentes, disefiados con un enfoque especial en la eficiencia energética,
presentan un coste adicional en comparacién con las unidades andlogas de coma flotante,
aunque mejoran las implementaciones previas presentadas en la literatura sobre aritmética
posit. Adicionalmente, aprovechando los disefios realizados para las unidades posit, estos
se integran en una herramienta para la generacién automaética de aceleradores hardware
destinados a aplicaciones especificas basadas en aritmética posit, permitiendo su ejecucién
en hardware real. Finalmente, con el objetivo de encontrar un mejor equilibrio entre la
precision demostrada por el formato posit y un menor coste de implementacion, en esta
tesis también se exploran nuevos formatos aritméticos derivados de la aritmética posit.

Los resultados obtenidos en esta tesis muestran que el formato posit ofrece ventajas
significativas en aplicaciones modernas como redes neuronales y computacion de alto
rendimiento, proporcionando resultados con mayor precision numérica que el formato de
coma flotante IEEE 754. Sin embargo, también se observa que este nuevo formato, con las
implementaciones actuales, presenta un mayor consumo de energia y de recursos y un mayor
tiempo de ejecucion que el formato estandar de coma flotante. Por dltimo, se demuestra
que los formatos derivados de la aritmética posit pueden ofrecer un mejor equilibrio entre
precisiéon y coste de implementacion.

En esencia, aunque adoptar la aritmética posit de forma generalizada puede suponer
enfrentarse a retos como el uso de més energia y recursos de hardware, su potencial para
tareas de precision es evidente. Al utilizar formatos basados en posit, los investigadores y
profesionales pueden manejar mejor las complejidades del calculo numérico. Esto podria
cambiar nuestra forma de hacer célculos, haciéndolos mds precisos, eficientes y practicos en
el mundo digital actual.



Abstract

Posit Arithmetic and its Applications

The end of Dennard scaling, as well as the arrival of the post-Moore era, has resulted in a
slowdown in the improvement of modern computer systems’ performance. As a result, the
challenges in computer architecture are even more difficult nowadays, given that we have
lost the resources that previously grew exponentially thanks to Dennard scaling and Moore’s
law. All of this has led to critical areas in this new era. Among them, hardware/software
co-design for high-level and domain-specific languages stands out, which allows for both
performance and energy efficiency to be increased.

Associated with the specialization of hardware architectures, new representation formats
have emerged in recent years to increase the performance of modern applications. Specifically,
the IEEE 754 format for representing floating-point numbers is currently used in most
modern computers to represent and operate with real numbers. However, in this new era,
the supremacy of this format has been questioned because it is not optimal for all types of
applications.

In this context, an innovative proposal was presented in 2017: a new arithmetic format
called posit for the representation of real numbers in computers. This emerging format was
conceived with the purpose of replacing the standard IEEE 754 of floating-point numbers,
offering advantages such as a wider dynamic range, greater precision, bit-identical results
on all systems, and simpler hardware design, among others. The properties presented by the
posit format seem to be extremely useful in some modern applications. However, to obtain
a wider dynamic range, the posit format sacrifices precision when representing values of
great magnitude, which could be detrimental in certain cases. Additionally, the adoption of
a new arithmetic format implies the development of the necessary technology, which carries
a significant cost. This scenario adds an additional layer of complexity when discerning
whether the posit format offers superior performance to that of floating-point.

The objective of this thesis is to explore the properties and characteristics of the posit
format to evaluate its viability as an alternative to the floating-point IEEE 754 format, which
prevails in modern applications. Additionally, the design of arithmetic units is proposed to
examine the hardware impact of this format.

To address these objectives, various simulation techniques of this new format are
employed in this thesis, executing high-level applications with different posit arithmetic
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configurations. In this way, it can be verified how a simple change in the underlying
arithmetic used in calculations can, in many cases, produce more accurate results or with
a lower margin of error compared to the standard format implemented in computers. On
the other hand, with the purpose of evaluating the impact that the implementation of this
new format would have on real systems, this thesis addresses the design and evaluation of
various hardware components dedicated to performing basic arithmetic operations, such
as addition, multiplication, or division in posit format. These components, designed with
a special focus on energy efficiency, present an additional cost compared to analogous
floating-point units, although they improve on previous implementations presented in
the literature on posit arithmetic. Additionally, taking advantage of the designs made for
the posit units, they are integrated into a tool for the automatic generation of hardware
accelerators intended for specific applications based on posit arithmetic, allowing their
execution in real hardware. Finally, with the aim of finding a better balance between the
precision demonstrated by the posit format and a lower implementation cost, this thesis
also explores new arithmetic formats derived from posit arithmetic.

The results obtained in this thesis show that the posit format offers significant advantages
in modern applications such as neural networks and high-performance computing, providing
results with higher numerical precision than the IEEE 754 floating-point format. However, it
is also observed that this new format, with current implementations, presents higher energy
and resource consumption and longer execution time than the standard floating-point
format. Finally, it is demonstrated that formats derived from posit arithmetic can offer a
better balance between precision and implementation cost.

In essence, although adopting positarithmetic widely might mean dealing with challenges
like using more energy and hardware resources, its potential for precision tasks is clear.
By using posit-based formats, researchers and practitioners can handle the complexities of
numerical computing better. This could change the way we do computations, making them
more accurate, efficient, and practical in today’s digital world.
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Introduction

1.1. Motivation

Since the dawn of time, human beings have asked some fundamental questions: how

to count quantities? how to manipulate them? This practical need for counting, elementary
measurements and calculations became the reason for the emergence of arithmetic. This is
the fundamental branch of mathematics that studies numbers and their operations. The term
“arithmetic” has its root in the Latin term “arithmetica” which derives from the Ancient Greek
words aptBuog (arithmés), meaning “number” or “counting”, and téyvn (tékhne), meaning
“art”.
Throughout history, numerous numeral systems have been proposed for the expression
and manipulation of numbers, each with its own set of advantages and disadvantages. One
such example is the Roman numeral system, a non-positional system that originated in
Ancient Rome and was employed throughout the Roman Empire for more than two millennia.
While this system offers a concise representation in certain contexts by using combinations
of letters to represent numbers, it presents complexities when used for calculations, often
requiring the use of tools such as an abacus. Furthermore, Roman numerals do not have a
symbol for zero. As a result, the Hindu-Arabic numeral system supplanted Roman numerals
in the 15 century, relegating the latter to purely aesthetic applications.

The Hindu-Arabic numeral system is a positional base-10 numeral system that marked a
significant leap forward in human interpretative and computational capacities. Actually,
the decimal numeral system, which is nowadays the standard system for denoting integer
and non-integer numbers, is an extension of the former. However, since these numerals
also adhere to a base-10 system, challenges arise when attempting to integrate them into
computer systems. Devising an effective numeral system, as demonstrated, presents a
nuanced challenge.

Most modern computer hardware and software systems commonly use a binary (or
base-2) representation internally, i.e., they utilize only two symbols, typically “0” (zero)
and “1” (one). This framework gave rise to computer arithmetic, which encompasses the
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study of number representations and algorithms for operations on numbers in computer
systems [38]], and is the main area in which this Ph.D. thesis is framed.

Representing integer numbers in computers can follow a similar approach to the decimal
system, but dealing with real numbers introduces additional complexities. Unlike integers,
which form a discrete set allowing for straightforward mapping to devices, real numbers
belong to a continuous set, making it impossible to create a one-to-one mapping to represent
a subset of them. Fixed-point arithmetic is a method used to represent fractional numbers by
storing a fixed number of digits of their fractional part. However, this format is constrained
by limitations in precision and/or the range of values it can represent. In 1914, the Spanish
engineer Leonardo Torres Quevedo published “Essays on Automatics” [160], where he
introduced the idea of floating-point arithmetic. Initially, various representations were used
for floating-point numbers in computers. Subsequently, in 1938, Konrad Zuse of Berlin
completed the Z1, the first binary, programmable mechanical computer using a binary
floating-point number representation [145]. The popular and mass-produced IBM 704
followed in 1954, introducing the use of a biased exponent. For several decades thereafter,
floating-point hardware remained an optional feature. It was not until 1985 that the Institute
of Electrical and Electronics Engineers (IEEE) established what we know nowadays as
the IEEE 754 Standard for Floating-Point Arithmetic. This first standard is followed by
almost all modern machines, widely used in computer hardware and languages. It defines
several sizes and specifications of floating-point numbers. While this standard has become
prevalent, it has been found to have several deficiencies since its adoption, including issues
such as subtractive cancellation, redundancy of Not a Numbers (NaNs), signed zeros, or
inconsistency of results across machines due to the different rounding methods [45]. To
address these shortcomings, a new data type called posit was proposed in 2017 as a direct
replacement for IEEE 754 floating-point numbers [52].

In its early days, floating-point arithmetic (FP) was primarily used for scientific appli-
cations. However, as time has passed, an increasing number of diverse applications have
come to rely on this type of computation. Nowadays, the vast majority of modern computers
are equipped with an floating-point unit (FPU). Consequently, software has advanced
significantly, enabling the handling of increasingly complex tasks. One area benefitting
from this evolution is machine learning, and in particular deep learning. These artificial
intelligence (AI) techniques and algorithms have incredibly transformed various fields
such as computer vision, speech and language processing, as well as making significant
transformations in medicine, the automotive industry, and finance over the past decade.
This, coupled with its potential to address future societal challenges, has emphasized the
growing significance of deep learning. The impressive advancements that this technology
has achieved in recent years can be largely attributed to the significant expansion of available
datasets and the computational power required for their analysis [5]. However, the increasing
complexity of deep learning models is starting to confront the limits of Moore’s law and
Dennard scaling [56]. The projection made by Gordon Moore in the mid-1960s began to lose
accuracy around the turn of the century, and in recent years, the disparity between the actual
number of transistors on a chip and Moore’s prediction has widened, thereby leading to
the so-called post-Moore era. Similarly, Dennard scaling experienced a significant slowdown
starting in 2007, diminishing to nearly zero by 2012. Another area that has experienced a
similar evolution since the advent of the Exascale era is high-performance computing (HPC),
which uses supercomputers and computer clusters to solve complex computation problems
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at extremely high speeds. HPC applications, like autonomous driving, weather forecasting,
or computational fluid dynamics, among others, take advantage of hardware and software
architectures that spread computation across resources. Indeed, over the past decade, deep
learning has emerged as a primary application within modern HPC contexts.

Nowadays, maintaining performance improvement is crucial for enabling new software
capabilities, such as deep learning or HPC. A compelling research focus in computer
architecture involves the use of domain-specific architectures (DSAs), which are processors
tailored for a specific domain or class of applications. Examples of DSAs include graphics
processing units (GPUs), field-programmable gate arrays (FPGAs), and Google’s tensor
processing units (TPUs) [74], each closely customized to the requirements of particular
applications. As a result, DSAs, also known as accelerators, can deliver superior performance
and energy efficiency compared to general-purpose central processing units (CPUs). In the
context of machine learning applications, recent studies have revealed that the standard
floating-point format is notably inefficient for these purposes [157, [10]. Consequently,
companies like Google, ARM, or Microsoft have developed their own accelerators based on
alternative formats to IEEE 754 floating-point for their Al services. More efficient formats
are necessary for these types of applications to operate on mobile, internet of things (IoT),
or embedded devices [34]. Also, recent advances in hardware accelerator design within
the HPC field have provided efficient solutions to meet the performance requirements of
various applications. This includes not only GPUs and TPUs-based accelerators, but also
DSAs such as FPGAs-based and ASIC-based accelerators [151]. The favorable characteristics
of posit and its recent advancements render this format a suitable alternative to the IEEE 754
standard for these domains. A simple shift to a new number system could significantly
enhance the scale and cost-effectiveness of these applications, thereby contributing to the
Exascale revolution.

In summary, despite the long-standing use of the IEEE 754 Standard for Floating-Point
Arithmetic in modern computers, the need for more efficient formats within the realm
of HPC is becoming more and more apparent. Investigating the potential of alternative
formats, such as posit arithmetic, in this domain is a highly compelling challenge that will
be addressed throughout the remainder of this document.

1.2. Background and definitions

Computer arithmetic is a field of computer science that investigates how computers
should represent numbers and perform operations on them. All computer hardware, and
practically all software, performs arithmetic by representing every number as a fixed-length
sequence of 1 s and 0 s, or bits. However, there are a few differences when dealing with
integers or real values in computers. Integers are often represented as a single sequence of
bits, each representing a different power of two, with a single bit indicating the sign. Under
this representation, integer arithmetic operates according to the “normal” (or symbolic)
rules of arithmetic. On the other hand, there are multiple arithmetic formats for encoding
real numbers in computers, and this is the case on which this thesis will focus.

In scientific computing, most operations happen between real numbers. There are two
classical approaches for storing real numbers (i.e., numbers with fractional components) in
modern computing. These are fixed-point arithmetic and floating-point arithmetic. While
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the former of these formats can run on devices without the need for specific hardware for
decimal arithmetic and provides high computational speed, the latter has greater precision
and is able to represent a much wider range of numbers. Indeed, floating-point arithmetic is
ubiquitous in modern computing systems, and the preferred way computers approximate
real numbers.

1.2.1. Floating-point arithmetic

Floating-point numbers (often called floats), as in scientific notations, are represented
using an exponent (normally in base two) and a significand, except that this significand has
to fit on a certain amount of bits.

The representation of a float is similar in concept to scientific notation and consists of

= A signed number, referred to as the significand, mantissa, coefficient, or ambiguously
fraction. This number is encoded as a digit string of a given length.

= A signed integer exponent (normally in base two), which modifies the magnitude of
the number.

To obtain the value of the floating-point number, the significand or mantissa is multiplied by
the base raised to the power of the exponent. The way in which the significand (including
its sign) and exponent are stored in a computer is implementation-dependent, but it is quite
common that the first bit represents the sign, the next bits the exponent, and finally the
significand.

The term floating point refers to the fact that the radix point of a number can “float”; that
is, it can be placed anywhere relative to the significant digits of the number, similarly as in
common scientific notation. A floating-point system can be used to represent, with a fixed
number of digits, numbers with different orders of magnitude, so it can be often found in
systems that include very small and very large real numbers. However, since it uses only a
finite number of bits, not all numbers can be represented under this format. Throughout the
years, a variety of floating-point representations have been used in computers, but in 1985,
the IEEE 754 Standard for Floating-Point Arithmetic was established. Since then, the most
commonly encountered representations are those defined by the IEEE.

The IEEE 754 Standard for Floating-Point Arithmetic

Some decades ago, issues like the length of the mantissa and the rounding behavior
of operations for floating-point numbers could differ between computer manufacturers,
and even between models from the same manufacturer. Obviously, this led to problems
with the portability and reproducibility of results. The IEEE Standard for Floating-Point
Arithmetic (namely, IEEE 754) solved these shortcomings by providing definitions for
arithmetic formats, rounding schemes, operations, representation of special numbers, and
exception handling [64].

The original IEEE 754-1985, which is implemented in the vast majority of modern
computers, stipulates two fundamental formats, namely single (sometimes called Float32,
FP32, or binary32, as in the latest revision of the standard) and double (alternatively known
as Float64, FP64, or binary64). Note that this nomenclature is frequently used in basic data
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1 bit w bits t bits

Sign Exponent Fraction
single: 32 bits w=8, bias=127 t=23
double: 64 bits w=11, bias=1023 t=52

Figure 1.1: Encoding of the binary IEEE 754 floating-point formats.

types from high-level, general- purpose programming languages like C++, Java or Python.
Representations of numbers in these formats are encoded in n bits in the following three

fields, as shown in
= 1-bitsign S,
= w-bit biased exponent E/ = e + bias,

= {-bit trailing significand field digit string /' = f1 f ... f;; the leading bit of the signifi-
cand, fy, is implicitly encoded in the biased exponent E.

The value v of a floating-point number is inferred from the aforementioned fields as
follows:

a) If E =2%—1and F # 0, then vis NaN, and f; shall distinguish between qNaN (quiet)
and sNaN (signaling).

b) If E=2%—1and F =0, thenv = (—1)° x (+0).

c) When 1 < F/ < 2% — 2 is the most common case, and the value of the corresponding

floating-point number is given by|Equation (1.1); thus normal numbers have an implicit
leading significand bit of 1.

v=(—1)% x 2F7bas . (1 4 27 x F). (1.1)

d) If E = 0and F # 0, the implicit leading significand bit of the number is 0, as shown
in Such numbers are called subnormal or denormalized, since they are

non-zero numbers with a smaller magnitude than the smallest normal number.

v =(=1)% x 2°M" x (0427 x F). (1.2)

e) If E=0and F =0, then v = (—1)° x (+0) (that is, signed zero).

Note that this format represents signed infinity and zeros, and multiple NaN exceptions.
Denormalized numbers are non-zero numbers with a magnitude smaller than the smallest
normal number, and provide a gradual underflow, filling this gap around zero in floating-point
arithmetic.

The IEEE 754 original standard from 1985 has two revisions, one in 2008 [65], which
extended the previous version with decimal floating-point arithmetic (radix 10), and another
in 2019 [66]], which is a minor revision of IEEE 754-2008.




Chapter 1. Introduction

8 bits 23 bits
ieee P32 [S|E[E[E|E|E|E|E[E[F[FIF[F[F[F[F[F]F]F]F[F[F[F[FIF[F[F[F]F]F]F]F]

5 bits 10 bits
1eee FP16 |S|E|E[E|E|E|F[F|F|F[F[F|F[F][F]F]

8 bits 7 bits
bfloat16 [S|E|E|E|E|E|E[E|E|F|[F|F|F|[F|F]F] o beoend
8 bits 10 bits - sign
r32 [s|elefele|ef[e[e[e[F[r[F[F]F[F[FIF]F[F] | [E]:exponent
FP8 (E4M3) | S | E | ;Tt; | E | FT:;"T 3 | : fraction (trailing significand)
5 bits 2 bits

P8 (EsM2) [S|E[E[E[E[E[F[F]

Figure 1.2: Comparison of alternative floating-point formats.

Other floating-point formats

In addition to the widely used floating-point formats defined in the IEEE 754-1985
standard, there exist alternative formats for performing floating-point computations. The
revised version of the standard, IEEE 754-2008, introduced definitions for storage formats
of various lengths, including 16-bit and 128-bit formats. However, recent developments in
computer arithmetic have led to the emergence of alternative arithmetic formats that are
not compliant with IEEE 754-2008. Notably, leading companies have also contributed to the
development of these formats, making them of particular interest to the research community.
The most relevant of such formats are summarized in [Figure 1.2]

= IEEE half-precision 16-bit float. Also called Float16, FP16, or binary16, is a binary
format defined by the IEEE 754-2008 standard [65] and is commonly used in applications
where storage space and computational efficiency are important considerations. The
format uses 16 bits to represent a floating-point number, with 1 bit for the sign, 5 bits for
the exponent, and 10 bits for the mantissa. Compared to other floating-point formats,
IEEE half-precision is less precise but requires less storage space and computation
time. It is used in a wide range of applications, including graphics processing, mobile
devices, and machine learning [107].

= Brain floating point. The brain floating point format, or bfloat16 for short, developed
by Google, uses 16 bits to represent a floating-point number. In this format, 1 bit is used
for the sign, 8 bits are used for the exponent, and 7 bits are used for the significand. It is
designed to strike a balance between the precision of a traditional 32-bit floating-point
format (both have the same exponent bit length) and the memory efficiency of a
16-bit format, making it useful in a wide range of applications, including machine
learning and HPC [76,57]. Although non-standard, this format is supported by many
modern processors, including those from Intel, Arm, and Google [70, 4, 46], as well as
GPUs [134].

= 8-bit floating point. Also known as Float8 or FP8, is a natural progression from 16-bit
floating-point data types, reducing the bit length down to just 8 bits [109]. In contrast
with other formats, this one consists of two encodings:
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— E4M3, with 4 exponent bits, 3 mantissa bits, and 1 sign bit.
- E5M2, with 5 exponent bits, 2 mantissa bits, and 1 sign bit.

Although initially designed for educational purposes, the FP8 data format has shown
promise in accelerating both Al training and inference. As a matter of fact, its imple-
mentation has resulted in halving data storage requirements and doubling throughput
when compared to FP16 or bfloat16 [155]. As a result, this novel data type has already
been implemented in some of the most advanced computer accelerators [136], further
validating its potential as a valuable tool for improving Al performance.

= TensorFloat-32. This format, sometimes called TF32, is a hybrid between the single-
and half-precision standard formats. It uses the same 10-bit mantissa as the FP16,
having enough precision for Al workloads, but adopts the same 8-bit exponent as FP32,
so it can support the same numeric range. This format, proposed by NVIDIA, shows
remarkable speedups on Al training when compared to FP32 [135]. It is implemented
on the NVIDIA Ampere generation of GPUs. However, due to its irregular size, all
memory accesses remain FP32.

1.2.2. Posit arithmetic

As an alternative to the IEEE 754 arithmetic standard, John L. Gustafson proposed the
concept of universal number (unum) [49], which has several forms.

The original “Type I” unum is a superset of the IEEE 754 Standard floating-point format.
It uses a ubit at the end of the fraction to indicate whether the number corresponds to an
exact value or lies in an open interval. Type I unum takes the definition of the sign, exponent
and fraction bit fields from IEEE 754, but the last two have a variable width. The bit lengths
of such fields are indicated after the ubit, as depicted in[Figure 1.3al Although this format
provides a more straightforward way to express interval arithmetic, its variable length
demands extra management.

The “Type II” unum [50] was designed to resolve some of the shortcomings that Type
I had, presenting a mathematical design based on the projective reals, but abandoning
compatibility with the IEEE 754. The 3-bit format is illustrated in [Figure 1.3b| This version
has ideal mathematical properties, such as symmetrical distribution for negative and inverse
values, but relies on look-up tables for most operations. This limits the scalability to about
20 bits or fewer. Furthermore, fused operations such as dot product, which is used in a vast
amount of applications, are quite expensive in this format. These drawbacks served as a
motivation for searching a new format that would keep many of the Type Il unum properties,
but also be “hardware-friendly”, which means, easily implementable on hardware.

The “Type III” unum, better known as posit, was introduced by John L. Gustafson in
2017 “as a direct drop-in replacement for IEEE 754 standard for floating-point numbers” [52].
Posit numbers take the concept from the previous unum type while relaxing the perfect
symmetry condition in order to perform hardware computations with similar logic to the
existing floating-point format. The posit number system is a floating-point encoding scheme
with tapered precision. Initially, a posit format Posit(n, es) was defined by its total bit length
(n) and maximum width of the exponent field (es) [52], being Posit(8, 0), Posit(16, 1) and
Posit(32, 2) the most widespread posit formats in literature [32, [126| [127]. Posit numbers
only distinguish two special cases: zero and Not a Real (NaR), which are represented as
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1 bit w bits t bits 1 bit
Sign Exponent Fraction ubit | Exp size | Frac size
(a) Type I unum.
10

(b) Type II unum.

Figure 1.3: Previous unum types.

1 bit k+1 bits es bits m bits

Sign Regime Exponent Fraction

Figure 1.4: General binary Posit(n, es) representation with all fields explicit.

00...0and 10...0 respectively. The rest of the representations are composed of four fields

as shown in|Figure 1.4

= Sign. As for floats or signed integers, the first bit stands for the sign (s): 0 for positive
numbers, 1 for negative numbers. In contrast to floats, which use a sign-magnitude
representation, posits are encoded in two’s complement.

» Regime. This field is unique to this number format. The regime consists of a sequence
of k identical bits R terminated either with the negation of such value (1 — R = R)
or with the least significant bit (LSB) of the posit. This sequence encodes the scaling

factor r, given by conditional [Equation (1.3)| For example, when the regime is 4-bits,
pattern 1110 encodes r = 2, while 0001 stands for r» = —3.

(1.3)

|-k ifR=0
S lk—1 ifR=1"

= Exponent. The following es bits encode another scaling factor e. Unlike with floats,
the exponent is unbiased. As the length of the regime field is variable, there exists the
possibility that some exponent bits (or even all of them) are shifted out of the bit-string.
In such cases, missing bits are considered as 0.




1.2. Background and definitions

= Fraction. The remaining bits after the exponent correspond to the fraction field. Its
value 0 < f < 1is given by dividing the unsigned integer encoded in this field by 2.
This is similar to the case of floats, with the only difference being that the hidden bit
depends on the sign rather than on the exponent, so denormalized numbers do not
exist in the posit format.

The real value p of a generic Posit(n, es) is given by |Equation (1.4)
p=(=1)"x (2%7)" x2¢ x (1 + f). (1.4)

At this point, it is noteworthy to highlight the difference between the two interpretations that
have been made of posit numbers to date: in the first works studying posit arithmetic [52],
the numerical value of a normal posit datum was defined by Under this
approach, if a value is negative (when the sign bit is 1), its two’s complement must be
computed before extracting the regime, exponent, and fraction, so values r, e and f in
are always considered from the absolute value of the posit.

Notice that this interpretation, usually known as sign-magnitude, is quite similar to the
one for classical floating-point numbers: it deals with a sign bit, a signed exponent (regime
and exponent can be gathered in a single scaling factor) and a significand with a hidden
bit. As a consequence, the circuit design for both arithmetic formats would be similar too.
Indeed, this sign-magnitude representation is the one used by most of the posit arithmetic
units in the literature [52, 15}, [72].

However, posits (and Type Il unums) were designed from the key observation that signed
(two’s complement) integers map elegantly to the projective reals [52]. Trying to implement
posits by first forcing them to look more like floats (taking the two’s complement before
decoding) and then converting back does not seem optimal [48]. Instead, by considering
posit numbers to be in two’s complement representation much more efficient designs can

be obtained. In this sense, we propose [Equation (1.5)|as an alternative togEquation (1.4)[to

obtain the value of a posit number:

p= ((1 _ 35) + f) % 2(1—2s)><(2657'+e+s)' (1.5)

In this thesis, we prove that both approaches are equivalent from a mathematical sense
(for more details, see[Appendix A). Indeed, this is the representation under which posit
numbers are commonly interpreted throughout this thesis, and it serves as the basis for
presenting the designs of the functional units (FUs) in[Chapter 5| However, this implies that
many of the existing units for FP cannot be reused, since this format just considers positive
significands, and can not exploit two’s complement properties. This means that arithmetic
units have to be re-designed to accommodate the alternative posit representation. Actually,
the community is still in the early stages of discovering new representations and circuit
shortcuts that leverage the posit arithmetic format.

Another noteworthy aspect of posit arithmetic is that in the latest Standard for Posit™
Arithmetic (2022) [51] the value of es was fixed to 2. This has the advantage of simplifying
the hardware design and facilitates the conversion between different posit sizes. Therefore,
from now on we will be using the Positn to refer to posits of length n bits with 2 exponent
bits.

There are some main differences with the IEEE 754 floating-point format. First, the
use of an unbiased exponent. Another difference is in the value of the fraction hidden bit.
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Table 1.1: Posit8 format decodification.

Binary s r e f value

0 110 -6 0 0 5.96046 x 1078
00001011 |0 =3 1 0.5  0.000732421875
01000 0 0 0 0 1.0
011010 0 1 2 0.75 112

0 0 6 0 0 16777216

1 111 =6 0 0 —16777216
100101 1 -2 1 025 —112
11000 1 0 0 O -1.0
11110101 |1 2 2 0.5 —0.000732421875
1 1 6 0 0 —5.96046 x 1078

Usually, in floating-point arithmetic, the hidden bit is considered to be 1. However, when
considering the representation of posits given by it might be either 1 if the
number is positive, or —2 if the number is negative. This simplifies the decoding stage of
the posit representation [48| [124]. But probably the major difference with standard floats is
the existence of the regime field. This variable-length field acts as a long-range dynamic
exponent, as can be seen in where it is multiplied by 2° or, equivalently,
shifted left by the number of exponent bits. Since it is a dynamic field, it can occupy more
bits to represent larger numbers or leave more bits to the fraction field when looking for
accuracy in the neighborhoods of +1. shows several examples of posit values and
field decodification. However, detecting these variable-sized fields adds some hardware

overhead, as will be shown in [Chapter 5|

1.2.3. Properties of posit arithmetic

The posit format provides compelling advantages over IEEE 754 floating-point numbers.
Such advantages range from a more elegant design (in a mathematical sense) to mechanisms
that reduce the rounding error in calculations. Below, some unique properties that make
posits an interesting alternative to floats are presented.

Special cases

As aforementioned, posit numbers are encoded in two’s complement notation, in
contrast to floats, which use the sign-magnitude representation. Hence, posit format has no
representation for negative zero, and thus does not suffer from its associated difficulties. The
single representation for zero value in posit arithmetic is, as one may expect, with all bits set
to 0. The other bit pattern that has no complementary value is a 1 bit preceded by all 0 bits,
which is used to represent the NaR exception. This value is used for denoting anything not
mathematically definable as a unique real number, like division by zero or the square root of
a negative number. There is no representation for the infinite value in posit arithmetic, since
it is not a useful value for arithmetic calculations, but denotes a non-representable result.

10
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According to posit standard [51]], any real number should be rounded to the closest posit
value, so there is no overflow or underflow in such format, and thus infinity representation
is not needed.

Floats present two different representations for positive and negative infinities, again
according to the sign bit. In addition, the IEEE 754 format provides NaN exceptions, which
are not the same as infinity, although both are typically handled as special cases. In the
floating-point standard, bit strings with all the exponent bits set to 1 represent a NaN. Just
the first fraction bit is used to determine the type of NaN (quiet or signaling), while the rest
of the bits are often ignored in applications. The representation of NaNs specified by the
standard has some unspecified bits that could be used to encode the type or source of error,
but there is no standard for that encoding. Besides this, any implementation compliant
with the IEEE 754 standard must incorporate mechanisms to detect NaNs in arithmetic
and comparison operations. Moreover, when a calculation produces any of these values,
an exception also occurs. NaN is unordered: it is not equal to, greater than, or less than
anything, including itself. The fact that the posit format has a single exception value allows
not only to represent more values with the same number of bits but to tremendously simplify
the exception handling when designing posit units.

Overflow, underflow, rounding and reproducibility

As mentioned earlier, in posit arithmetic there are no overflow to NaR and underflow
to 0 phenomena. When the result of an operation is greater (respectively lower) than the
maximum (respectively minimum) representable posit number, the result is rounded to
that extreme value. For all other cases where a real number is not exactly representable in a
posit format, the standard specifies the use of the round-to-nearest-even scheme, i.e., if two
posits are equally near, take the one with binary encoding ending in 0. This single rounding
rule ensures obtaining bitwise identical results across systems, which is not guaranteed in
the IEEE 754 as it defines up to five different rounding rules.

Associativity and fused operations

In the realm of integer computation, operations are generally exact. However, the same
cannot be said for floating-point numbers and posits, which possess limited mathematical
precision. Therefore, during any operation involving these numbers, the final result is
typically rounded to conform to the original format. This characteristic of digital floating-
point arithmetic results in a potential loss of accuracy due to round-off errors. As a
consequence, the associative laws of algebra do not necessarily hold for this arithmetic
format.

Nevertheless, if the rounding process were postponed until the final operation in
computations requiring multiple operations, the associative laws of algebra would still
apply to computer number systems. To address this issue, the concept of fused operations
has been introduced in computer arithmetic. Fused operations combine multiple arithmetic
operations into a single operation, eliminating the need for intermediate result rounding.
The most common type of fused operation is the fused multiply-add (FMA), which computes
the product of two numbers and adds the result to a third number in one step, with only
one rounding taking place. The FMA can speed up and improve the accuracy of many
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(a) Posit(4, 1). (b) Posit(5, 1).

Figure 1.5: Visual representation in the real projective line of different posit formats.

computations that involve the accumulation of products, such as dot products, matrix
multiplications or convolutions [112]. It was not until the revision of the IEEE 754 standard
in 2008 [65], that the standard included the FMA operation in its requirements. The posit
arithmetic goes one step further and includes fused expressions as part of the standard [51].
Such expressions must be distinct from non-fused expressions in source code, and any
standard-compliant implementation must be able to evaluate accurately any expression that
can be written as a product of vectors of length less than 23!, with a single final rounding to
posit format. To that end, posit arithmetic introduces the concept of quire: a fixed-point two’s
complement format capable of storing exact sums and differences of products of posits. For
each posit precision, there is a corresponding quire format with 16n bits of precision. Such
accumulator is based on the concept presented by Kulisch [87], but in contrast with previous
implementations, the quire must be accessible to the programmer, so it might be possible to
perform load/store and basic arithmetic (addition/subtraction) operations on it.

Visualization of posits in the projective real line

Posits were created as a modification of Type Il unum to be more similar to the floating-
point numbers. Therefore, the posit format inherits one of the concepts of the previous
unum type, the design based on the projective reals. Posits can be mapped into the real
projective lind|as depicted in[Figure 1.5, which helps to visualize and understand this novel
format. Apart from the elegant mathematical design, these geometric representations reveal
some properties of the posit format.

In geometry, a real projective line is an extension of the usual concept of line that incorporates a point at
infinity; i.e., the one-point compactification of R.
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Figure 1.6: Significant binary digits precision of different number formats.

= As aforementioned, and in contrast with the IEEE 754 standard, posits have a single
representation of the zero and NaR values, and the latter is the only exception value
used in this format.

= Posit numbers with their corresponding bit strings constitute a totally ordered set. As
there are no two posit numbers with the same bit representation, it is a strict total
order relation. Thanks to this property, posits comparison can be done in the same
manner as for signed integers. However, this is not possible in the case of floats, where
different bit strings may represent the same real value (like 0 = —0).

» Generating a posit format of a bigger size consists of appending a 0 bit on the right
to the existing posits, and filling the gaps with posits ending in 1, as depicted in
Note that appending a 0 on the right does not modify the original value of
the posit, so conversion between posit formats with the same number of exponent bits
just requires padding with zeros, or chopping (and rounding) the rightmost bits.

= For every posit configuration, about half of the representable values concentrate within
the interval [—1, 1]. This makes posit values to follow a normal distribution centered
at 0, which is known as tapered precision. This contrasts with the flat precision of
the floating-point format, as shown in and in[Table 1.2] Note that, a total
precision of X bits is equivalent to logio(2**) decimal digits. For this reason, posits
present a higher accuracy in that interval, where most of the computations from
different areas take place, such as deep learning, digital signal processing or numerical
analysis [15, 148, [168].

1.3. Objectives

With the aim of addressing the aforementioned scenarios, this dissertation primarily
focuses on the following objectives:

(1) “To explore the characteristics and properties of the posit format, assessing its viability as an
alternative to the prevailing IEEE 754 floating-point format in modern applications.”

(11) “To propose designs for posit arithmetic units that offer hardware support for this format, with
a special emphasis on enhancing energy-efficiency and performance.”
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Table 1.2: Span and precision of IEEE 754 floating-point and posit formats.

Format Min. Subnormal Min. Normal Max. Finite Max. Precision
Floatl6 2721 ~ 5.96 x 1078 271 ~6.1x107° (2 —2719) x 215 = 65520 11
Posit16 - 27% ~ 1.39 x 10717 256 ~ 7.21 x 1016 13
Float32 279~ 14x107% 27126~ 118 x107%®  (2-2723) x 2127~ 3.4 x 10% 24
Posit32 - 27120 & 752 x 10737 2120 ~ 1.33 x 10% 28
Float6d 27107 ~ 4.9 x 107324 271022 5 293 x 107308 (2 — 2752) x 21023 = 1.8 x 10308 53
Posit64 - 27248 £ 221 x 1077 2218 ~ 4.52 x 107 60

These general goals can be further divided into the following specific objectives:

1.4.

To thoroughly study the posit number system, including its key characteristics and
distinctions from other commonly used formats in computer arithmetic.

To investigate the potential advantages of posit arithmetic over other number formats
in diverse applications and scenarios.

To develop a platform capable of conducting both training and inference phases in deep
learning systems. The platform will facilitate computations using either floating-point
or posit arithmetic, enabling a fair and comprehensive comparison between the two
formats without requiring modifications to the models.

To design and implement units in the posit format for basic arithmetic operations,
including addition/subtraction, multiplication, division, and square root. In addi-
tion, multiplication with accumulation is a computation common in many scientific
applications that will be considered in the realm of fused arithmetic.

To integrate the aforementioned designs into hardware development tools to enable
the execution of posit computations on real hardware platforms, such as FPGAs.

To evaluate the accuracy, performance, resource utilization, and energy efficiency of the
proposed approaches, and to compare the achieved results with other state-of-the-art
solutions.

Document structure

Clearly, there are two strongly differentiated approaches in this thesis: one with a more
software-centric approach and the other purely hardware. This document is structured
into two initial introductory chapters, and three main parts, the first two gathering all the
approaches proposed, plus a third part presenting alternative formats derived from the
standard posit.

(this chapter) provides the motivation for this thesis, describes the main and
specific objectives addressed, and summarizes the different approaches described in this
dissertation.[Chapter 2|reviews the current state of the art about the realm of posit arithmetic,
showing different approaches to both software and hardware topics, the former with a
special focus on the field of deep learning.
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explores the properties of the posit format in a wide variety of applications and
scenarios. The experiments in both chapters are performed using software to emulate
position computations. motivates the usage of posits in scientific applications
of multiple areas, including linear algebra or dynamic systems. For each application, the
error of the posit format is compared with that obtained under floating-point computation.
is specifically focused on the usage of posits in the computations of deep neural
networks (DNNs). First, a deep learning framework is presented, allowing to emulate all
the internal computations in different posit formats at both inference and training phases.
Then, the results of performing training and low-precision inference under floating-point
and posit formats are compared across multiple models and datasets.

In contrast, [Part II)is devoted to designing a complete suite of hardware operators for
performing computations with posit arithmetic. The proposed solutions aim to be energy-
efficient and competitive against current floating-point operators. The first two chapters
within this part follow the same structure, introducing the operation that wants to compute,
a detailed description of the design proposed, and a complete evaluation of the hardware
implementation and comparison with previous solutions. [Chapter 5|presents functional unit
designs for fundamental operations in posit format, encompassing addition/subtraction,
multiplication, division, and square root. Comparative analyses between the proposed posit
units, contemporary designs, and floating-point standard units are presented. Moreover, a
detailed study of the approach employed in the proposed designs is presented in[Appendix Al
In[Chapter 6} the novel concepts of fused arithmetic and the quire accumulator are explored,
introducing a functional unit designed for the computation of exact operations with no
rounding. In addition, diverse implementation alternatives are investigated for this unit,
elucidating multiple trade-offs between area and performance. Finally, [Chapter 7| presents a
complete solution to generate and synthesize custom accelerators for FPGAs from behavioral
specifications employing posit numbers instead of conventional FP. This is achieved through
high-level synthesis (HLS), which transforms a behavioral description of a digital system
into an RTL model that realizes the given behavior.

The last part of this document, deals with some alternative formats that are
derived from the initial idea of posit arithmetic. These formats attempt to reduce the
hardware implementation cost of the standard posit format, at the cost of sacrificing some
accuracy or compatibility with the standard posit format. The paradigm of approximate
computing is explored in[Chapter 8 Although approximate computing refuses to guarantee
exact computations, it can still achieve acceptable results in certain applications. Another
different format, HUB, is explored in combination with the posit number system. This
format is known for diminishing the implementation resources while not compromising the
accuracy of the computations.

Finally,[Chapter 10]presents the general conclusions of this thesis, a list of the publications
and open-source repositories derived from it, and a set of open research lines.
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Since John L. Gustafson introduced the posit number system in 2017 [52], there has
been a surge in interest regarding scenarios where this format can outperform traditional
floating-point representations. Numerous research works have extensively evaluated the
advantages and limitations of posits across various domains within computer science. These
evaluations range from high-level applications, including physical simulations and neural
networks, to the intricate landscape of hardware implementation.

This chapter provides a comprehensive overview of the current state of the art in
posit arithmetic, synthesizing key contributions published to date. We categorize these
contributions into two main streams: those predominantly focused on applications and
software, and those situated within the realm of hardware implementation.

2.1. Posits in software

The applications of posit arithmetic span a wide spectrum of computational domains. Re-
searchers have explored its utility in high-level applications, such as physical simulations [32],
HPC [20], or neural networks [153]. This section provides a comprehensive overview of the
diverse applications of posit arithmetic, discussing its impact on computational performance,
accuracy, and overall efficiency.

2.1.1. Software libraries

Posit arithmetic exhibits many implementation differences when compared to classical
floating-point. Naturally, the appropriate hardware is not always available, and developing
new hardware is always much more expensive than performing software simulations.
Therefore, various software libraries for emulating this arithmetic have been proposed. The
two most well-known ones so far are SoftPosit [97]] and Universal [137].

SoftPosit is a C library that follows the philosophy of the Berkeley SoftFloaf|software
implementation of binary IEEE floating-point. It supports basic arithmetic operators and

Thttps://github.com/ucb-bar/berkeley-softfloat-3
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quire functionality for Posit(8, 0), Posit(16, 1), and Posit(32, 2) formats, as well as Posit(n, 2)
with n € [2, 32]. Bindings of this library to different programming languages like Pythonf}
HaskellP} Rust, Racket?] and Juliaf|have also been done.

The other main library is known as the Universal Numbers Library. It is written as
a template C++ library and provides emulation support for posit formats of (virtually)
any bit length and exponent size, including quire functionality. Additionally, it supports
other alternative formats to the IEEE 754 floating-point, such as arbitrary configuration
floating-point, fixed-point, or logarithmic number systems, among others.

Another software library that emulates posit operations in a much less faithful way is
cppPosit [25]. This library supports posits with a total number of bits ranging from 4 to 64.
However, posit operations are emulated with the help of pre-computed lookup tables (LUTs)
(when the number of bits is no more than 12) or using conversion to either floating-point
or fixed-point. Also, it considers certain naive operations that can be directly executed in
hardware without emulation, such as multiplication and division by two.

Lastly, it must be noted that some works have focused on evaluating several numerical
aspects of this format, developing software frameworks for such purposes. In [99] posits are
compared with other formats with variable-length coding for exponents and significands. A
tool for detecting errors in computation using posits is presented in [22], whereas a suite for
the verification of posit arithmetic units is proposed in [88]. On the other hand, regarding the
resiliency and robustness of this number format, some works have evaluated it [2,[149) 41],
showing that the posit format is considerably more resilient compared to classical IEEE 754
compliant representation. That is, posit format demonstrates to be less vulnerable and prone
to errors such as bit flips.

2.1.2. Scientific applications

Multiple studies have compared the performance of posit arithmetic against the classical
IEEE 754 floats in a wide variety of areas and real-world applications.

The use of 16-bit precision formats is investigated for weather and climate modeling [80,
81]] and computing the solutions of chaotic dynamical systems [79]]. In such simulations,
posits clearly outperform floats and appear very promising for accelerating these kinds of
computations.

Another potential application for posit arithmetic is optical flow. As demonstrated
in [148], there is a clear advantage in using posits instead of floats for calculating optical
flow using classical methods like Lucas-Kanade [7].

Neuromorphic computing, an approach inspired by the structure and function of the
human brain, utilizes a type of artificial neural network known as spiking neural networks.
In [14], the presynaptic region of neurons was implemented in hardware, incorporating
posit arithmetic for that purpose. The posit-based implementation outperformed other
operating IEEE 754 modes in terms of error, while reducing the area and power consumption
compared to double-precision floating-point implementation.

?https://gitlab.com/cerlane/SoftPosit-Python
Shttps://hackage.haskell.org/package/posit
‘https://crates.io/crates/softposit
Shttps://github.com/DavidThien/softposit-rkt
6https://github.com/milankl/SoftPosit.jl
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Finally, other studies demonstrate the suitability of the posit format for different well-
known physical applications and problems, such as dynamical systems [118], the fast Fourier
transform [147, 98], Kalman filtering [67], or radio astronomy tasks [47]. All of these works
show that using posit numbers produces better results than the corresponding floats of the
same size.

2.1.3. Deep learning

Among the various fields of research, deep learning stands out as the domain that
currently attracts the most attention for utilizing posit arithmetic. Notably, the original article
introducing the posit format [52] highlights a property of this format that proves highly
advantageous for neural networks: 8-bit posit with es = 0 can approximately compute the
sigmoid function through straightforward bit manipulation.

Researchers have been investigating the advantages of posit arithmetic for the inference
of DNNs, with the potential to leverage the higher accuracy of this format to reduce data
bit length. This exploration began with [73] focusing on 7-9 bits, where also the use of the
Kulisch accumulation (the precursor of the fused multiply-accumulate (MAC) introduced
in the posit Standard [51]) is evaluated in conjunction with the MAC operation in the log
domain. Subsequently, similar investigations into the use of low-precision posit formats for
inference are conducted in [12]. In such a work, a precision-adaptable FPGA soft-core for
performing exact posit MACs named Deep Positron is used to demonstrate that the 8-bit
posit precision achieves a comparable accuracy to that obtained with a 32-bit floating-point
implementation. Similarly, [114] examines quantization to 8-bit posits and the use of fused
MAC for inference, drawing similar conclusions to other works. Collectively, these studies
have demonstrated that 8-bit (and even smaller) posits can effectively serve for the inference
of DNN .

In contrast, exploiting the use of posits during the training phase is a more compelling
avenue, given the computational intensity of this stage. The first time posits were used in
this context was in [128], where a fully connected neural network is trained for a binary
classification problem using posits of varying precisions (8, 10, 12, 16, 32 bits). Subsequent
studies [89) Q0] extend this approach to training fully connected neural networks for
MNIST and Fashion MNIST, employing 16 and 32-bit posits for all DNN parameters.
Additionally, [102,101] explore the training of convolutional neural networks (CNNs) using
mixed precision under 8 and 16-bit posits, initially relying on floats for the first epoch and
layer computations, with posits emulated through conversion. In contrast, the software
framework Deep PeNSieve [114] is used to demonstrate the training of a CNN for CIFAR-
10 using only 16 and 32-bit posits, with no discernible accuracy degradation, emulating
all computations in such formats. More recently, PositNN, a mixed-precision framework
incorporating fused arithmetic for both training and inference with posits of any precision,
is presented in [143]. This work showcases the successful use of common CNNs with 8-bit
posits, exhibiting no significant loss of accuracy on classical datasets such as MNIST, Fashion
MNIST, and CIFAR-10.

Other innovative works that explore the application of posit arithmetic in deep learning
encompass the use of posits to reduce storage requirements while performing computa-
tions in a more resource-efficient format like fixed-point [130], the utilization of adaptive
quantization techniques [91], the emulation of posit arithmetic on GPUs [58| 59], and the
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implementation of approximate computing, either in matrix multiplication [121,125] or for
processing the activation functions [24].

2.2. Posit implementation solutions

Efficient hardware implementations are crucial for the practical adoption of posit
arithmetic. This section delves into the various implementation solutions devised by
researchers to overcome challenges associated with hardware realization and software
support. It explores optimization strategies, computational capabilities, and other key
aspects that contribute to the successful integration of posit arithmetic into computational
frameworks.

2.2.1. Basic arithmetic units

Since its initial introduction, there has been considerable interest in hardware implemen-
tations of posit arithmetic. A plethora of standalone posit arithmetic units with different
degrees of capabilities have been described in the literature. These units serve as the
fundamental building blocks for the execution of posit arithmetic operations.

The first works presenting posit arithmetic units are [141, 15]. Both present parametric
designs for posit adders and multipliers, but are not open-source. On the other hand, authors
in [72] propose PACoGen, an open-source suite of parameterized posit adder, multiplier
and divider units (for es > 0) in Verilog, along with a set of pipelined architectures. None of
these works support the quire. The work [161] presents MArTo, an open-source hardware
implementation for addition, subtraction and multiplication of custom-size posits, in the
form of a C++ library compatible with Vivado HLS. This library improves previous posit
implementations in terms of latency and resource consumption. Other open-source designs
of posit adders and multipliers improving previous implementations are presented in [113]],
in which FloPoCo, a framework for the generation of arithmetic datapaths [33], is used to
generate parameterized units with automatic pipeline according to the design constraints
and target FPGA device (see[Appendix B.2). Moreover, by leveraging the variable-length
nature of posit numbers, a power-efficient posit multiplier is presented in [174], which
only enables the required portions of the signified multiplier at run-time. Finally, a faithful
evaluation of the hardware requirements of posit adders and multipliers when implemented
either as floating-point units, using sign-magnitude coding, or implemented from scratch
exploiting the unique properties offered by this new format, i.e. with two’s complement
coding, is presented in [124]. This study shows a substantial improvement in terms of latency
and resource consumption when using the former approach.

In contrast to addition and multiplication, implementing binary division and square root
is a much more complex task, and not much work has addressed it. As mentioned above,
PACoGen includes an open-source posit divider design [72]. It relies on the Newton-Raphson
algorithm. Moreover, the works [144} 171] propose functional units for both division and
square root, since the algorithms for the two operations are pretty similar. Indeed, the unit
presented in [144] supports the two operations in the same hardware design. However,
none of these two works are open-source. While the units from [171] are based on the
Newton-Raphson algorithm, the fused division and square-root architecture from [144] is
iterative, as it implements the non-restoring algorithm. Lastly, authors in [119] compare
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different implementations for posit division, including both iterative and multiplicative
methods. Such dividers improve previous posit implementations in terms of latency and
resource consumption.

It is noteworthy to mention that several research efforts have been made to develop
the fused operations introduced by the posit standard. The first ASIC implementation of
a fused posit MAC unit is proposed in [173]. A 5-stage pipeline strategy is also presented
to make the design meet the speed requirements of modern processors. Another of the
earliest papers to feature a posit MAC unit with quire was [161]]. It compares the equivalent
floating-point Kulisch accumulator on which this unit is actually based. Results reveal that
the cost and performance of a Posit32 quire and a Kulisch accumulator for Float32 are almost
identical. Another set of energy-efficient designs for fused posit MAC is presented in [123]],
where different design alternatives for quire accumulation and multiple pipeline strategies
are compared. Finally, a fused posit MACs with dynamic support for variable exponent
sizes and a 5-stage pipeline is presented in [131]. This is the first unit able to compute fused
posit operations for different exponent sizes within the same hardware.

A summary of prior research studies proposing posit arithmetic hardware implemen-
tations is presented in[Table 2.1] The works are sorted by publication date. All the works
present parametric designs (some of them do not support es = 0, but this is not possible to
determine for those that are not open-source). However, not all of them have pipelining.
Designs implemented in high-level tools such as Vivado HLS or FloPoCo support automatic
pipelining, while those implemented in Verilog present a fixed pipeline scheme (and not all
designs have pipelining at all, like in the case of PACoGen [72]).

2.2.2. Domain-specific accelerators

One of the most popular current trends in computer architecture is the design of DSAs,
rather than general-purpose hardware [56]. Besides the functional units designed for the
aforementioned posit arithmetic operations, several works have explored the usage of this
format in hardware accelerators that target specific applications.

Authorsin [17] propose a matrix multiplier unit for Posit32 numbers. It consists of 64 quire
accumulators, so it can compute vector dot products exactly. Another accelerator designed to
exploit data parallelism is presented in [132]. Authors propose a 2D array of reconfigurable
processing elements, each implementing a 4-stage pipeline SIMD fused MAC unit (with
quire) of variable-precision ranging from 8 to 64 bits. Thus, each processing element supports
1 x 64,2 x 32,4 x 16,and 8 x 8-bit posit vector operations using the same hardware resources.
This work is extended in [29], which presents a vector MAC unit with shared support for the
posit and IEEE 754 formats. Such a unit comprises a vectorized variable-precision datapath
for 1 x 32-bit, 2 x 16-bit, and 4 x 8-bit vector operations. In addition, to mitigate the hardware
overheads associated with the quire, the proposed unit only provides an exact accumulation
for low-precision scenarios with standard Posit8 format, by using a quire of 128-bits, and
with 8-bit minifloat variant for IEEE 754.

Some hardware accelerators have already been proposed that seek the adoption of the
posit format to DNNSs. Deep Positron is a DNN kernel accelerator that includes an FPGA
soft-core with an exact posit MAC unit for performing inference with <8-bit posit precisions.
Thanks to the exact MAC operation, this work demonstrates that the 8-bit posit precision
achieves an accuracy comparable to those obtained with a 32-bit IEEE 754 floating-point
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Table 2.1: Summary of posit arithmetic hardware implementations.

Operations  Parametric Pipeline Quire Implementation Device Open-
support source
Bt il 1831 +, x v v X C“St\‘;gé‘i‘)‘tp“t StFr;gXAV x
Zynqg-7000
Chaurasiya et al. [15] =+, % v X X - FPGA & X
ASIC
Zhang et al. [173] MAC v v 4 Verilog ASIC X
Virtex-7
Jaiswal et al. [72] +, x, = v e X Verilog FPGA & v
ASIC
Uguen et al. [161] +, x, MAC v v v Vitis HLS Kintex-7 v
FPGA
Virtex
Raveendran et al. [144] Ea v v X Verilog UltraScale X
FPGA
Zhang et al. [174] X v X X Verilog ASIC X
. Virtex-7
Xiao et al. [171] 4, %, 5,7 4 X * - FPGA
Murillo et al. [113] =+, x v v X FloPoCo ASIC v
Virtex-7
Neves et al. [131] MAC v v v - FPGA & X
ASIC
Murillo et al. [123] MAC v v v FloPoCo ASIC v
Murillo et al. [124] +, X v v X FloPoCo ASIC v
Murillo et al. [119] - v v X FloPoCo ASIC v

implementation. This work is later extended in [90], where the authors present Cheetah, a
framework for low-precision arithmetic to both DNN training and inference. The Cheetah
software framework evaluates the performance of various numerical formats (fixed-point,
floating-point, and posit) with different quantization approaches for both feedforward and
CNN s on various datasets. It includes the FPGA soft-core from Deep Positron.

2.2.3. Posit-based RISC-V implementations

The integration of posit arithmetic units into hardware cores represents a crucial step in
the execution of entire posit algorithms and an in-depth exploration of the efficiency of this
numerical representation. When designing such a core and its arithmetic operations, a critical
decision lies in selecting the instruction set architecture (ISA) to implement. RISC-V [167], an
open-source ISA based on established reduced instruction set computer (RISC) principles,
stands out as a promising choice that has garnered significant attention in both academic
and industrial circles. Thanks to its openness and flexibility, multiple RISC-V cores have
been developed in recent years, targeting diverse purposes.

The first works integrating posit arithmetic into RISC-V cores did it by replacing the
existing FPU with the corresponding units in posit format. PERC [146] integrates a posit
processing unit into the Rocket Chip generator, overloading the already existent 32 and
64-bit FPU. However, this work did not include quire support, as it is constrained by the “F”
and “D” RISC-V extensions for IEEE 754 floating-point numbers. More recently, PERI [159]
adds a tightly coupled posit processing unit into the SHAKTI C-class core, a 5-stage in-order
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RV32IMAFC core. This proposal did not include quire support either, as it reuses the “F”
extension instructions. Nonetheless, it allows dynamically switching the exponent size of
posits (es) between 2 and 3. In [23] authors include a posit unit named POSAR into a RISC-V
Rocket Chip core. Again, this proposal did not include quire support and replaces the FPU
present in Rocket Chip to reuse the floating-point instructions.

A different approach is presented in [150]. The proposed framework, CLARINET,
introduces custom instructions for incorporating fused operations on the quire data type
into a RV64GC 5-stage in-order core. However, not all posit capabilities are included in
this work. Most operations are performed in floating-point format, and the values are then
converted to posit when using the quire. The only posit functionalities included within the
core are fused MAC with quire, fused divide and accumulate with quire and conversion
instructions. Another work that presents a RISC-V extension for posit is [26]. Nevertheless,
this extension only allows the conversion between 8 or 16-bit posits and floating-point or
fixed-point formats, while performing the real computation in such backends, therefore
using posit format as lossy compressed information storage. Similarly, the same authors
propose a RISC-V vector extension for posits, but again relying on the cppPosit library,
and thus limited to floating-point conversion or simple operations that can be executed as
integers, like multiplication by 2 [25].

Finally, PERCIVAL [105, 106] integrates a posit processing unit into the CVA6 core
without replacing the existing FPU. This work incorporates support for all fundamental
posit arithmetic operations, conversions, and fused operations using the quire register. Such
a design choice renders PERCIVAL a platform suitable for a fair comparison between posit
and floating-point formats. To facilitate the utilization of PERCIVAL, a RISC-V custom
extension, Xposit, is integrated into the LLVM backend to allow the compilation of high-level
applications targeting posit arithmetic. The initial version of PERCIVAL, with support for
just 32-bit posits, was subsequently extended to 64-bit posits [103].

2.3. Other posit number representations

While the standard posit format serves as the foundation, researchers have explored
alternative posit number representations. This section examines the variations and extensions
to the standard posit format, discussing their implications and potential advantages in
specific contexts. By surveying the landscape of posit number representations, we gain
valuable insights into the adaptability and versatility of this emerging numerical paradigm.

One of the first approaches that researchers applied to posit arithmetic to reduce delay
and energy consumption of hardware units is approximate computing. The first work
proposing the use of this paradigm within posit arithmetic is [121], which presents an
approximate multiplier based on computations in the logarithmic domain. Furthermore, the
authors in [121] train different DNNs using the Posit(16, 1) format for various datasets, and
during inference, they replace the accurate posit multipliers with their proposed approximate
multipliers, resulting in similar output accuracy. Another approximate posit multiplier,
this time iterative, is presented in [133]. Other approaches that leverage posit approximate
computing in DNNs were later presented in [166), 69]. In [166], a posit-based processing
element is proposed for simplifying the MAC operations required during DNN training.
However, the proposed unit still relies on the floating-point format for the accumulation

23



Chapter 2. State of the art

of intermediate results. On the other hand, authors in [69] explore multiple operator-level
approximations, including posit addition, multiplication and MAC. A different approximate
posit multiplier is proposed in [175], which modifies the exact fraction multiplier by
truncating the LSB positions. This approach is also extended in the logarithmic domain,
and both approximate posit multipliers are evaluated for the inference of various DNNs
with 16-bit posits, resulting in negligible accuracy degradation. Finally, the work from [121]
is extended in [125] with support for approximate posit division and square root.

To address the limitations inherent in the posit format, authors in [44] establish a
fixed configuration for the number of bits in the regime and exponent fields of the posit
representation, introducing the fixed-posit format as a 3-tuple (bit length, exponent bits,
and regime bits). This alternative format is used for DNN inference in [165], resulting in
faster and more energy-efficient computations, and in [43], where the authors present an
approximate fixed-posit multiplier that reduces area, and energy, increases the speedup
and achieves the same accuracy compared with a 16-bit floating-point format.

Lastly, the HUB format, previously employed in the domain of floating-point repre-
sentation [62} 61] is integrated with posit arithmetic for the first time in [122]. Although
incompatible with the standard posit, this alternative format offers hardware implemen-
tations with reduced resource consumption compared to conventional posit units while
maintaining a similar level of accuracy.
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Use of posit arithmetic in scientific computing

The utilization of low-precision formats, such as bfloat16, or novel arithmetic systems
like posit, has garnered increasing interest not only in domains such as machine learning and
HPC but also in general-purpose numerical algorithms. The adoption of these non-standard
formats has the potential to reduce hardware requirements and enhance accuracy. However,
the availability of dedicated hardware for emerging arithmetics, such as posit, is not always
guaranteed, and the development of such specialized hardware incurs substantial expenses.
Consequently, simulating diverse numerical precisions becomes imperative to experiment
with alternative formats that have not yet been implemented in hardware.

In this chapter, a comprehensive comparison of multiple scientific applications is
presented, highlighting the outcomes when computed under various precision levels and
arithmetic formats distinct from the IEEE 754 standard. The computations involving posit
arithmetic are conducted through software, leveraging the Universal Numbers Library [137].
This approach enables a thorough exploration of the performance implications associated
with different numerical precisions and arithmetic models, providing insights into the
feasibility and advantages of adopting these non-standard formats in various scientific
applications.

Specifically, [Section 3.1|motivates the importance of selecting an appropriate number
format for certain computations. [Section 3.2 presents the concept of decimal accuracy, and
provides a comparison across different benchmarks. A more in-depth overview of how the
error introduced by intermediate roundings can affect applications is shown in[Section 3.3|
Finally, closes the chapter with the main contributions and motivation for the
following chapters.

3.1. A motivational example: Goldberg’s thin triangle problem

Let us consider the following elementary-school algebra problem: computing the area
of a triangle of known sides. Assume sides a, b, and ¢, with the condition a ~ b + ¢, so the
triangle is very thin [45]. Specifically, let sides b and ¢ be just 3 unit in the last places (ULPs)

longer than half of the longest side a (see [Figure 3.1).
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p=al2+3ULPs €=a/2+3yLps

a=7
Figure 3.1: Goldberg’s thin triangle problem.

The area of a triangle can be directly expressed in terms of the lengths of its sides «, b,
and ¢, as given by the formula:

A =+/s(s—a)(s—b)(s —c), where s = (a + b+ ¢)/2. (3.1)

Equation (3.1)|poses a risk of incorrect rounding, especially for a very thin triangle, where s is
very close to a. In other words, the term (s — a) subtracts two nearby numbers, one of which

may have a rounding error. For this analysis, 32-bit IEEE 754 floats (single-precision) are
employed, setting a = 7, b = ¢ = 7/2 + 3 x 2722, Then the same formula is evaluated using
Posit32. The correct answer (obtained using an arbitrary precision system like SageMath[T)
and the computed results are as follows:

= Correct answer: 7.831550660045. .. x 102
= 32-bit IEEE float result: 9.043096564710... x1072
= 32-bit posit result: 7.831550668925. .. x 1072

As observed, not a single correct decimal digit is obtained with floating-point repre-
sentation. Instead, posits yield a significantly more accurate result. This outcome is not
unexpected, as single-precision posits exhibit higher accuracy than floats within the dynamic
range from 2716 to 216.

This illustrates that, for specific problems or calculations, the choice of arithmetic format
can profoundly impact the accuracy of the results.

3.2. Decimal accuracy

One of the claims of posit arithmetic is that it offers superior accuracy compared to the
standard IEEE 754 floating-point numbers (floats). Consider, for example, the following
2 x 2 linear system of equations presented in [52]:

(0.25510582 0.52746197> (w) _ (0.79981812) (32)

0.80143857 1.65707065) \y/  \2.51270273

It is not difficult to verify that the solution to System isz = —1,y = 2. Since the system
is 2 x 2, Cramer’s rule provides a straightforward method for computing the solution. To
mitigate rounding errors during the conversion of decimal numbers to binary representation,
System can equivalently be expressed as:

(25510582 52746197) 1 <x> _ (79981812> 1

80143857 165707065 ) 25 \ y 251270273 ) 28~ (3.3)

Thttps://www.sagemath.org
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3.2. Decimal accuracy

Table 3.1: Result and accuracy for different benchmarks.

Thin triangle area z"/n! Quadratic formula (r1) Quadratic formula (r3)
Correct answer 0.007831550660045... 0.032797155836709... -0.020012014421636... -33.313321318911696. ..
Float32 0.009043096564710. ..  0.032797154039144... -0.020011901855468... -33.313320159912109. ..
Posit32 0.007831550668925. ..  0.032793700695037... -0.020012060878798... -33.313321590423583. ..
Decimal accuracy
Float32 1.204 7.623 5.612 7.820
Posit32 9.307 4.339 5.996 8.451

The values of the revised System can be accurately represented using double-
precision (64-bit) IEEE floats. However, when applying Cramer’s rule with double-precision
IEEE floats, the computed result is = 0, y = 2. This substantial rounding error is produced
due to an underflow on the numerator expression x. Achieving the exact answer necessitates
the use of quadruple-precision IEEE floats (128 bits). Nevertheless, the exact solution can be
obtained by conducting the same computation using Posit(64, 3) format. As illustrated, in
certain circumstances, high-precision floats can be safely replaced by lower-precision posits.

When dealing with computations that do not produce the exact result, it is necessary
to measure how good the computed result is. It is thus necessary to define a metric for
error analysis. Accuracy is the inverse of error. Decimal accuracy refers to the precision
or correctness of a numerical result in terms of the number of decimal places [52]. It is a
measure of how closely a calculated or observed value aligns with the true or expected
value, specifically focusing on the digits after the decimal point. The formula for decimal

accuracy is defined by [Equation (3.4)

decimal accuracy = —logyo(|logio(x/y)l), (3.4)

where z and y are respectively the correct value and the computed value when using
a rounding system like floats and posits. Obviously, the higher this metric is, the better
accuracy the numerical format offers.

For example, if the exact result of an operation is 3.141 59, but the computed result is
rounded to two decimal places (3.14), the decimal accuracy would be 3.66. However, if the
result is rounded to three decimal places (3.142), a higher decimal accuracy is obtained, 4.25.

Next, the decimal accuracy of floating-point and posit formats are compared.
presents the results of multiple benchmarks from the literature [49, 52} 45], as well as the
decimal accuracy with respect to the correct answer. These benchmarks are:

» the area of the thin triangle presented in with sides a = 7,
c=b=a/2+3x27%,

= the fraction 2" /n! for z = 7, n = 20,
= the two roots from the quadratic formula for a = 3, b = 100, ¢ = 2.

The incorrect decimal digits are highlighted in red. Just the second benchmark is favorable
to IEEE 754. The reason for this lies in the computation of the factors z™ and n!, which for
the case n = 20 turn to be values that fall out of the golden zone of posits, thus resulting
in lower accuracy. As stated in [32], this is the same explanation why Posit32 is unable to
represent most of the common physical constants accurately, as demonstrated in[Table 3.2]
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Table 3.2: Decimal accuracy for representation of physical constants.

Planck constant Avogadro number Speed of light Electron charge Boltzmann constant
Float32 8.727 8.075 7.839 8.004 7.782
Posit32 1.184 4.091 6.969 4974 4.037

A solution to this would be applying scaling. As mentioned in [32], physicists sometimes
use scaled units rather than the International System of Units. On the other hand, it must be
noted that for such scientific computations, double-precision floats are usually preferred
over 32-bit formats. In any case, there are some studies that report the superiority of 64-bit
posits with regard to IEEE 754 double-precision when applied to algebraic problems, such
as solving linear systems [103]].

3.3. Error-sensitive applications

As shown in the preceding section, posits demonstrate superior accuracy under specific
circumstances when compared to traditional floating-point formats. This inherent advantage
makes them particularly well-suited for domains where even the slightest deviation can
have significant consequences. This is particularly pertinent in error-sensitive applications,
where precision and accuracy are of paramount importance. In this context, the adoption of
posits presents itself as a promising avenue.

To verify that hypothesis, this section takes a comprehensive evaluation of both floating-
point and posit formats across various applications where errors exert a substantial impact.
Through this analysis, we aim to discern the efficacy of posits in mitigating errors and
enhancing precision in scenarios where the consequences of inaccuracies are notably
pronounced.

3.3.1. Benchmark description

A variety of time-dependent ordinary differential equations (ODEs) are proposed. More
precisely, this evaluation focuses on systems that exhibit sensitive dependence on initial
conditions for certain parameters; that is, tiny differences in the starting conditions (or
intermediate steps) for the system rapidly become magnified [177]. Each experiment is
computed using different formats for floating-point and posit number formats. The following
problems are considered:

» Lorenzsystem with parameter values 5 = 8/3, p = 28 and o = 10, and initial conditions
x =38,y =1, z= 1. The model is a system of three ODEs, which describe the rate of
change of three quantities with respect to time: convection, horizontal temperature
and vertical temperature variation.

= Duffing oscillator, a non-linear second-order differential equation used to describe the
motion of damped oscillators. This second-order ODE can be rewritten as a system
of two first-order ODEs. If the parameters of the systemare o = —1, 5 = 1,7 = 0.5,
d = 0.3 and w = 1.2, the system exhibits a chaotic behavior.
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Table 3.3: Global MSE for different benchmarks.

Lorenz Duffing Double pendulum
Float32  2.650 x 10!  2.358 x 1072 1.043 x 103
Posit32  1.938 x 10 6.385 x 107 6.594 x 102
Float64 7.334 x 107"  5.595 x 10~19 2.339 x 102

Positb4d 1.114 x 10716 1.275 x 1024 9.641 x 10!

= Double-rod pendulum (also known as a chaos pendulum), which is a pendulum with
another pendulum attached to its end. In this case, both pendulums are considered
to have the same mass and length (equal to 1), with no initial velocity, and initially
located at an angle of 120° and —10° degrees, respectively for the first and second
pendulum. The motion of a double pendulum can be modeled as a system of four
equations that compute the center of mass of each pendulum (in two dimensions).

To solve the aforementioned systems, the Runge-Kutta fourth-order method is used
iteratively. Each system undergoes computation for 200 000 iterations with different time
steps, namely 200ps, 500 ps, and 1ms for the Lorenz, Duffing, and double pendulum
problems, respectively. As posit formats are not supported in commercial general-purpose
processors, such computations are emulated via software. Given that the primary emphasis
of this evaluation is on accuracy rather than timing performance, the utilization of a software
library is not considered inconvenient.

3.3.2. Results

As a baseline result for comparison, the aforementioned systems were computed using
the x86 extended precision format (80-bit floating-point), which minimizes round-off errors
in intermediate calculations.

The solutions to these problems may correspond to data in different numbers of
dimensions, depending on the number of equations in each system. Consequently, the
mean squared error (MSE) serves as a metric for comparing the computed results with
the baseline, adjusted to the dimension of the solution for each system. The MSE metric
becomes particularly valuable in comparing the precision of different arithmetic formats,
effectively quantifying the deviation between two computations by penalizing large errors
and assigning less importance to small differences.

Considering that the systems of ODEs under examination in these experiments are
dynamical systems with time-dependent solutions, the evaluation of errors is conducted
across all time steps, and the calculation of the global average error is also performed.

The average MSE of dynamical systems computed with different arithmetic formats is
presented in[Table 3.3l Computations using lower bit lengths did not converge into valid
solutions. In all the cases, posits exhibit lower errors compared to their corresponding floating-
point formats. This distinction is particularly noteworthy in the case of 64-bit precision,
where posits provide answers with multiple orders of magnitude greater accuracy.

For a more comprehensive understanding of the results, the error per iteration is depicted
in[Figure 3.2} As illustrated, posit formats demonstrate significantly lower errors than their
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Figure 3.2: MSE per iteration for different ODEs.

floating-point counterparts during the initial steps. However, after several iterations, the
inherent chaotic nature of these systems of ODEs leads to higher errors for both formats.
This is especially notable in the double pendulum experiment, in which the positions of the
pendulums at the end of each simulation are completely different across number formats.

3.4. Conclusions

Posit arithmetic claims to outshine the standard IEEE 754 floating-point numbers in
terms of accuracy, a feature crucial in various problem-solving scenarios. This chapter has
corroborated these claims through evaluations across multiple scientific applications. By
scrutinizing error rates and decimal accuracy under different configurations of posits and
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floats, the study covered classic issues from literature and simulations of time-dependent
systems.

It is important to note that while posits generally outperform floating-point formats in
accuracy, their superior performance is constrained to a specific range of precision, known
as the golden zone. Beyond this range, computations involving values outside the golden
zone may lead to increased errors in the case of posits. Thus, the programmer should be
aware of this to perform data normalization, if required.

The subsequent chapter extends the assessment of posit format to a distinct domain—deep
learning. Given the computational intensity of applications in this field, the study explores
the potential of posits as a viable alternative to traditional floating-point representations.
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Use of posit arithmetic in deep learning

Since its introduction in 2017, posit format has been the subject of multiple studies
exploring its benefits over the standard floating-point format and its suitability in real
applications. However, most of these studies have focused on deep learning, demonstrating
the potential of this format over floats [73} 130,143} 58| 101]]. One major challenge that posits
present is that there is currently no hardware support for such a format, leaving only two
options: building custom hardware for posit arithmetic [12] or relying on software emulation.
The latter option is often preferred for its faster deployment time, although it comes at the
cost of reduced performance.

Based on such observations, a framework for entirely performing both inference and
training of deep neural networks (DNNs) employing posit arithmetic through all the
computations is proposed in this chapter. The framework, so-called Deep PeNSieve, relies on
software emulation for faithfully performing computations under Posit(32, 2), Posit(16, 1)
and Posit(8, 0) formats. In addition, it includes support for performing post-quantization to
Posit(8, 0) as well as performing inference with fused MAC operations, leveraging the quire
accumulator. Under this approach, we aim to accurately evaluate the effects of using such
an arithmetic format in a variety of models and datasets.

The rest of the chapter is structured as follows. undertakes a comprehensive
review of the fundamentals of deep learning and common architectures in the area, as well as
motivates the usage of posit arithmetic in this kind of applications. The proposed framework
for the computation of posit-based DNNss is presented in[Section 4.2} In|Section 4.3} the usage
of posit arithmetic is evaluated under different sets of models and datasets. This includes
training with both 32 and 16-bit formats, as well as low-precision inference. The chapter
culminates with [Section 4.4, where the principal contributions and concluding remarks on
this evaluation are detailed.

4.1. Background on deep learning

Deep learning is a subfield of machine learning that has gained significant attention in
recent years due to its success in a wide range of applications, including computer vision,
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natural language processing, and speech recognition [94,156]. The main advantage of deep
learning over traditional machine learning techniques is its ability to automatically extract
and learn features from raw data, without the need for human domain expertise.

Deep learning has its roots in the development of artificial neural networks, which are
computational models inspired by the structure and function of the human brain. Neural
networks consist of interconnected nodes or neurons that are organized into layers, with
each layer responsible for processing a different aspect of the input data. In recent years,
the development of more powerful computing hardware, such as GPUs and TPUs, has
enabled the training of much larger and more complex DNNs [74,34]. This has led to several
improvements in the state of the art in areas like image classification, object detection, natural
language processing, image generation [86, 9, 142] and many other domains such as game
playing, drug discovery and genomics [152,[75].

In this section, a brief overview of the basics of machine learning and neural networks will
be provided, and then focus on the specific aspects of deep learning that are relevant to the
research problem. The architecture of DNNSs, the training process, common deep learning
architectures, and some current challenges in the field are discussed as well. Overall, deep
learning represents a significant advance in the field of machine learning, with the potential
to revolutionize many industries and applications. Understanding the fundamentals of
deep learning is crucial for researchers and practitioners in the field, and is essential for the
development of new and innovative applications.

4.1.1. Neural networks and deep learning

Neural networks are a type of machine learning algorithm inspired by the structure and
function of the human brain. The basic building block of a neural network is the artificial
neuron (also known as perceptron), which takes a weighted sum of the inputs and passes the
result through an activation (nonlinear) function to produce an output. shows a
schematic representation of the mathematical model of an artificial neuron, i.e., the weighted
sum of the inputs z; multiplied by the weights w; plus a bias b is passed by an activation
function f to obtain the corresponding output y. Multiple artificial neurons can be combined
to form a layer, and multiple layers can be stacked together to form a neural network. For
that reason, the activation function of the neurons is a nonlinear differentiable function,
such as ReLU, sigmoid or hyperbolic tangent.

As neural networks are typically composed of multiple layers of neurons, the output of
each layer is propagated as input to the next layer, as shown in That is, every layer
[ takes as inputs (a:l[l_l]) the outputs of the previous layer (yl-[l_l]). This way, the information
is processed hierarchically to learn increasingly complex representations of the input data.

Within the domain of neural networks, the term deep learning refers to the use of neural
networks with multiple layers, i.e., more than one hidden layer. Such networks are often
referred to as deep neural networks (DNNs). Today, the number of network layers used
in deep learning can vary from five [95] to more than hundreds. The increased depth of
DNNss allows them to learn high-level features that are more complex and abstract than
those learned by shallower networks, enabling them to perform more sophisticated tasks.

One of the key features of DNNSs is that the operations of individual neurons are
primarily composed of weighted sums, as shown in[Figure 4.2} As a result, when thousands
of neurons are stacked in multiple layers to form a DNN, the bulk of the computation
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Figure 4.1: Schematic representation of the mathematical operation of an artificial neuron.

involved is matrix multiplication. To optimize for this computationally intensive process,
various parallelization techniques, such as single instruction, multiple data (SIMD) or
single instruction, multiple threads (SIMT), have been developed. These techniques can
exploit the parallelism inherent in matrix multiplications to accelerate DNN computations.
Additionally, hardware accelerators such as GPUs have become increasingly popular for
DNN training and inference due to their ability to perform large-scale matrix multiplications
in a highly parallelized manner. The use of GPUs and other specialized hardware has
significantly reduced the time required to train and evaluate DNNSs, enabling researchers
and practitioners to tackle increasingly complex problems with larger datasets and deeper
architectures.

4.1.2. Model training and execution

DNNSs can be incredibly complex, with thousands or even millions of neurons, and it
would be nearly impossible to calculate the weights for each neuron by hand. To address this
issue, a breakthrough occurred in the mid-1980s when it was discovered that multi-layer
architectures could be trained using the chain rule for derivatives, and a process called
backpropagation was proposed [95]]. Backpropagation is an algorithm that allows for the
iterative calculation of the weights and biases in each layer during a process called training
phase.

During training, the algorithm learns from a dataset, and after each forward pass, the
backpropagation algorithm propagates errors backward through the network, adjusting the
weights of each neuron based on the difference between the predicted output and the actual
output. This process is repeated many times until the network reaches a satisfactory level
of accuracy. Once the network is trained, it can compute output values using the weights
determined during training. This phase is called inference or prediction. In this phase, only
the forward pass of the inputs is performed, so the computation involved in inference is
very similar to that of training. However, the backward computation of training requires
higher precision and the preservation of intermediate outputs of the network [108, [107].

Overall, the backpropagation algorithm has proven to be a powerful tool in the training
of DNNs. However, despite its effectiveness, DNNs may be difficult to train and frequently
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Figure 4.2: General architecture of a neural network.

need large amounts of data and computational resources to achieve good performance.
Nevertheless, recent advances in optimization strategies, regularization procedures, and
hardware acceleration have aided in tackling some of these obstacles and have allowed
DNN:ss to continue pushing the boundaries of what is possible.

Finally, several deep learning libraries and resources, such as TensorFlow [1] and
PyTorch [138], provide core utilities for both inference and training of DNNSs, including
many pre-trained models and other necessary functions for the building and implementation
of such models. These tools enable researchers and practitioners to easily develop and
experiment with deep learning models, even if they do not have extensive experience
in programming or machine learning. The availability of pre-trained models and other
resources has greatly accelerated the adoption of deep learning techniques in a wide range
of fields and applications, from autonomous driving to medical imaging to natural language
processing.
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4.1.3. Common deep learning architectures

In deep learning, the term neural network architecture refers to the overall structure
and organization of the layers of a network and their connections. An artificial neural
network generally consists of several layers of neurons. Each layer processes information in
a step-by-step manner, creating a hierarchy to understand more intricate representations
of the input data. This section explores the most prevalent types of layers found in neural
network architectures: fully connected layers, convolutional layers, and recurrent layers. For
a detailed understanding of these and other layers, please refer to [3].

Fully connected layers

Also known as dense layers, represent the simplest layer type in a neural network. They
consist of neurons that are entirely connected to the neurons in the preceding layer. Each
neuron in a fully connected layer calculates a weighted sum of its inputs and applies a
nonlinear activation function to generate the output, as depicted in [Figure 4.2,

Typically employed in the concluding stages of a neural network, these layers are used
in tasks such as classification or regression. Despite their versatility in modeling a broad
array of functions, fully connected layers are characterized by a high number of parameters
compared to convolutional and recurrent layers. This parameter abundance makes them
more susceptible to overfitting.

Convolutional layers

Convolutional layers are widely employed in computer vision tasks. Their primary
function is to extract spatial features from input data. A convolutional layer consists of a set
of filters that slide over the input data, applying a convolution operation to each local patch.
The result is a set of feature maps, where each map corresponds to a distinct filter, encoding
a specific type of feature.

The utilization of convolutional layers serves to decrease the number of parameters in
the network, facilitating the learning of spatially invariant representations. In comparison to
fully connected layers, convolutional layers have a lower number of parameters, reducing
the risk of overfitting. Additionally, they have the ability to capture local spatial correlations
and can be stacked to progressively learn more complex features.

Recurrent layers

Recurrent layers are used in sequence modeling tasks such as language modeling, speech
recognition, and machine translation. In a recurrent layer, a group of neurons handles a
sequence of inputs and maintains a hidden state summarizing information from prior
inputs. The output of a recurrent layer depends not only on the current input but also on
the previous hidden state, allowing the network to capture temporal dependencies in the
input sequence.

Unlike fully connected and convolutional layers, recurrent layers have a memory-like
mechanism that allows them to process variable-length sequences of input data. However,
recurrent layers have a high number of parameters, which makes them more computationally
expensive and more susceptible to overfitting. A common type of recurrent layer is the long
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short-term memory unit, or LSTM, widely employed in modern speech recognition and
text-to-speech applications.

Other layers

In addition to these three main types of layers, there are also pooling layers, activation
layers, normalization layers, and more that can be used in neural network architectures. Each
type of layer has its own strengths and weaknesses, and the choice of layer architecture
depends on the specific requirements of the task at hand.

For instance, pooling layers help in downsizing the spatial dimensions of the input,
reducing computational complexity. Activation layers introduce non-linearities to the model,
enabling it to learn complex patterns. Normalization layers contribute to stabilizing and
accelerating the training process.

The decision on which layers to incorporate is guided by factors such as the nature of
the data, the complexity of the task, and computational considerations. A well-designed
architecture can lead to state-of-the-art performance on a wide range of tasks, while a poorly
designed architecture can result in poor performance or even failure to converge. Therefore,
it is important to carefully choose the appropriate type and number of layers and to tune
the hyperparameters of the network for optimal performance.

4.1.4. Benefits of posit arithmetic in deep learning

Accuracy is crucial for DNN applications in both inference and training phases. Recall
that, as shown in[Figure 1.6} the posit format provides a higher precision than the standard
floating-point format when representing and operating small magnitude values. Potential
applications that would benefit from using posit are those whose data are within that range
that posit offers higher precision with the same bit length. In particular, deep learning is one
of those potential applications. As it can be seen from [Figure 4.3} most of the parameters
of the different vision models (up to 86 M in the case of the Transformer model) lie in the
[—1, 1] range. Just a few weighs are more than an order of magnitude larger. This analysis of
the model parameter distribution suggests that posits might be a suitable format for the
representation of weights and activations of DNNs.

Another advantageous aspect of posit arithmetic in deep learning is the lack of overflow
or underflow in this representation. Training DNNs with lower data precision (such as
Float16 or bfloat16) is a common technique known as mixed precision training [107] that can
reduce the computational cost. However, storing small magnitude gradients in Float16 may
lead to underflow. Typically, loss scaling and gradient scaling methods can prevent this
issue by multiplying the loss with a scaling factor. However, utilizing these methods may
lead to other problems such as modifying the training workflow or avoiding an overflow
situation. Fortunately, since posits cannot underflow, this risk is eliminated.

Finally, it should be noted that certain posit formats allow for the approximation of
common activation functions (such as the sigmoid or hyperbolic tangent) through simple
bitwise manipulation [52, 24]. This approach can lead to higher efficiency and improved
performance compared to computing exact and expensive operations required for such
functions.
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Figure 4.3: Histogram of the parameter distribution for different DNN models.

4.2. Emulating posit arithmetic in DNNs

Regarding the study and usage of posit arithmetic in DNNs, previous works mainly
present two approaches, (1) the training stage is performed with floating-point numbers,
while the inference stage is performed in low-precision posit format [92], or (2) performing
rounding to posit format before and after each operation at both inference and training [101}
59]. These techniques allow leveraging existing floating-point hardware. However, none
of the approaches provides a faithful emulation of the entire computation of DNNs with
posits. The former just converts the learned widths to posit format, while the latter involves
rounding conversion to posit format at each operation, and the kernel of each layer is always
computed using FP. This limitation can lead to discrepancies in results when compared to
performing all computations in posit format, especially in the case of DNNs, which rely
heavily on general matrix-matrix multiplication (GEMM) operations and produce many
intermediate partial results. Therefore, further research is needed to explore the potential
benefits and limitations of these different approaches to performing arithmetic operations
with posits.

In order to avoid such a conversion and show the whole potential of posits, a software
framework named Deep PeNSieve was developed in this thesis. This framework allows
entirely performing both training and inference of DNNs employing posit arithmetic during
the whole process. Trained models are saved preserving the format to perform inference
with the same or even lower precision. In particular, it is capable of performing low-precision
inference down to 8-bit posits and fused operations.
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Deep PeNSieve is built on top of the well-known machine learning framework Tensor-
Flow [1], which implements all the functionalities necessary to develop DNN models, such
as different layers, forward and backward algorithms, optimizers, etc. The posit format is
extended to this framework via software emulation with the library SoftPosit [97]. Such a
library provides support for Posit(32, 2), Posit(16, 1) and Posit(8, 0) datatypes, as well as for
fused arithmetic operations on these formats. Therefore, Deep PeNSieve also implements
the algorithms required for DNN inference using fused arithmetic. The whole framework is
written in Python programming language, although some internal libraries are in C++. Next,
a detailed description follows on the procedures for training and conducting low-precision
inference.

To the best of our knowledge, this is the first and only software that allows performing
both DNN inference and training entirely using posit arithmetic. However, such accuracy in
the computations has certain limitations. Since posit arithmetic operations are emulated via
software, the execution of the tool is restricted to the CPUs, and it cannot show compared
performance with floating-point computations. Also, as the software relies on SoftPosit,
data types are currently limited to Posit(32, 2), Posit(16, 1) and Posit(8, 0).

4.2.1. DNN training with posits

The proposed framework’s training flow is illustrated in [Figure 4.4} The red boxes in the
figure represent input data, including hyperparameters, while the blue boxes correspond to
the functionalities performed by the TensorFlow framework, and the green box refers to the
output of the model.

Firstly, it must be noted that all the inputs of the neural networks in the proposed
framework must be in posit format. Therefore, the outputs of the networks will also be in the
posit format. When creating a new DNN, all the hyperparameters are initialized using the
posit format. summarizes the different layers, activation functions and optimizers
available for the construction of DNNs. The parameters of the optimizer used to train the
model must also be converted to the posit format to ensure consistent computation. Once
the network (including all internal parameters and weights) is generated with the selected
posit configuration, it is trained as usual, with the single difference that all computations
are performed with posit numbers. This allows us to evaluate the real performance of the
posit format in this task. Finally, the trained parameters and models are saved to perform
the inference stage with the same or lower precision.

Recall that Deep PeNSieve performs posit computations via software emulation, which
causes an overhead compared to the default floating-point format (Float32). Therefore,
comparing the speed between different numeric formats is beyond the scope of this work,
as the lack of dedicated hardware is a major handicap for the posit format.

4.2.2. DNN inference with low-precision posits

In recent years, deep learning has shown remarkable success in solving many complex
tasks in various fields. However, this success comes at a high computational cost, which
demands efficient processing and storage of data. One of the ways to achieve this is by using
low-precision data formats, which reduce memory usage and computational requirements.
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Figure 4.4: Scheme of the training flow for the proposed framework.

In this regard, several numerical formats have been proposed, such as half-precision floats
and 8-bit integers.

Quantization is a widely used technique in deep learning that consists of reducing the
size of DNNs by reducing the number of bits used to represent the weights and activations
of the network without significantly affecting its accuracy [84,42]]. This can provide multiple
benefits, such as reducing memory and power footprint, or faster computation. Common
lower-precision numerical formats used in quantization include 8-bit integers (INTS), half-
precision floating-point format (Float16), and bfloat16. When applying quantization at
inference, the parameters in the DNN need to be adjusted. This can either be performed by
retraining the model, a process that is called quantization aware training (QAT), or done
without re-training, a process that is often referred to as post-training quantization (PTQ).
While the former of these methods can provide higher accuracies, in many cases it is desirable
to reduce the model size without requiring to re-train. PTQ performs the quantization of
weights and activations for faster inference with very low overhead compared with QAT.

In this thesis, emphasis is placed on PTQ for DNN inference. More specifically, the
implementation of post-training Posit(8, 0) quantization is carried out within the Deep
PeNSieve framework. The trained models can be converted to low-precision by maintaining
the model architecture and quantizing the original weights and biases to Posit(8, 0) format,
thereby preserving the operations of the models. The proposed solution involves performing
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Table 4.1: Supported features in Deep PeNSieve.

Operator Name Type Support
Fully connected Layer v
Convolution Layer v

Max pooling Layer v
Dropout Layer v

ReLU Activation function v
Sigmoid Activation function Inference only
Tanh Activation function Inference only
Mean squared error (MSE) Loss function v

Cross entropy Loss function v
Stochastic gradient descent (SGD) Optimizer v
Momentum Optimizer v
Adam Optimizer v

a linear quantization of model parameters to a lower posit precision format, as shown in

T = roundp, (), 4.1)

where z is the original value, and roundp, ., (-) performs rounding according to selected
Posit(n, es) precision. In particular, the proposed framework relies on the roundp, ,(-)
operation. Note that, since overflow and underflow are not allowed in posit arithmetic, such
rounding is saturated. It is worth noting that, in this case, it is not necessary to quantize
activation functions since only the precision is reduced, while the arithmetic is maintained.
This is an advantage compared to classical quantization processes, which usually require
fine-tuning the pre-trained models. For example, when quantizing floating-point models to
8-bit integer / fixed-point precision, the dynamic range of unbounded activations, such as
ReLU, needs to be calculated using calibration data [71].

4.2.3. Fused arithmetic for low-precision DNN inference

Using low-precision formats in quantized neural networks might result in notable
accuracy degradation. Although the current trend is to use INTS, arithmetic operations in
these networks often require internal higher precision to maintain accuracy, as INT8 cannot
hold the result of certain operations, such as multiplication and addition. For example,
NVIDIA Ampere GPU architecture uses Float32 accumulators for Float16 FMA operations,
as well as INT32 accumulators for INT8 operations [134]. To address this issue, we propose
using the quire register—an accumulator included in the posit standard [51]—for the fused
dot product operations within the GEMM operations present in most of the layers of neural
networks. Specifically, convolutional and fully connected layers can be computed using this
method in 8-bit posit neural networks.

To implement this, the internal structure of these layers must be modified to perform the
GEMM operation with the fused dot product. While TensorFlow does not currently support
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Figure 4.5: DNN forward data flow for low-precision GEMM operation with fused posit
arithmetic.
Algorithm 1 Fused GEMM.

1: procedure GEMM(W, X)

2: rows «— W.rows

3 inner «— W.cols = Same as X.rows
4: cols «— X.cols

5: Y « posit[rows][cols]
6

7

8

9

forj=1,...,rowsdo
fork =1,...,colsdo
q < quire(0) = quire initialization
: fori=1,... inner do
10: g q+ Wil x X[4][k] = result accumulated with no rounding
11: Y[jllk] < q > quire to posit rounding
12: return Y

fused posit operations, the SoftPosit library provides functionality for such operations
using a quire accumulator [97]. Therefore, the network architecture is re-implemented
within this library accordingly for PTQ, and using Posit(8, 0) with fused operations. For
such a posit format, the recommended size of the quire is 32 bits [123]. shows
the implementation of the GEMM operation using the quire during the forward stage,
and describes this kernel modification using a single quire accumulator. The
intermediate results are stored in the quire, so only one rounding is performed at the end of
each computation.

As explained above, the operation of fully connected layers essentially consists of
performing GEMMs. This also occurs in convolutional layers, albeit less obviously. The
current approach to implement convolutional layers is to expand the image into a column
matrix (im2col operation) and the convolution kernels into a row matrix. This allows
convolutions to be performed as matrix multiplications. Such an approach is exploited to
benefit from the quire-based implementation of GEMM in convolutional layers, as well.
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4.3. Experimental evaluation

To evaluate the performance of different numerical formats, it is necessary to compare the
training and inference results for various DNN architectures and datasets. Typically, deep
learning frameworks employ IEEE 754 single-precision floating-point format for training
and the same or lower-precision data formats for inference. Recent works suggested using
32 or even 16-bit posit configurations as an alternative to 32-bit floats [101} [114]. These 16-bit
posits could replace 32-bit floats, resulting in faster and more efficient processing.

In this study, the performance of different CNNs trained with the Posit(32, 2) and
Posit(16, 1) configurations are compared with the baseline Float 32 format, which is the
default precision for training DNNs in many deep learning frameworks. Regarding inference,
half-precision floats or 8-bit integers can also be used, resulting in reduced memory usage
and computational requirements. In this context, such formats are compared with the
Posit(8, 0). TensorFlow is used for baseline results, while Deep PeNSieve is utilized to
manage the training and inference processes with posits. The following experiments aim to
determine the optimal numerical format for different CNN architectures and datasets, with
the goal of achieving high accuracy while minimizing computational cost.

4.3.1. Experimental setup

To assess the effectiveness of posits for deep learning tasks, experiments were conducted
utilizing multiple datasets and CNN architectures for image classification. The datasets
used for training and testing of different DNNs include:

= MNIST: This is a dataset of 70 000 28 x 28 grayscale images of handwritten digits from
0 to 9. There are 60 000 training images and 10 000 test images.

= Fashion-MNIST: This is a dataset of 70000 28 x 28 grayscale images of fashion
products such as clothing, shoes, and bags (10 different classes). There are 60000
training images and 10 000 test images.

= SVHN: Street View House Numbers dataset consists of 32 x 32 color images of house
numbers captured from Google Street View images. It contains 73 257 images for
training, 26 032 images for testing. Each image contains a single house number in the
range of 0 to 9.

= CIFAR-10: This is a dataset of 60000 32 x 32 color images in 10 classes, with 6000
images per class. There are 50 000 training images and 10 000 test images.

The selection of these datasets was based on their representation of a diverse array of image
classification tasks, encompassing varying levels of complexity.

In addition to the datasets, the evaluation of posits included the assessment of perfor-
mance with the following CNN architectures:

= LeNet-5: A classic CNN architecture that was proposed by Yann LeCun et al. in
1998 [95]. It consists of seven layers, including two convolutional layers, two pooling
layers, and three fully connected layers. The architecture was originally designed
to recognize handwritten digits, but since then it has been used for various image
classification tasks. This model is used to classify MNIST and Fashion-MNIST datasets.
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= CifarNet: A network designed to solve the CIFAR-10 classification problem. It was
proposed by Alex Krizhevsky [85]], the same researcher who designed the well-known
AlexNet architecture [86]. CifarNet consists of nine layers, including convolutional,
pooling, and fully connected layers. The size of the pooling layers is slightly modified
with respect to the original design. The first layer is a convolutional layer with 64 filters
of size 5 x 5. This is followed by a max-pooling layer with a pool size of 3 x 3 and a
stride of 2. Next, another convolutional layer followed by another max-pooling layer
with the same parameters is appended. The output of the latter max-pooling layer is
then flattened and passed to a fully connected layer with 384 neurons, followed by
another fully connected layer with 192 neurons. Finally, the output layer consists of 10
neurons for CIFAR-10 (or 100 neurons for CIFAR-100). This model is used to classify
SVHN and CIFAR-10 datasets.

4.3.2. Training evaluation

To determine the trade-offs between accuracy and computational cost for training CNNSs,
the aforementioned architectures are implemented with three different numerical formats:
The first format is the default precision for DNN training, which is Float32. The other formats
are Posit(32, 2) and Posit(16, 1). Experimental results showed Posit(8, 0) format does not
have sufficient precision and dynamic range for this task. All models are trained with a
batch size of 128 images and using the Adam optimizer algorithm for 30 epochs. It was
observed that training the models for more epochs did not result in better performance.

To eliminate any variability introduced by random initialization of the models, we
generate the initial weights of each model using the same initial random seed. This ensures
that all models start with the same initial weights and reduces the chances of differences
in performance being attributed to differences in random initialization. Input data are
normalized into the range [—1, 1]. No other regularization techniques, such as normalization
and dropout, are used in the training process.

displays a comparison of inference results for different CNN models trained
with either standard Float32 or posits. Multiple training executions were performed with
variations in the random seeds, although similar results were obtained. The Top-k metric
computes the number of times the correct label is among the top & labels predicted. The
results show that models trained with posit format exhibit similar or even better performance
to the baseline Float32 format. Interestingly, models employing Posit(16, 1) show higher
accuracy than those trained under 32-bit formats, particularly for the complex CIFAR-10
dataset. Actually, the Top-1 accuracy achieved with Posit(16, 1) is more than 4% higher than
that obtained with Float32. While this is a significant improvement, it does not necessarily
imply that 16-bit posits outperform floats. The results could be attributed to the specific
network samples trained in this experiment. Alternatively, it may be due to the sensitivity of
32-bit formats to small gradient variations, leading to them falling into local minima and
being outperformed by 16-bit networks. For the sake of comprehensiveness, deeper models
and regularization techniques should also be implemented in the framework, although this
is beyond the scope of this work.

For a more comprehensive grasp of the accuracy results and the training process,

to 4.9 are presented. These figures depict the training process over different
epochs for MNIST, Fashion-MNIST, SVHN, and CIFAR-10 datasets, respectively. The CNNs
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Table 4.2: Accuracy results for DNNs trained with different data formats.

MNIST Fashion-MNIST SVHN CIFAR-10
Format Top-1  Top-5 Top-1 Top-5 Top-1 Top-5 Top-1 Top-5
Float32 99.17%  100%  89.34% 99.78% 89.32% 98.35% 68.06% 95.15%

Posit(32,2) 99.09% 99.98% 89.90% 99.84% 89.51% 98.36% 69.32% 96.59%
Posit(16,1) 99.18%  100% 90.17% 99.81% 90.90% 98.72% 72.51% 97.40%
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Figure 4.6: LeNet-5 training on MNIST with different number formats.

implemented using posits converge similarly to the floating-point ones. In particular, 32-
bit floating-point and posit models present pretty much the same accuracy and nearly
indistinguishable loss values. In addition, the training plots show how networks trained
on Posit(16, 1) exhibit lower error throughout training than the other formats, resulting in
higher accuracy, as mentioned earlier.

It is worth noting that, although there are currently some hardware implementations
that enable the execution of operations in the posit format [72}[113}[123], there is currently no
software support in the form of libraries and compilers that allow the execution of high-level
code, such as in the case of DNNs, on said hardware. Indeed, the proposed framework
performs all posit computations via software emulation. This has a significant impact on
execution times, as shown in [Table 4.3] Experiments were run on a computer with an Intel
Core i7-9700K processor running at 3.60 GHz using 32 MB of RAM, running Ubuntu 18.04.
Similar results were obtained for either 32 and 16-bit posits. The lack of hardware support
in this scenario means that posit arithmetic is not competitive with floating-point arithmetic
in terms of performance and speedup. However, as hardware-software support for posits
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Figure 4.7: LeNet-5 training on Fashion-MNIST with different number formats.
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Figure 4.8: CifarNet training on SVHN with different number formats.

becomes available, it may become a more viable alternative to floats for training deep

learning models.
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Figure 4.9: CifarNet training on CIFAR-10 with different number formats.

Table 4.3: Training time per epoch for each model and numeric format.

Format MNIST Fashion-MNIST SVHN CIFAR-10
Float32 00:00:09 00:00:09 00:01:58  00:01:17
Posit 00:05:35 00:05:35 06:13:28  03:47:26

In addition to achieving comparable accuracy to the Float32 format, it is important to
note that low-precision formats such as Posit(16, 1) can significantly reduce the size of the
models. For instance, while 32-bit models require 724 kB and 21 MB when stored on disk for
LeNet-5 and CifarNet, respectively, models trained on Posit(16, 1) format require just 362 kB
and 10.5 MB, respectively. This reduction in model size can enable training larger models
or with larger mini-batches, thereby improving the scalability of deep learning algorithms.
Furthermore, the use of 16-bit posits can significantly reduce the memory bandwidth of
neural networks by 2x when corresponding hardware support is available. This reduction in
memory usage could also be accompanied by an improvement in math throughput by using
functional units with fewer bits, leading to faster training and lower power consumption,
making posits an attractive option for resource-constrained environments such as mobile
devices or embedded systems.

While the usage of 16-bit precision for training DNNSs is not a novel technique, previous
approaches in this regard require keeping gradients in higher precision, as well as performing
scaling techniques [108]]. However, in the proposed approach, the training flow remains
unchanged, except for the replacement of the arithmetic format from 32-bit to 16-bit posits in
all parameters and operations. While this improvement is significant, it is important to note
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Table 4.4: Accuracy results with post-training quantization.

MNIST Fashion-MNIST SVHN CIFAR-10
Format Top-1 Top-5 Top-1 Top-5 Top-1 Top-5 Top-1 Top-5
Float32 99.17%  100%  89.34% 99.78% 89.32% 98.35% 68.06% 95.15%
Float16 99.17%  100%  89.34% 99.78% 89.32% 98.35% 68.05% 96.15%
INT8 99.16% 100%  89.51% 99.79% 89.33% 98.38% 68.15% 96.14%
Posit(32, 2) 99.09% 99.98% 89.90% 99.84% 89.51% 98.36% 69.32% 96.59%
Posit(8, 0) 98.77% 99.99% 88.52% 99.82% 81.31% 97.07% 43.89% 86.49%

Posit(8, 0)fused  99.07% 99.99% 89.92% 99.81% 89.13% 98.39% 68.88% 96.47%

that it does not necessarily mean that posits outperform floats in all scenarios. To gain a more
complete understanding of the performance of different numerical formats, it is important to
consider other factors that can impact the accuracy of the models. Regularization techniques,
such as batch normalization or dropout, may be particularly relevant in this regard. However,
incorporating these techniques into the framework might require big efforts, so this is left as
future work.

Overall, the conducted experiments show that posits, particularly Posit(16, 1), can
achieve high accuracy in CNN models while reducing memory usage and computational
requirements. However, further research is needed to fully understand the advantages and
limitations of posits compared to other numerical formats in the context of deep learning.

4.3.3. Quantization evaluation

In order to perform low-precision inference, the previously trained models are kept
unchanged. Thus, common neural network quantization methods are performed for both
Float32 and Posit(32, 2) models. For Float32 models, Floatl6 quantization and integer
quantization techniques are employed to obtain models that entirely work in Float16 and
INTS formats, respectively. For Posit(32, 2) models, the models are quantized to Posit(8, 0)
format as described in[Section 4.2.21

In addition, inference results are compared between naive posit quantization and
employing the fused dot product approach (with Posit(8, 0)fyseq), which requires modifying
convolutional and fully connected layers of the models as described in[Section 4.2.3|

displays the inference results for the different PTQ techniques. The full precision
models are included for comparison. It is worth noting that the quantized 16-bit and 8-bit
models are 1/2 and 1/4 the size of the corresponding original 32-bit models, respectively.
Results confirm the potential of conventional quantization techniques. However, it is well-
known that for larger networks such as MobileNets and BERT, integer quantization provides
a noticeable loss of accuracy [170].

Regarding the case of posits, the conducted experiments reveal a notable difference
in performance when using quire and fused operations. As can be observed, networks
using fused dot products with quire achieved much higher accuracy (25% higher top-1 for
CIFAR-10) than those that did not use it. This difference becomes more noticeable with more
complex networks. In the worst case, for the CIFAR-10 dataset, the accuracy degradation of
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Posit(8, 0)fyseqd Was only 0.44% compared to the original 32-bit model, which is considered
more than acceptable. The higher accuracy of posit-based models on Fashion-MNIST and
CIFAR-10 datasets might be attributed to the fact that the initial models trained with
Posit(32, 2) presented better results than the corresponding Float32 models.

Overall, these experiments demonstrate that the presented low-precision posit approach
provides similar results to the widely used PTQ techniques provided by the TensorFlow
framework. These findings suggest that using posits-based low-precision inference may
provide a viable alternative to conventional quantization techniques for reducing the
computational cost of deep learning models.

4.4. Conclusions

In this chapter, the use of posit arithmetic in deep learning and its potential as an
alternative to FP was explored. Due to the lack of a full hardware-software stack that allows
the execution of high-level code (such as DNNs) in posit format, a software framework
named Deep PeNSieve was developed. This framework offers posit functionality for the most
common layers and functions involved in the generation of DNN models. In contrast with
previous works, the presented approach consists of faithfully emulating the posit format
via software at every single operation involved in the process of inference and training of
neural networks, so that the effects of using such an arithmetic format can accurately be
evaluated. The framework Deep PeNSieve has been publicly released under an open license.

The proposed approach has been tested on the scenario of training DNIN models forimage
classification. Several CNN architectures were implemented using three different numerical
formats: Float32, Posit(32, 2), and Posit(16, 1). The results reveal that the Posit(8, 0) format
does not have sufficient precision and dynamic range for training such models.

The experimental findings indicate that models trained with posit arithmetic exhibited
similar or even better performance to those trained with the baseline Float32 format.
Interestingly, it was found that models employing Posit(16, 1) showed higher accuracy than
those trained under 32-bit formats without the need to modify the training process. The
training plots reveal that networks trained on Posit(16, 1) exhibited a lower error throughout
training than the other formats, resulting in higher accuracy. It is important to note that
this improvement does not necessarily indicate that 16-bit posits are superior to floats
in these tasks, and further exploration should be considered to ensure a comprehensive
understanding in future work.

To further evaluate the potential of posits, low-precision inference was performed by
comparing common neural network quantization methods for both Float32 and Posit(32, 2)
models. Floatl6 and INT8 quantization techniques were employed for Float32 models,
and quantized Posit(32, 2) models to Posit(8, 0) format. The experiments revealed that,
while using standalone Posit(8, 0) numbers is not enough for performing inference, using
Posit(8, 0) with quire for computing the matrix multiplications at inference provides
negligible accuracy reduction. This suggests that this approach may be a viable alternative to
conventional quantization techniques for reducing the computational cost of deep learning
models.

Overall, the experimental results indicate that posits may represent a promising alter-
native to floats for both training and inference of deep learning models. Since they can
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provide similar results with a smaller bit length, posits might be particularly useful in energy
and/or memory-constrained environments. However, it is important to acknowledge that
the lack of native hardware, compilation, and software support for posits makes it difficult
to corroborate this hypothesis with more complex models. The development of dedicated
hardware entails substantial costs, and therefore, adopting a software-emulated approach,
as proposed in this chapter, serves as a preliminary and convenient step in pursuing this line
of research. The forthcoming section will delve into the development and implementation of
posit functional units. This represents a significant step towards the development of posits,
making this format a more practical and efficient solution for deep learning tasks.
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Hardware Design for Posit Arithmetic
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Functional units design

In of this thesis (Chapters 3| and [4), the potential benefits of employing posit

arithmetic in various applications were demonstrated. However, due to the absence of an
existing hardware platform capable of executing all required posit operations, the previous
experiments relied on software emulation. While this approach served as an initial method
for assessing and exploring the advantages and suitability of the posit arithmetic format,
emulating all the arithmetic operations inherently possesses high limitations. Consequently,
it is imperative to design arithmetic units in posit format to enable the native execution of
programs based on this format, thereby enhancing efficiency.

This chapter introduces functional unit (FU) designs for basic operations in posit format,
including addition/subtraction, multiplication, division, and square root. The proposed
posit units are compared to both state-of-the-art designs and the floating-point standard
units.

At the hardware level, posits were intentionally designed to be “hardware friendly”,
i.e., to have similar (and even simpler) circuitry compared to existing floating-point units.
Notably, comparison operations exemplify this concept. As mentioned in [Section 1.2} the
comparison of posit numbers can be performed similarly to signed integers, allowing for
computation in an arithmetic logic unit (ALU) without requiring dedicated hardware.
The primary encoding distinction between float and posit formats lies in the regime, a
runtime-varying scaling component. As elaborated in this chapter, addressing this regime
is the principal design challenge for posit units.

The common computation flow for posit numbers, which is illustrated in
closely resembles that of floats. Operand fields must be decoded before operating, and the
result must undergo rounding and encoding into the same format. An essential aspect of
this process is decoding the regime, exponent and fraction fields of the operands. Unlike
classical floating-point formats, the variable length of the regime impedes parallel data
decoding. Specifically, the fraction and exponent cannot be extracted until the regime’s
length is known.

Lastly, it is worth noting that some works have found interesting properties for certain
exponent formats, such as es = 0 [52,124}[127]. However, the designs presented in this chapter

57



Chapter 5. Functional units design

A—— Decoder —

Operator Encoder —C
Core

B—— Decoder ——

Figure 5.1: Generic computation flow for posits.

are described in a generic way, for any total bit length (n) and exponent size (es). This
approach allows for a more accurate assessment of the implementation cost of this format
in comparison to the floating-point standard.

The chapter is structured around the design of the different posit units.
presents the module for decoding posit numbers into their different fields, while the encoder
module is elaborated in Next, the core of each arithmetic unit is detailed.
[Section 5.3| presents de design for addition and subtraction operators, [Section 5.4|focuses on
the multiplication unit, division is presented in[Section 5.5 and [Section 5.6/accomplishes
the same for the square root operation. presents a detailed evaluation of the
implementation of each of the posit units, comparing them to those proposed in previous
works and to floating-point units. Finally, concludes this chapter.

5.1. Posit decoding

When implementing posit operators in hardware, it is usually necessary to extract the
four fields presented in (s, 7, eand f, plus a flag for zero/NaR exceptions) from
a compact posit number before starting the real computation, as well as packing again the
resulting fields after that.

Due to the variable-length regime of the posit format, the operand fields decoding
flow slightly differs from the analogous stage for IEEE 754 numbers. More specifically, the
value of the regime, which is encoded by the length of this field, must be unpacked as an
integer value to perform arithmetic operations. After that, the extraction of the exponent
and fraction is immediate. The component that performs such processes is usually known
as the decoder. Thus, the importance of a good posit decoder design is crucial for the overall
arithmetic design, since the core operation can not start until the sign, regime, exponent and
fraction of the inputs are extracted.

The architecture of the proposed posit decoder is described in The most
significant bit (MSB) contains the sign of the posit. Next, the regime length is detected using
a Leading Zero or One Counter (LZOC). The regime value is then adjusted according to
its length and the content of the regime bits. Finally, the regime is shifted out (adding 0’s
to the right), so the location of the exponent and fraction is known. The main difference
between the proposed posit decoder and previous implementations is the use of a LZOC
with integrated shifter instead of using separate detectors for decoding both positive and
negative regimes [72,[173}[174] or using a single detector but always modifying the operand
to deal with the same regime sign [15,[141} 72} 128] and then shifting out the regime. This
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Figure 5.2: Block diagram of the proposed posit decoder.

approach simplifies the datapath substantially. Finally, the two posit arithmetic exceptions
can be detected simultaneously by checking if all the bits except the MSB are equal to 0, so a
flag bit indicates whether the posit is Neither Zero nor NaR (NZN).

When the posit number is negative, it is necessary to make a final adjustment to

accommodate the regime and exponent to the value given by [Equation (1.5)l This can be

done by just flipping the corresponding bits (see|{Appendix Al). Also, notice that the implicit
bit of the fraction is not appended, but it can be generated when necessary from the sign bit.

5.2. Posit encoding and rounding

At the end of every operation, the resulting regime, exponent and fraction must be
packed into the corresponding posit format. When the exact result of a posit operation
needs more digits than there are available in the fraction, rounding is required. These two
steps are usually performed simultaneously in the so-called encoder module. The process
of encoding a posit result from its different fields is depicted in [Figure 5.3 and it mainly
consists in performing the decoding process backward, plus handling possible rounding
and overflow /underflow situations.

Firstly, the regime value (which has an extra bit for handling the possible overflow) is
used to perform a logical right shift of the exponent and fraction fields. Posits, same as
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Figure 5.3: Block diagram of the proposed posit encoder.

IEEE 754 floats, follow round-to-nearest-even scheme. Therefore, two extra bits, namely
round (rnd) and sticky (stk), must be preserved to perform a correct unbiased rounding.
Finally, the result is obtained after considering the final sign bit and special cases.

5.3. Posit addition and subtraction

In posit arithmetic, as well as in the case of floating-point arithmetic, when performing
the addition (or subtraction) of two numbers, it is necessary to adjust both operands to the

same exponent, as depicted by [Equation (5.1)

A+ B {(((1 —3s4) + fa) + (1 —3sp) + fp) x 2Fa=Fp) x 2F4 if B, > Ep, 51)

(((1=3sa) + fa) + (1 — 3sp) + fp) x 2F6~Fa) x 286 if B4 < Ej,

where E; = (1 — 2s;) x (2°%r; + e; + ;).

When translating this to hardware, it can be achieved by shifting one of the fractions, so
both exponents are equal. If the first exponent is smaller than the second, the first fraction
is shifted to the right by several bits given by the absolute difference of the exponents.
Otherwise, the same is done to the second fraction. Then, the aligned significands are
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Figure 5.4: Block diagram of the proposed posit adder.

added, and the result is normalized, so the larger exponent is adjusted if needed.
illustrates the architecture of the proposed unit.

When using a classical sign-magnitude decoding approach, like in FP, some extra logic
is needed to handle the sign of the result. But such logic is eliminated when the sign of the
operands is explicit in the significands. In such a case, the sign of the result can be inferred
from the leftmost bit of the addition of the significands, without initially comparing the
magnitude of the inputs. Dealing with signed significands also avoids the need to perform
subtraction or taking two’s complement when the sign of both addends differ, which makes
up for using one extra bit in the addition of significands. On the other hand, normalization
of the significand in two’s complement deserves special attention, since it needs to count
not only the leading zeroes but the leading ones when the result is negative. However, this
does not introduce additional hardware overhead for this particular module.
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5.4. Posit multiplication

Multiplying two posit numbers A and B is done as in|[Equation (5.2)

Ax B=((1-3sa)+ fa) x (1 —=3sp) + fB)
% 2((1—28A)><(QESTA+6A+SA))+((1—QSB)X(265T3+EB+SB)).

(5.2)

Similarly to addition, posit multiplication draws inspiration from the FP algorithm, as
depicted in In this process, both significands are multiplied and normalized,
and the exponents are added together. It is important to note that, unlike floats, there
is no need to consider a bias for the exponents when dealing with posits. Additionally,
the result from significand multiplication must be normalized to fit in the corresponding
interval, which involves shifting the fraction plus adding the number of shifted bits to the
exponent. However, when dealing with signed fractions, even though the multiplication can
be performed directly (just one extra sign bit for each operand is necessary), the normalization
of the result is more complex in this case. As each multiplicand (1 — 3s + f) is within the
range [—2,—1) u [1,2), the result will fall within the range (—4, —1) u [1,4]. In terms of
fixed-point arithmetic, the operand has two integer bits, so the multiplication result has
four bits that represent the integer part of the number and that should be examined in the
normalization process (note that the resulting sign is also implicit in the multiplication
result). However, this approach introduces one extra case that needs special attention: when
the two multiplicands are equal to —2, the result is 4. In such a case, when normalizing the
result, it is necessary to increase the exponent by 2, rather than 1.

5.5. Posit division

From a mathematical point of view, the division of two posit numbers A and B is done

similarly as the multiplication, like shows:

A _((A=3s4) + fa) | o((1-254)x (2% raten+sa))—(1-255)x (2 rp-+ep+sp)) (53)

B ((1-3sp)+ fB)

As can be seen, in posit division fractions are divided and exponents are subtracted, without
the need of taking into account any bias, like for the IEEE 754 numbers.

The division is the most challenging arithmetic operation to implement in hardware
design, as it differs from the other three operations in that it typically yields two components:
the quotient and the remainder. However, for rational or real numbers, division always
produces a single number, which is the inverse of multiplication. Therefore, computer
division often involves approximation, since the dividend may not be exactly divisible by
the divisor. Also, to reduce complexity, fast division algorithms are commonly used, even at
the expense of accuracy.

Posit division consists of a fixed-point division with some extra hardware to take care of
the exponents, which makes the divider circuit more complex. The major steps for a posit
division are:

= Extracting the sign (s) of the result from the two sign bits.
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Figure 5.5: Block diagram of the proposed posit multiplier.

= Finding the magnitude of the difference between two exponents/scaling factors.

» Dividing the fraction of A (f4) by the fraction of B (fg), considering the hidden bits
(these are also known as significands).

» Normalizing the result by shifting left, if it is out of the possible range of values.

= Due to the normalization, the exponent is to be decremented according to the number
of left shifts.

The general architecture for posit division is shown in [Figure 5.6| There are two subtractors
used in the divider architecture, one for the exponent subtraction and one for the correction
of exponents. The main hardware block is the divider block, whose implementation will
be discussed below. If the result of the divider is not in the correct range of values then
the normalizing step is executed. The significand of any posit number is in the interval
[—2,—1) U [1,2), so the result from the division of two significands will be in the interval
[—2,—0.5] U (0.5, 2). Thus, up to two bits should be shifted from the result (shifting two bits
is necessary only when the quotient is equal to —0.5), and subtracted to the final exponent.

Obviously, the most complex module within such an operator is the divider block.
Implementing binary division is not straightforward. It often requires numerous hardware
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Figure 5.6: Basic scheme for posit division.

resources and takes multiple clock cycles. Actually, such a component is usually not included
in FPGA or application-specific integrated circuit (ASIC) libraries. There are different
algorithms that can be used to implement such a block, which will be discussed below.
However, it is important to mention that, unlike in the case of floating-point, in this case, the
numerator and denominator (fractions of posits), and therefore the quotient, are all signed
values, so the corresponding algorithm must be adapted to handle signed numbers. The
selected division algorithm will determine the accuracy, area, and delay of the final FU.

There are three main families of division algorithms: digit-recurrence, multiplicative,
and polynomial-based methods [38]]. In this work, one of the most common digit-recurrence
algorithms (non-restoring) and two well-known multiplicative (also known as iterative)
methods (Newton-Raphson, and Goldschmidt) are presented, and the necessary modifi-
cations to adapt them for posit arithmetic are discussed as well. Hereafter, we refer to the
division operands as numerator N = f4, denominator D = fp, quotient () and remainder
R,sothat N = D x Q + R.

5.5.1. Non-restoring division

This is a slow division method based on the recurrence of the partial remainder R; [38].
As depicted in|Algorithm 2} it generates a single quotient bit per iteration. Thus, it requires
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5.5. Posit division

Algorithm 2 Non-restoring posit division.

1: procedure NoNREsSTORING(V, D)

2: Ry <~ N

3 fori=1,...,kdo

4: if 2R;_1, D have the same sign then
5: g — 1

6 R, —2R;, 1 —D

7 else

8

9

g < —1
: B R; < 2R, 1+ D
10: Q — 00.q1q2 - - - qx
11: return )

at least as many iterations k as fraction bits of the numerator N. That is, the number of steps
in digit-recurrence algorithms is linearly proportional to the number of bits £. However, the
answer produced by this method is exact, rather than the one produced by faster algorithms.
Each iteration of the non-restoring division just performs an addition or subtraction and a
multiplication by 2 (which can be implemented by a left shift of one position). It is noteworthy
that this algorithm uses the digit set {—1, 1} for the quotient digits ¢; instead of {0, 1}, but it
can be easily converted to conventional two’s complement representation [83].

Non-restoring division assumes that |N| < |D|. To ensure that, the numerator N is
always shifted one position to the right, and the result @ is then shifted one bit to the left.
For that reason, one extra iteration of the loop must be computed. Another extra three
iterations must be performed—one for the case the result must be normalized, as depicted
in [Figure 5.6, and two additional steps to get the round and guard bits. Special attention is
deserved in the case where the numerator N = —2 and the denominator D = 1. In such a
case, the right shifting of NV does not satisfy the previous inequality, so the final result must
be corrected. Also, note that line 10 of adds two zeros to the quotient. This
corresponds to the two integer bits that fractions of posit numbers have. This differs from
the conventional implementation of non-restoring division for fixed/floating-point formats,
which assume a single integer bit and just one zero would be added in such a case. Finally,
the quotient () must be corrected to ensure that the final remainder R,, and the numerator
N have the same sign [83].

5.5.2. Newton-Raphson division

This is based on the Newton-Raphson iterative method to obtain the zero of a function [38],
in this case, of the function f(X) = 1/X — D (whose zero is 1/D). This method is also known
as division by reciprocation, as it first calculates the reciprocal of the denominator D and
then multiplies it by the dividend to obtain the final quotient. Such reciprocal is obtained by

successive more accurate approximations X1, Xo, ..., X}, obtained by [Equation (5.4)
Xi = Xz'fl X (2 — D x Xifl). (54)

The recurrence requires an initial approximation X for the reciprocal of the denominator,
and each iteration performs two multiplications and one subtraction. Nevertheless, in
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Algorithm 3 Newton-Raphson posit division.

1: procedure NEwroNRaPHSON(N, D)
2 Xo < 1/D

3 fori=1,...,kdo

4: L X; « i_1X(2—D><XZ'_1)
5 Q «— N x X

6 return

Algorithm 4 Goldschmidt posit division.

1: procedure GoLpscHMIDT(NN, D)
2 Xg <« I/D

3 N 1< N

4. D_1«< D

5: fori=0,...,kdo
6 N; <« N;_1 x X;
7 D, — D, 1 xX;
8 Xiy1<2-D;
9: Q «— N

10: | return )

contrast to the digit-recurrence algorithms, in the iterative /multiplicative methods, the

number of steps is proportional to log,(n) [83].|Algorithm 3|depicts this process for & steps.
The initial guess X directly affects the accuracy of the final solution, and it is usually obtained

from a LUT, or by another algorithm. Implementation details are given in[Section 5.7}

5.5.3. Goldschmidt division

Also known as division by convergence [83], this method uses an iterative process of
repeatedly multiplying both the numerator and denominator by a common factor, X; for

i =0,1,...,k, such that, for sufficiently large k, the denominator converges to 1 and hence
the resulting numerator converges towards the desired quotient, as shown in|Equation (5.5
N N _ Xo_ X Xe @
Q="=="=x>"" = — = (5.5)

= X X — X ... X
D D X, X X, 1

Theiterative process is depicted in[Algorithm 4} Similarly, as in the Newton-Raphson division,
this method requires an initial factor Xy (a good choice for this is again an estimate for the
reciprocal 1/D), and each iteration performs two multiplications and a single subtraction
from 2, as depicted in However, notice that in this case, the two multiplications
are independent; consequently, they can be done in parallel, increasing the performance of
the divider.

5.5.4. Implementation of posit dividers

The implementation of the aforementioned division algorithms has been done in a
combinational manner. The number of iterations per algorithm, as well as the initial guess
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Figure 5.7: Implementation scheme for iterative dividers.

for the reciprocal of the denominator, follow the recommendations from [72]: 1 and 2
iterations for 16 and 32-bit formats, respectively, and the approximation for the reciprocal is
obtained from a LUT. This also allows obtaining a fairer comparison between the proposed
implementations and the one presented in [72] (known as PACoGen). In contrast with
PACoGen, in this work, posit numbers are decoded in two’s complement format, rather
than in sign-magnitude. Therefore, it is necessary to check for one extra bit in the fraction
(corresponding to the sign bit) for having the same accuracy as the divider from PACoGen has,
soa LUT of size 2% x 10 is required. Since combinational units are implemented, and hardware
components are not reused through successive iterations, rectangular multipliers are selected
to save resources. In each Newton-Raphson/Goldschmidt iteration, two (8¢ + 2) x (wF + 2)
signed integer multipliers are used, where ¢ is the iteration number and wF' is the width
of the fraction (without the hidden bits). This configuration offers sufficient accuracy with
a minimum of hardware resources. For smaller posit bit length, just LUT approximation
can be used (note that, for example, 8-bit posits only have 3 fraction bits), and a single final
multiplication must be performed.

5.6. Posit square root

The square root is the only one of the basic operations that considers a single input
operand. As shown by [Equation (5.6), the square root of a non-negative posit number A
requires obtaining the square root of the significand and producing the scaling factor of the
result.

VA mx 2% (5.6)

If the exponent is odd, it is decremented by 1, and the significand is multiplied by 2.

The implementation of this operation is very similar to posit division. More precisely,
the square root extraction is conceptually similar to the division methods discussed in
the previous section [38,83]. However, in this case, the significand is always non-negative,
otherwise, the result of the operation is NaR. illustrates the general architecture
of the posit square root unit. In this thesis, the square root is implemented using the binary
non-restoring algorithm. To obtain the root, the algorithm requires the operand to be in
the range [0.25, 1), so the input to the square root submodule is divided by 2 (of by 4, if the
exponent is odd) to guarantee such a condition. This is done by a 1-bit (or 2-bit) operand
left-shift.
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Figure 5.8: Basic scheme for posit square root.

5.7. Evaluation

The proposed generic designs have been implemented into FloPoCo, which generates
synthesizable VHDL for any Posit(n, es) operator. Simulations with extensive testing vectors
are performed to verify the functionality of the proposed designs. These testing vectors have
been generated with the Universal reference library [137].

To evaluate the impact of proposed designs in terms of hardware resources, designs
with different bit lengths have been synthesized using Synopsys Design Compiler® with
a 45nm target-library from TSMC with typical case parameters and without placing any
timing constraint.

5.7.1. Comparison with state-of-the-art posit implementations

The proposed designs have been compared with the state-of-the-art designs from
PACoGen [72]'|and MArTo [161]}}, which are open-source and publicly available. PACoGen
is presumably one of the first complete implementations of posit arithmetic units, including
division operation. Their designs are based on the sign-magnitude interpretation of posit
arithmetic (see [Appendix A). On the other hand, MArTo, which is based on the two’s
complement interpretation of posits, is a library that provides custom-sized arithmetic
types for HLS, including posits. Thus, the FUs from MArTo are obtained using Vitis HLS
2021.2 for C++ to hardware description language (HDL) compilation with default options.
Unfortunately, designs from PACoGen are restricted to es > 0, and no automatic pipeline is
allowed. The former of these drawbacks is solved by the proposed designs, while FloPoCo

1Source code from https://github.com/manish-kj/PACoGen/tree/5£6572c.
2Source code from https://github.com/lforg37/marto/tree/7a34237,
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Figure 5.9: Synthesis results for different Positn adder designs.

solves the latter, as it can automatically generate pipelined operators for any given frequency.
Thus, to have a fair comparison with previous works, combinational operators with es = 2
are generated (although similar results are obtained for different es values). In particular,
posit operators of standard formats and precisions are compared, this is Posit8, Posit16 and
Posit32. For the sake of completeness, posit adders and multipliers are implemented using

both sign-magnitude and two’s complement interpretation of posits (see[Appendix A.4|for

a more detailed comparison between both implementations).

Addition/subtraction

Synthesis results of posit adder designs are shown in Under the same
interpretation, the proposed adder designs generally present better figures than those of
previous work (except for the delay). The proposed two’s complement adders present better
overall results. Just the MArTo 8-bit adders require slightly less area than the proposed
one, but such a design does not scale as well as the one proposed in this thesis as the bit
length increases. Nevertheless, in all cases, the proposed adder designs have a lower energy
consumption.

Multiplication

The multiplier hardware resources are depicted in[Figure 5.10} In this case, the results
follow the same trend as for the adders. The proposed two’s complement designs provide
more efficient implementations than the rest of the state-of-the-art implementations in
practically all the tested cases. The delay results present a clear gap between the designs
based on the sign-magnitude posit decoding (including PACoGen) and the ones using the
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Figure 5.10: Synthesis results for different Positn multiplier designs.

two’s complement scheme (including MArTo). This is especially remarkable for the 16 and
32-bit cases, where operators using sign-magnitude decoding present around 24% and 29%
more delay, respectively, in comparison with the two’s complement multipliers.

Division

From the aforementioned posit implementations, only PACoGen provides an implemen-
tation for posit division (which is based on the Newton-Raphson algorithm). At the time of
writing, to the best of our knowledge, this is the only available open-source implementation
of posit division. [Figure 5.11| presents a comparison between the design of previous work
and the new designs proposed in this thesis, for both 16- and 32-bit implementations. As
Posit8 iterative dividers have only 3 fraction bits, the division can be computed immediately
with a small LUT, rendering this precision uninteresting. Conversely, both 16- and 32-bit
iterative dividers are implemented using the same LUT for the initial guess, with the former
taking only one iteration of the corresponding algorithm, and the latter taking two.

Non-restoring dividers demonstrate a clear advantage over iterative implementations
in terms of area and power consumption. Specifically, results show that non-restoring
dividers require only about 53% of the area and 65% of the power of the proposed Newton-
Raphson implementation, which is the most area-efficient iterative divider. It should be
noted, however, that non-restoring dividers are slower than multiplicative operators and
require a larger number of iterations. This results in a performance penalty of approximately
3 to 4 times slower than multiplicative operators. As a consequence, the energy consumption
of non-restoring dividers can be up to twice as high, as shown in[Figure 5.1}

70



5.7. Evaluation

Design
[ Non-restoring I Newton-Raphson (PACoGen) I Newton-Raphson (Proposed) @@ Goldschmidt

4325.56 7.1
16 4325.56 6.84
5228.5 8.26
u 2742.9 5.25
@ 19840.77 40.64
32
10349.74 25.75
u T T T T T T T
0 5000 10000 15000 20000 0 10 20 30 40
Area (um?) Power (mW)
3.1 22.01
16 3.63 24.82
3.99 32.95
9 7.47 39.2
@ 6.47 262.96
32
27.61 710.9
0 5 10 15 20 25 0 100 200 300 400 500 600 700
Delay (ns) Energy (pJ)

Figure 5.11: Synthesis results for different Positn divider designs.

Both dividers based on multiplicative methods yield comparable results in terms of area
and power consumption, with the Goldschmidt divider exhibiting superior performance
due to its non-dependent multiplications. As discussed in [Section 5.5} the parallel nature of
the Goldschmidt algorithm allows for increased throughput and faster operation.

The Newton-Raphson implementation proposed in this thesis outperforms the PACoGen
implementation in all respects. Despite requiring a larger LUT and wider multipliers to
accommodate signed fractions, the use of two’s complement notation for posit numbers
offsets the extra hardware cost dedicated to fraction division. As a result, the presented
32-bit implementation achieves reductions in area, delay, power, and energy consumption
by 12.4%, 4.1%, 10.3%, and 14%, respectively (with even greater savings achieved for the
16-bit case).

Square root

To the best of our knowledge, at the moment of writing this thesis only a few works have
presented an implementation of the square root for posit numbers [144} 171} 23]. The two
former integrate the unit with the division operation, and are not open-source, while the
latter presents a separate module for the square root operation, written in Chisel. All of them
implement the non-restoring algorithm. Although the work from [23] is open-source, the
presented FUs are integrated within a whole posit arithmetic unit, which makes comparison
difficult. What is more, such units are implemented under non-standard formats (Posit(8, 1)
and Posit(32, 3)), which makes the comparison even more unfair.

71



Chapter 5. Functional units design

Table 5.1: Synthesis results for Positn square root units.

Bits Area (um?) Power (mW) Delay (ns) Energy (pJ)

8 444.06 0.57 1.06 0.60
16 1923.00 3.00 3.61 10.84
32 8066.18 15.75 13.84 217.94
64 32509.81 73.79 52.70 3888.93

Table 5.2: Synthesis results for float and posit arithmetic operators.

Operator Bits Format Area (um?)  Power (mW) Delay (ns) Energy (pJ)

0 Float 1697.20 1.74 340 5.92

- Posit 2622.95 (1.55x%) 2.77 (1.59x) 4.30 (1.26x) 11.91 (2.01x)

Addition

64 Float 3522.12 340 6.04 20.54

Posit 5409.60 (1.54 %) 5.52 (1.62x) 6.76 (1.12x) 37.32 (1.82x)

0 Float 4949.78 9.09 2.83 25.72

s Posit 7468.31 (1.51x)  14.19 (1.56x) 3.46 (1.22x) 49.10 (1.91x)
Multiplication

64 Float 23710.51 44.58 5.15 229.59

Posit 33532.70 (1.41x)  65.69 (1.47x) 6.55 (1.27x) 430.27 (1.87x%)

0 Float 5324.93 10.98 13.43 147.46

Division Posit 10349.74 (1.94x)  25.75(2.35x)  27.61 (2.06x) 710.96 (4.82x)

64 Float 19038.03 48.73 47.20 2300.06

Posit 39751.39 (2.09x) 109.48 (2.25x) 101.96 (2.16x) 11162.58 (4.85x)

3 Float 2779.83 6.01 10.95 65.81

Posit 8066.18 (2.90x)  15.75 (2.62x)  13.84 (1.26x%) 217.98 (3.31x)

Square root
Float 12811.81 33.05 42.56 1406.61

Posit  32509.81 (2.54x) 73.79 (2.23x) 5270 (1.24x)  3888.73 (2.76x)

64

Synthesis results for square root posit units are shown in[Table 5.1, Since the non-restoring
algorithm requires one iteration per digit in the fraction field, there is a notable area and
delay increment when doubling the bit length.

5.7.2. Comparison with floating-point operators

As posits are considered as a potential replacement for IEEE 754 floating-point computa-
tions, it is essential to provide a detailed comparison of the operators implemented in each
format. presents a comparative analysis of posits and floats of the same size across
the four basic arithmetic operations described in this chapter. The overhead of posit units is
displayed for the sake of clarification.

The floating-point units under consideration have been generated using FloPoCo. While
the floating-point addition implemented by this tool aligns completely with the IEEE 754
standard, it is noteworthy that the remaining operations adhere to mainstream floating-
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point implementations?| but deviate from the standard. Specifically, they lack support for
subnormal numbers (which are flushed to zero) and do not provide complete exception
handling. Despite these deviations, this framework suffices for establishing a reference point
between posit operators and their floating-point counterparts.

It is evident that the posit FUs result in higher hardware cost than their floating-point
counterparts (due to sequential decoding and larger implicit fraction). Whereas posit adders
and multipliers provide an area and delay overhead of 1.5x and 1.25x, respectively, posit
division and square root units are not so well optimized. According to the results, posit
division units require about double the area and consume much more energy (4.8 x) per
operation compared to the corresponding FPUs. A higher area overhead is observed in the
case of square root, almost the triple for 32-bit and 2.5 x for 64-bit, while in this case, the
delay and energy overhead are lower, up to 1.26x and 3.31x respectively. These results
reflect the fact that the division and square root units are significantly more intricate than
adders and multipliers. In fact, while the corresponding designs for floating-point have been
optimized through decades of research, those presented in this paper are among the first
designs for posit division and square root. As a consequence, there are still opportunities
for further research to develop superior designs and datapaths for these units.

5.8. Conclusions

In this chapter, we provided a comprehensive exploration of the four fundamental
arithmetic operations—addition, subtraction, multiplication, and division—as well as the
square root within the context of posit arithmetic. The posit functional units (FUs) have been
designed in a parametric manner, accommodating any possible Posit(n, es) format. The
design process was facilitated through the use of FloPoCo, which also enables the automatic
creation of pipelined units.

These FUs were implemented and compared with prior units documented in the
literature. Synthesis evaluations demonstrate that the proposed units surpass previous posit
implementations, exhibiting improvements in terms of both area and energy consumption,
and, in some instances, reduced delay.

Furthermore, a comparative analysis between the proposed posit FUs and FPUs of
equivalent size has been conducted. Results indicate that posit arithmetic introduces a
certain degree of hardware overhead compared to classical floating-point. This trade-off is
necessary to accommodate the enhanced accuracy offered by the novel posit format.

Additionally, posits extend the concept of fused arithmetic, enabling precise results
for a wide range of operations. This unique capability will be thoroughly explored in the
subsequent chapter.

3Division is implemented using the radix 4 SRT algorithm, and square root is implemented using the binary
non-restoring algorithm.

73



Chapter 5. Functional units design

74



Fused posit arithmetic unit

In addition to the previously discussed properties of the posit format, the standard [51]
introduces the so-called fused operations, which allow computations with more than two
operands (such as the dot product) to be performed without intermediate rounding. This
capability reduces the error associated with such calculations. To enable this, posit arithmetic
introduces the concept of quire, a fixed-point accumulator of sufficient size to allow for the
exact accumulation of posit products.

In this chapter, we delve into the concept of fused posit arithmetic and propose a
hardware design for the computation of fused multiply-accumulate (MAC). Specifically, a
unit for the computation of fused MAC is presented and evaluated in terms of accuracy and
hardware resources. Given the potentially high cost of this unit, various implementation
alternatives are explored, illustrating multiple area-performance trade-offs.

Specifically, introduces the concept of fused arithmetic and explains the
intricacies of the quire accumulator. The proposed design for the posit MAC unit is detailed
in[Section 6.2] Auxiliary operations such as posit-quire format conversion are also elaborated.
evaluates both the accuracy and hardware implementation of the fused MAC
operation and explores the effects of alternative designs. Finally, concludes the
chapter with a description of the principal contributions and comments.

6.1. The quire accumulator

The concept of quire is similar to the Kulisch accumulator for floating-point format [87].
Instead of rounding the result after each product and before accumulating such value,
Kulisch suggested the usage of a higher-precision register in which partial products are
accumulated without rounding, reducing this way the impact of the rounding errors.
However, this is not included in the IEEE 754 standard. The only similarity to fused posit
operations in the standard floats is the FMA operation, which allows to perform a single
product and accumulation without rounding, but was not included in the standard until
the 2008 revision [65].
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1 bit C bits 2xmaxE bits 2xmaxE bits

Sign Carry guard Integer part Fractional part

Figure 6.1: Quire format encoding for Posit(n, es).

Table 6.1: Quire parameters for different posit formats.

Posit Quire
n e maxk C ¢Size
8 0 6 7 32
8 1 12 15 64
8 2 24 31 128
16 1 28 15 128
16 2 56 31 256
32 2 120 31 512
64 2 248 31 1024

According to the posit standard, fused expressions must be explicit in the source code,
and the quire accumulator must be accessible to the programmer. A posit-compliant system
needs to support quire operations, as well as rounding from quire to posit and conversion of
posit to quire in the matching posit format. The precision of the quire format is determined
by the dynamic range of the corresponding Posit(n, es) format. The largest and smallest
positive posit values are gmark apnd 9—mazk respectively. The largest exponent for such a

format is given by

mazrE = (n —2) x 2% (6.1)

which corresponds to the cases without exponent and fraction bits. To correctly represent
a posit number in fixed-point format, maz E bits are needed for the fractional part, and
maxE + 1 bits for the integer part. Thus, a total of 4 x max E bits is not enough to hold the
result of multiplying any two posit numbers in fixed-point format (multiplying the biggest
possible number by itself can not be represented this way). Adding extra C' bits guarantees
that up to 2¢ — 1 sums of products can be evaluated exactly without overflow risk. The
quire format corresponding to a Posit(n, es) format is depicted in[Figure 6.1}

A common rule of thumb is to take C' carry bits so that the total length (including the
sign bit) of the quire (¢Size) is a power of two. summarizes the quire sizes and
relevant parameters for different posit formats. The latest version of the posit standard [51]
particularizes this for es = 2, so that ¢Size = 16n bits and the amount of carry bits is always
31.
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Figure 6.2: Basic scheme for posit quire MAC operation.

6.2. Posit MAC unit design

The MAC operation is a common step that computes the product of two numbers and
adds that product to an accumulator. For a posit implementation to be compliant with the
standard it must support full functionality for fused expressions that can be written in the
form of a dot product of vectors of length less than 23!. This is much more powerful than
simple FMA floating-point operation’|and thus, a new MAC unit that leverages the quire
accumulator is necessary to satisfy such a requirement in hardware? In addition to the core
of the fused operation, special operations are required by the posit standard to convert from
posit to quire format and vice versa. These units can be independent of the fused operations,
but are explained in this section as well.

1Fused expressions (such as fused multiply-add and fused multiply-subtract) need not be performed using
quire representations to be posit-compliant.

2According to the standard [51], the decision of how to satisfy the requirements is up to the implementer.
As a consequence, the computation of fused expressions could be implemented in software, at the expense of
compromising its performance.
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6.2.1. Exact accumulation of products

The architecture of the proposed fused posit MAC unit is shown in[Figure 6.2} For the
sake of clarification, signals related to special case detection are omitted in the datapath
diagram. The design does not depend on the total bit length or the number of exponent
bits. As in general MAC operations, three operands are taken as inputs. In this case, only
two of them are in posit format, while the remaining is the quire accumulator, which holds
an initial value for the accumulation. This allows to perform even dot products in a fused
manner, with a single rounding.

The first step in the operation is to decode the fields of the posit inputs. Then, the product
of the two posits is computed by multiplying both fractions and adding the regime and
exponent factors, which are grouped to form the corresponding scale factors. In order to
transform the intermediate result into a quire representation, the product is shifted by a
number of bits given by the addition of scaling factors. Finally, both quires (the one received
as input and the one converted from the previous product) are added together, so that the
result of the operation is a new quire in which successive products can be accumulated in
the same manner.

Since the quire encoding is a fixed-point two’s complement format, the final addition of
the MAC unit can be performed in the usual way. However, given the bit lengths shown in
such an adder is the module with the highest resource consumption within the
unit. For example, in a Posit(32, 2) format, the 512-bit quires to be added are much larger
than the 29-bit fractions (including hidden bits) to be multiplied. Thus, the quire adder is a
critical component for the efficiency of the whole fused MAC unit. Previous works have
addressed this issue, either by detecting the smallest amount of bits that are necessary to
add (only for 32-bit posits) [17], or by segmenting the quire into smaller words (at the cost of
a larger number of cycles for correct carry propagation) [161]. In this thesis, several variants
of quire adders and segmented units will be evaluated in

6.2.2. Quire to posit conversion

At the end of a fused operation, it is necessary to convert the value stored in the
accumulator back to the corresponding posit format. Rounding is inherent in this process.
First, it is necessary to detect any possible overflow by checking if any of the carry guard bits
are different from the sign bit. Next, the regime and exponent values of the corresponding
posit are obtained by counting the leading zeros (or leading ones in the case of negative
values) in the integer part. Then, the fraction of the posit can be directly extracted from the
quire. Finally, this fraction must be correctly rounded according to the remaining bits from
the quire, also avoiding underflow. The process is depicted in [Figure 6.3

While this process seems to be computationally expensive, it must be noted that it only
needs to be done once, at the end of the fused operation. In contrast, standard operations
perform rounding and encoding of the results after every single calculation, which can
increase the latency of calculations that require numerous operands [112].

6.2.3. Posit to quire conversion

The quire accumulator encodes numbers in fixed-point format, as shown in
Therefore, converting a posit value into a quire format is straightforward when using the
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Figure 6.3: Basic scheme for quire to posit conversion.

proposed two’s complement interpretation of posits. The posit fraction (including the hidden
bits) must be shifted to the correct position according to its scaling factor. As the quire is
prepared to hold any possible result of the multiplication of two posits, converting a single
posit value to quire encoding would require padding the shifted fraction with 0’s on the
right and extending the sign bit on the left.

6.3. Evaluation

The design for posit-fused MAC units presented in the previous section was implemented
using FloPoCo. In order to verify the correctness of the proposed architectures, extensive
tests were generated using the Universal software library [137] for 8, 10 and 12-bit posits,
and corner case tests for 16 and 32-bit posits, with different exponent and quire sizes. All of
these tests were successful.

This section evaluates the accuracy and hardware cost of the proposed MAC units.
For the first experiments, a software library is used to emulate fused operations. For the
hardware evaluation, standard cell synthesis is performed under the same conditions as in
using Synopsys Design Compiler® with a 45 nm library from TSMC with typical
case parameters. In addition, several alternative implementations of the proposed MAC
units are considered.
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Table 6.2: GEMM MSE comparison between IEEE 754 floating-point and posit numbers.

Matrix size

Input values Format 16 x 16 32 x 32 64 x 64 128 x 128 256 x 256
Float32 1.515 x 10718 4.752 x 10718 1.566 x 10717  6.524 x 10717 2.432 x 10~16
[-0.1,0.1]  Posit32 2.146 x 10720 6.726 x 10720 2.371 x 10719  7.805 x 10719 2.203 x 1018
Posit32fceq  3.157 x 10721 6.110 x 10721 1.158 x 10720 2.014 x 10720 3.497 x 10=20
Float32 1.324 x 1071 4.637 x 10714 1.686 x 10713  6.246 x 10713 2.416 x 1072
[-1,1] Posit32 5.028 x 10717 1.727 x 10716 6.457 x 10716 2.447 x 107> 9.870 x 10~1°
Posit32fyeeq  1.138 x 10717 2,355 x 10717 4.729 x 10717 9.430 x 10717 1.937 x 10716
Float32 1.300 x 10719 4.304 x 10710 1.708 x 102  6.026 x 1079  2.447 x 1078
[-10, 10] Posit32 3.878 x 10712 1.341 x 107 7.500 x 10711 3.282 x 10710 1.41 x 107°
Posit32fceq 8549 x 10713 1.475 x 10712 3.055 x 10712 6.355 x 10712 1.295 x 10711
Float32 1.293 x 1076 5.052 x 1076 1.595 x 107°  6.503 x 1075  2.440 x 10~*
[-100,100]  Posit32 3.077 x 1077 1230 x 1075  4.295 x 1075  2.804 x 107°  1.569 x 10~
Posit32¢seq  4.819 x 1078 8.266 x 1078 1.760 x 1077  6.150 x 1077 1.506 x 1076
Float32 1.675 x 1072 4.815 x 1072 1.644 x 10°!  6.323 x 107! 2.433
[-1000, 1000] Posit32 4.168 x 1072 1.570 x 107*  5.669 x 107! 2.365 9.586
Posit32fceq 5.293 x 1073 8573 x 1072 1.900 x 1072 3.746 x 1072 8.265 x 1072
6.3.1. Accuracy

When compared with standard operations, using fused MAC operations provides clear
benefits in terms of computation accuracy, butit comes with higher area and power costs when
implemented in hardware. As these operators can perform numerous multiplications and
additions without rounding, GEMM is a proper benchmark to evaluate the accuracy of the
standard against fused operators. In particular, square matrices with uniformly distributed
random values in intervals of the form [—10%,10%], i € {—1,0,1,2, 3} are generated. These
intervals allow for a study of the impact of the input data range on the target application. The
results obtained using the double-precision IEEE 754 floating-point numbers are considered
as the golden solution and used to compute the MSE of the Posit32 result. For the sake of
completeness, the MSE obtained using single-precision IEEE 754 floats is also included.

The MSE results are shown in[Table 6.2)for different matrix sizes and input ranges. As
can be seen, for 256 x 256 matrices, the difference between MSE is around two orders of
magnitude when using fused operations. This gap increases by up to four orders when
compared to the standard IEEE 754 format. By comparing the scaling of MSE as matrix size
increases, it becomes evident that posit numbers exhibit superior behavior, attributed to
the presence of a quire register. This holds true across all input value ranges. Across all the
tested cases, the impact of the quire is notable, justifying its additional cost. In summary,
the benefits of employing the quire register make posit numbers a better arithmetic format
in terms of MSE, regardless of the input value range.

6.3.2. Hardware comparison with non-fused operations

presents the area and power synthesis results for both standard and fused
posit units across various bit lengths. For this evaluation, combinational arithmetic units
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Figure 6.4: Hardware comparison between standard and fused posit units.

were taken into account during the synthesis process. Results illustrate that an exact accu-
mulator consumes significantly more resources than standard operators. This discrepancy
is contingent on the bit length, with an overhead of approximately 2 x for an 8-bit scenario.
However, this overhead diminishes in larger data lengths. For instance, in the 64-bit case,
the area and power overhead is reduced to 1.4 x and 1.2x, respectively.

For a more comprehensive understanding, also highlights the hardware
requirements associated with quire accumulation. Notably, the 16n-bit fixed-point adders
(for the quire accumulator) require slightly more resources than their corresponding full
Positn adders. This suggests that the primary resource utilization within fused MAC units
resides in other components of the unit. Thus, reducing this logic could be a point of interest
for future optimizations.

Conversely, utilizing fused operations with an exact accumulator can markedly reduce
calculation errors, as demonstrated in the preceding subsection. Furthermore, the results
presented in this evaluation focus solely on stand-alone operators. When incorporating
these units into a complete core, other resources must be taken into account, such as registers
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and the number of instructions. In this context, there are evident advantages to performing
a single operation for multiplication and accumulation rather than two separate operations.

6.3.3. Implementation alternatives

As mentioned in[Section 6.2} the addition of quires is the most resource-intensive part
within the fused MAC operation. The quire accumulator can be quite large even for low
bit length posits. Such a large adder is the main component that restricts the maximum
frequency achievable by these arithmetic units due to the long carry propagation. Therefore,
this module deserves special attention when designing fused operators.

In this section, different designs for the final quire adder depicted in the MAC architecture
of [Figure 6.2]are compared. In particular, the quire adder has been implemented with three
different designs offering different area/performance trade-offs, namely the ripple-carry
adder (RCA), Brent-Kung adder (BKA) [8] and Kogge-Stone adder (KSA) [82 The RCA
is the simplest design, composed of multiple full adders. However, this adder is relatively
slow, since each full adder must wait for the carry bit to be calculated from the previous
full adder. More precisely, RCAs take O(n) time for carry to reach MSB. The BKA and KSA
adders are parallel prefix adders, so they provide better performance (O(logy(n))) at the
cost of more area.

In order to improve the throughput of the MAC posit unit in practical applications,
multiple pipeline approaches can be employed to design this operator. In this case, a 2-stage
pipeline architecture separating quire addition from the rest of the operation, and a 3-stage
pipeline architecture that also separates posit multiplication from posit-to-quire shifting at
different stages are compared.

Unconstrained synthesis results for Posit16 and Posit32 are graphically shown in [Fig}
and respectively, although similar ratios are obtained with other bit lengths. By
using a BKA for quire addition instead of a RCA, the area is slightly increased (~5.6% and
~4.8% for 16 and 32-bit cases, respectively), which is expected, since the area of this adder is
O(n) [35]. However, the power and datapath delay are reduced, resulting in average energy
savings of more than 26% for the Posit16 and about 40.5% for the Posit32. This is due to the
delay of the BKA, O(2log,(n)) — 2, lower than the O(n) delay of the RCA. A larger delay
reduction is achieved by using the KSA design, since it has an asymptotic delay of O(log,(n)).
In this case, for Posit16 a delay reduction of 63.9% is achieved with the combinational design
and about 87.1% in the pipelined cases (correspondingly, 70.9% and 91.5% delay reduction
for Posit32), resulting in energy savings of 59.6% and 86.2%, respectively (correspondingly,
68.2% and 90.9% energy reduction for Posit32). On the other hand, and in contrast to the
previous design, there is a considerable area increment (~38.8% and ~32.8% for Posit16
and Posit32, respectively). This is also expected, since the area of KSA is O(nlog(n)) [35].

It is noteworthy that the critical path of the pipelined units is the same for both cases. As
hypothesized, the final quire adder is the component with the largest delay, even in the case
of the KSA design. For this reason, the 2-stage pipeline is the most energy-efficient design
option.

3Designs obtained from https://github.com/albertodbg/vhdl-arithmetic
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Figure 6.5: Synthesis results for different designs of Posit16 MAC units with 256-bit quire.

6.3.4. Comparison with state-of-the-art implementations

Deep Positron is a DNN kernel accelerator that works with posit arithmetic [12]]. The
architecture includes an exact MAC posit uniff| for performing DNN inference with 8 bits
or less with comparable accuracy to 32-bit floating-point. This exact MAC unit makes use
of the quire, but both input and output are in posit format, so quire-to-posit conversion
is incorporated in the unit. This implementation is not compliant with the standard draft,
since the quire is not accessible to the programmer, it is just for internal accumulation. A
different open-source design of exact accumulator with quire implemented in Chisel is
SmallPositHDI[} In contrast with the previous one, this unit presents similar inputs /outputs
as the one proposed in this work. Finally, authors in presented MArTo, a library for
generating parameterized posit-compliant units, including exact accumulation of products
with quiref]

The posit MAC units presented in those works are pipelined into three stages, generally
comprised of 1) posit multiplication, 2) quire alignment, and 3) quire summation. To make a
relatively fair comparison, the proposed 3-stages pipelined designs are selected. Also, the
same number of exponent (es = 2) and carry (C' = 31) bits are selected for all the designs,
so the total bit length of the quire is the same in each case.

4Source code from https://github.com/craymichael/Low-Precision-EMACs/tree/b6fe®dl.
5Source code from https://github.com/starbrilliance/SmallPositHDL/tree/c862e91,
6Source code from https://gitlab.inria. fr/lforget/marto/tree/0bc0®8ce8.
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Figure 6.6: Synthesis results for different designs of Posit32 MAC units with 512-bit quire.

[Table 6.3]lists the detailed comparison of standard cell synthesis between the different
designs proposed in the literature. As can be seen, Deep Positron does not provide competitive
arithmetic units, especially for large bit lengths, when compared with previous and proposed
designs. The quire-to-posit converter included in these MAC units dramatically increases
the hardware requirements, so keeping those modules separately seems to be a better design
choice, as well as being compliant with the standard. The rest of the works follow that
criteria, and they get results that are more similar to each other.

In virtually all cases, each of the proposed designs obtains the best results in each of
the synthesis sections. The units using a RCA provide less area (except compared with
the 8-bit unit from MArTo), power and delay than previous implementations, resulting
in a more energy-efficient design. There is an exception for the 32-bit unit from MArTo,
which has approximately the same delay as the 16-bit one. The explanation for this is found
in the pipeline of the unit. In the 32-bit case, the 512-bit quire addition is split into two
phases, using a 256-bit adder in each. This way, the datapath delay is the same as for the
16-bit unit, which also uses a 256-bit adder to add the quires. Such optimization is not
taken in the proposed designs but could be considered for future works. As can be seen,
among the implementations from previous works, SmallPositHDL offers the lowest energy
consumption for the 8-bit operator, while MArTo provides the best results for the 16 and
32-bit cases. Thus, for each bit length, these operators are considered as the baseline for
comparison.

Regarding the proposed implementations, and as the previous experiments show, using
a KSA for quire addition results in the fastest and most energy-efficient fused MAC units. In
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Table 6.3: Comparison with state-of-the-art Positn MAC units.

Design n  Area (um?) Power (mW) Max Delay (ns) Energy (pJ)
8 5349.15 4.46 4.38 19.51
Deep Positron [12] 16  16147.42 12.18 11.70 142.48
32 58937.59 40.07 42.01 1683.30
8 4590.87 4.73 3.02 14.30
SmallPositHDL [169] 16  11263.02 12.37 5.99 74.11
32 28366.06 34.79 11.94 415.39
8 4234.78 4.78 3.16 15.10
MArTo [161] 16 11011.83 11.88 6.09 72.36
32 29045.79 33.28 6.00 199.69
) 8 4346.26 4.47 3.01 13.45
Proposed with
RCA 16  10257.78 1091 5.99 65.37
32 26204.34 31.68 11.93 37791
, 8 4525.95 4.18 2.66 11.11
Proposed with
BKA 16  10710.77 10.26 4.57 46.90
32 27267.44 30.51 7.15 218.15
. 8 5585.53 4.84 0.81 3.92
Proposed with
KSA 16 13391.11 11.74 0.77 9.04
32 33417.22 33.88 1.02 34.56

this case, the proposed design reduces energy consumption by 72.60%, 87.50% and 82.70%
for the 8, 16 and 32-bit units, respectively, when compared with previous works. On the
other hand, this energy reduction is accompanied by an increase in area of 21.66%, 21.61%
and 15.05%, respectively, when compared with the same alternatives. Recall that
compares 3-stage MAC units, but the results shown in reveal that the 2-stage
design is more efficient than the 3-stage one in terms of area, power and energy. In such case,
the energy reduction would be slightly similar (75.49%, 88.45% and 83.43%, respectively)
while the area of the units would be just 4.97%, 7.44% and 4.24% more than that of the
state-of-the-art operators. In addition, the latency of the operators is reduced by 73.18%,
87.36% and 83.00%, respectively.

Finally, performing the quire addition with a BKA is an intermediate compromise
between the other two solutions. This design choice requires quite less power, delay and
energy than the implementations from previous works, while still taking a similar or even
smaller area.

6.4. Conclusions

Throughout and [4] the posit format has demonstrated to be a promising
alternative to the IEEE 754 floating-point standard in a variety of areas such as deep learning
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and physical simulations. Nevertheless, there are circumstances where even greater accuracy
is required. As a solution, the posit arithmetic comprises fused operations.

In this chapter, a fused posit multiply-accumulate (MAC) unit design is proposed to
enhance the development of the posit number format, as well as facilitate its utilization in
computationally intensive applications. The experimental results show that using the fused
posit MAC, instead of standard multiplication and addition, for large matrix multiplication
significantly mitigates computational error arising from intermediate rounding by two orders
of magnitude. The parameterized design is implemented with varying posit configurations,
featuring a 1, 2 and 3-stage pipeline, and employing different adder designs, including
ripple-carry adder, Brent-Kung adder and Kogge-Stone adder. Compared to other posit
hardware solutions, the proposed implementation achieves notable reductions in energy
and latency reduction up to 88.45% and 87.36%, respectively, with a modest 7.44% increase
in area.

This chapter, along with the previous one, concludes the design of the posit arithmetic
units. Based on these basic building blocks, it would be possible to design a complete posit
arithmetic unit capable of executing posit instructions within a processor [106]. Nonetheless,
to incorporate such a unit, adjustments to the instruction set and/or the processor data path
are necessary. An alternative is to develop hardware accelerators for specialized posit-based
applications. This idea will be further elaborated in the following chapter.
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In the contemporary computing landscape, characterized by the ubiquity of data-intensive
applications driven by advances in deep learning and the escalating demand for high-
performance computing, the challenge of sustaining performance improvement emerges
with the culmination of Moore’s law and Dennard scaling [56]. Recent studies underscore
the significance of domain-specific architectures (DSAs) or accelerators and specialized
processors, such as GPUs, FPGAs, and ASICs, as promising avenues for augmenting both
performance and energy efficiency [34]. In this context, the advantages of posit arithmetic
position it as an appealing candidate for DSAs, offering potential mitigation against the
impacts of the conclusion of Moore’s law and Dennard scaling. While preceding studies have
extensively scrutinized the hardware costs associated with posit arithmetic in individual
operations, there persists a paucity of information concerning the interconnection and
integration of these components as a cohesive whole.

This chapter builds upon previously introduced operators and introduces a compre-
hensive high-level synthesis (HLS) flow that supports posit arithmetic. This facilitates the
design of custom accelerators for FPGAs directly from a given behavioral specification,
utilizing posit numbers instead of traditional floating-point arithmetic. The proposed ap-
proach leverages the higher accuracy inherent in posits. Additionally, a novel memory
customization approach that employs posit numbers in memory while retaining accelerator
logic in floating-point format is presented. This can be a useful solution when the designers
want to optimize local memories and data transfers, but still use legacy HLS tools that only
support traditional floating-point notations.

reviews some basic concepts and motivates the utility of HLS in the design
and development of DSAs. In the proposed methodology and strategies for
seamlessly integrating posit operators into an HLS tool are explained in detail. The evaluation
of the proposed approach, inclusive of benchmarks, implementation results, and analyses,

is thoroughly discussed in Concluding the chapter, offers pertinent

conclusions derived from the presented material.
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7.1. Domain-specific hardware accelerators

In the ever-evolving landscape of computing, to meet computing needs and overcome
power density limitations, the computing industry has entered the era of parallelization. Such
highly parallel, general-purpose computing systems, however, still face serious challenges in
terms of performance, area and energy consumption. The demand for specialized and efficient
processing capabilities has given rise to the concept of domain-specific architectures (DSAs).
Traditional general-purpose processors, while versatile, may not always offer the optimal
performance for specific tasks or applications. DSAs address this challenge by providing
targeted, high-performance solutions tailored for particular workloads or domains [31, [19].

At their core, domain-specific accelerators are hardware components designed to execute
specific types of computations, such as signal processing, Al, cryptography, or graphics
rendering. Unlike general-purpose processors that are built to handle a wide range of tasks,
DSAs are finely tuned to deliver superior performance for a particular set of applications.

In domains where computations involve complex mathematical operations, such as
scientific simulations, numerical analysis, or machine learning, floating-point DSAs can be
particularly valuable. These accelerators enhance the performance of algorithms that rely
on extensive floating-point calculations. Examples of floating-point DSAs include GPUs,
TPUs, DSPs, FPGAs, and custom ASICs tailored to specific domains.

In this regard, posit-based accelerators could be designed to handle computations with a
wide dynamic range and precision, making them suitable for applications where numerical
accuracy is crucial.

7.1.1. High-level synthesis

High-level synthesis (HLS) is an automated design process that, starting from the
high-level description of an application, a register-transfer level (RTL) component library,
and specific design constraints, identifies an RTL structure that implements the given
behavior [28| 27]. The main steps executed by an HLS tool are the following:

1. Compilation. The HLS process begins with the compilation of the functional specifi-
cation. This initial step transforms the high-level input description (typically ANSI
C/C++) into a formal representation. Usually, it often involves several code op-
timizations, such as data dependency resolution, dead-code elimination, or loop
transformations.

2. Allocation. The type and the number of hardware resources (e.g., FUs, storage, or
connectivity components) are defined based on design constraints. These components
are selected from the RTL component libraries. The utilization of numerical repre-
sentations with lower bit length directly impacts the hardware resources of the final
design, as it results in the allocation of less memory and smaller FUs.

3. Scheduling. All operations required in the specification model must be scheduled into
control steps. This is done considering the functional components, operation priorities,
and dependencies. Operations can be chained or scheduled to execute in parallel,
provided there are no data dependencies and sufficient available resources. Different
numerical representations might result in different scheduling results. Typically,
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reducing the bit length of the signals also reduces the datapath delay, yielding faster
circuits.

4. Binding. Within the computed schedule, each variable carrying values across control
steps must be bound to a storage unit or register. Variables with non-overlapping
life intervals may share the same register. Similarly, operations must be bound to
the capable FUs, preventing those that execute concurrently from sharing the same
resource instance. Register and FU binding also depends on interconnection binding,
which introduces steering logic or connection units (such as buses or multiplexers) to
facilitate transfers between components. The impact of numerical representation in
the preceding steps directly influences the binding stage. Smaller data might require
smaller or fewer FUs, registers, and hardware resources in general.

5. Netlist generation. The final architecture, derived from allocation, scheduling, and
binding tasks, is translated into an RTL model of the synthesized design in a HDL
like Verilog or VHDL. This process accesses the resource library, embedding the RTL
implementation of each resource. The result is target-dependent, leading to potentially
different hardware descriptions for various technologies.

HLS raises the design abstraction level and allows rapid generation of optimized RTL
hardware for performance, area, and power requirements. For DSAs, which are designed to
accelerate specific computations, this high-level abstraction facilitates a more productive
and intuitive design process. Designers can focus on the algorithmic and functional aspects
of the accelerator without delving into low-level hardware details. Thus, HLS serves as a
bridge between high-level software descriptions and low-level hardware implementations,
enabling designers to explore and generate hardware designs more efficiently. In addition,
HLS tools enable designers to explore a wide range of design alternatives and optimizations
at a high level of abstraction. This way, designers can evaluate the performance of DSAs in
the early stages of development without the need for extensive low-level hardware design.
More specifically, allocation, scheduling, and binding can be performed simultaneously or
in a specific sequence depending on the strategy and algorithms used.

In summary, HLS plays a crucial role in the design and development of DSAs by
providing a high-level abstraction for hardware design, enabling efficient exploration of
design space, supporting rapid prototyping, and facilitating the integration of hardware
accelerators with software components. This synergy contributes to the overall success of
hardware-software co-design in the realm of DSAs.

At the time of writing this thesis, limited published works delve into the application
of posit arithmetic in DSAs and HLS. Notably, authors in [161] introduced MArTo, a C++
library for posit arithmetic compliant with Xilinx Vitis HLS. It is built on a custom internal
representation that leverages the Vitis HLS arbitrary precision integer type, and supports
addition, subtraction and multiplication of posit datatypes, as well as the exact accumulation
of posit products. Although this library is designed from a higher abstraction level, it requires
adapting the source codes to use it, and its usage is currently limited to the aforementioned
operations. Moreover, experiments in [161] evaluated just the performance of standalone
posit operators, but no results on posit-based accelerators generated from HLS are given.
On the other hand, authors in [17] present a posit accelerator for matrix multiplication, and
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Figure 7.1: HLS workflow with support for posit arithmetic and memory customization.

a posit accelerator for L1 BLAS routines and for pair Hidden Markov Model are presented
in [162].

7.2. Posit-aware high-level synthesis

The work presented in this chapter is focused on the integration of posit arithmetic into
the HLS flow. To achieve this objective, the initial phase involves the implementation of
the required RTL components. Subsequently, specific stages of the synthesis process are
modified to accommodate such an arithmetic format.

A scheme of the proposed tool flow is depicted in[Figure 7.1 To add support for posit
arithmetic to the HLS flow, it is necessary to 1) design an RTL library of posit operators with
support for different design restrictions and provides equivalent functionality to floating-
point operations, and 2) integrate the library into an HLS tool with a selection/substitution
mechanism that preserves the memory infrastructure of the device. Although certain
implementation aspects of the proposed approach are closely tailored to the software
technology, the fundamental concepts of this approach can be extended and potentially
applied to any HLS tool.

Furthermore, prior research has demonstrated that storing data in posit format can lead
to reduced memory requirements while preserving accuracy [93}32]. Such an approach is
also useful when the designers want to customize communication by reaping the benefits
of posits while still using legacy HLS tools that do not support non-standard formats. In
light of this observation, this study also aims to investigate the implications of adopting
such a design alternative, specifically examining the impact of employing posit numbers in
memory with accelerators that do not inherently support this arithmetic format. By doing
so, we intend to gain insights into the potential benefits and challenges associated with
incorporating posit-based memory in systems utilizing non-posit arithmetic accelerators.
illustrates the different strategies evaluated in this work. Case #1 represents the
classical floating-point approach, and it serves as a reference point. It is important to note
that in case #3, where just floats are used in the accelerator, certain data conversion processes
would be necessary to ensure compatibility with the data originally stored in posit format.
For each case, both 32 and 64-bit precision are considered.
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Figure 7.2: Scheme of the different approaches that use float and/or posit arithmetic in
memory and hardware accelerator.

7.2.1. Library of posit operators

HLS tools transform a high-level specification into an RTL design. Realistic hardware
implementation thus requires the conversion of floating-point and integer variables into
bit-accurate data types of a specific length (not a standard byte or word size, as in software)
with acceptable computation accuracy. This is done in the resource allocation step of the
HLS process (see[Figure 7.3|below), and usually requires RTL libraries to map the variables
and structures at higher abstraction levels to specific hardware components.

In posit units for addition, subtraction, multiplication and division are
designed and implemented using FloPoCo. Such FUs have empirically demonstrated to
be efficient in terms of performance and energy. A complete HLS flow might require
other operations, such as square root, comparison of operands and conversion with integer
arithmetic. Additionally, conversions between floating-point and posit formats are necessary
for the case when the memory and the accelerator work with different data types (case #3
in[Figure 7.2). The required FUs were implemented in FloPoCo as well. The advantage of
designing posit operators with FloPoCo is that this tool can generate such operators for any
given bit length. In this work, 32 and 64-bit precision are considered, so the same design
is used for the different bit lengths; FloPoCo automatically adjusts the size of the internal
wires and signals according to the specified data width. The tool also allows pipelining
the FUs automatically according to the specified parameters and target frequency. The
implementation of parameterized designs with FloPoCo makes the creation of the library of
posit operators independent of the design of the final accelerator.
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In order to verify the correctness of the proposed architectures, exhaustive tests were
generated with the reference software library Universal [137] for 8, 10 and 12-bit posits, as
well as random/corner case tests for 16, 32 and 64-bit posits. All these tests were successful.

7.2.2. Memory customization

Modern HLS tools allow the use of a wide variety of memory allocation policies and
memory accesses. They automatically infer the memory infrastructure according to the
constraints, commands and types of the operands (e.g., integer, float, etc.). However, the posit
data type is neither available in high-level languages nor commercial hardware devices, so
some extra effort is needed to customize the memory with posit format. This work considers
the 32-bit and 64-bit precisions of the different arithmetics. Therefore, float (32-bit) and
double (64-bit) C types are used as replacements for Posit32 and Posit64, respectively, as they
have the same bit length, and therefore memory accesses do not change. Using a different
number of bits would require changing either the memory inside the accelerator or the
compiler (so that it understands a different kind of floating-point operation), which is out of
the scope of this work.

Posit arithmetic claims to have higher accuracy using the same number of bits, or sufficient
accuracy using fewer bits. When storing data in fewer bits, the total memory footprint is
reduced, reaching lower power and energy consumption. But also, when transferring data
from external memory to devices such as FPGAs, using smaller bit lengths might allow
transferring more data simultaneously under the same bandwidth, increasing the SIMD
vectorization and achieving higher throughput.

In this work, a comparison of the effects of using 32-bit posits in memory with regard
to 64-bit floats is presented. While this clearly halves the size of the external memory; it is
important to evaluate its impact on the accuracy of the results.

Additionally, a hybrid scenario is proposed wherein the memory is customized with
posit format while the accelerator logic is kept unchanged in floating-point. The usefulness
of this approach lies in storing the data in a posit format with a smaller bit length than the
floating-point format in which the computations are performed. From the memory point of
view, this is not different from the case when all data is in posit format. However, under this
approach, the input data must be converted into floating-point format before performing
computations in the accelerator, and the results must be stored in memory using posit
format. The conversion between n-bit posits and floating-point numbers with e exponent
bits and m fraction bits is depicted in[Algorithm 5 and the reverse analogous process is
done for float-to-posit conversion.

7.2.3. Integration of posits into HLS tool

In this work, we consider Bambu, an open-source HLS research framework [139} 40].
The tool receives as input a behavioral description of the specification, written in C/C++
language, and generates the HDL description of the corresponding RTL implementation as
output, which is compatible with commercial RTL synthesis tools. Bambu supports different
target FPGAs, so the generated accelerator can be flashed into a board. In addition, it is
designed in an extremely modular way and supports floating-point operations through
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Algorithm 5 Posit to IEEE 754 float conversion.

1: procedure Posit2FLoat(X)

2 sign «— x[n — 1]

3 val < z[n —2: 0]

4: if val = 0 then

5: if sign = 0 then

6 oy« 0

7 else

8 .y« NaN

9: else
10: if sign = 0 then
11: \ abs_val < val
12: else
13: . abs_val < —val > Take 2's complement
14: regime, exp, frac < extract_fields(abs_val)
15: biased_exp «— {regime, exp} + bias = IEEE float exponent bias = 2671 — 1
16: .y < {sign,biased_exp, frac} > Pad y with 0’s to the right if necessary
17: |  returny

FloPoCo. The choice of Bambu as HLS tool for this work is motivated by its open-source
philosophy and its integration with FloPoCo.

Performing HLS with a custom arithmetic format such as posit is not straightforward,
since the data format and the RTL components interfere in multiple steps of the HLS design
flow. As mentioned in[Section 7.1} the synthesis process starts with the compilation of the
C/C++ source code. However, the posit data type is not supported in such programming
languages or compilers, in contrast to the float or double types. Incorporating compiler
support for new data types is quite a complex task that is out of the scope of this work.
Consequently, the decision was made to leave that aspect unchanged in the process, opting
instead for subsequent modifications in the synthesis stages. To accomplish this, it is
necessary to modify the allocation and scheduling stages of the HLS flow, as indicated in

At this point, two possible alternatives arise for the integration of posits into the HLS
flow. Either replacing the floating-point functionality with posit arithmetic or maintaining
both formats and introducing any control mechanism to select which format to use. While
the former of the options has a simpler implementation, we aim to compare the results
obtained for each format, as depicted in[Figure 7.2 Thus, to keep the two arithmetic formats
available as well as to facilitate the usage of different back-end arithmetic libraries for end
users, the existing Bambu option --flopoco is modified to accept either the value float
(which remains the default functionality), or the value posit. When the --flopoco=posit
flag is activated, floating-point operations in the source code are intended to be computed in
posit arithmetic. This approach allows handling posit arithmetic without the need to modify
the C/C++ source code nor the compiler. From the point of view of the programmer, the
use of posit arithmetic for the computation of real numbers just requires selecting between
single or double-precision floating-point and activating the corresponding flag.
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Figure 7.3: HLS design flow and modifications to accommodate posit units.

After the compilation step, Bambu detects all the arithmetic operations that are required
in the source code. When a floating-point operation is detected, Bambu calls FloPoCo with
the corresponding parameters to generate the required RTL operators according to the
design constraints (allocation step). At this point, a different implementation from the IP
library can be selected, for example, a posit adder instead of a floating-point adder circuit.
However, the HLS tool must be aware of the latency of such components in order to properly
generate the entire accelerator (during the scheduling and binding phases).

Regarding the allocation stage, certain modifications were done to incorporate the
posit RTL library. This involved ensuring that the appropriate library, whether it is the
float or posit library, is called based on the specified configuration of the HLS and the
--flopoco flag. When this flag is used with the posit value, floating-point operations in
the source code are translated in the corresponding RTL for posit operations defined in
FloPoCo. The allocation step maps them on the set of available FUs: their characterization
includes information, such as latency, area, and the number of pipeline stages. The pipeline
of the operators is automatically driven by FloPoCo according to the specified design
constraints such as the clock period. In addition to FUs, also memory resources are allocated,
in this case as detailed in Along the entire HLS process, especially during
resource allocation and scheduling, it is necessary to have certain information about each
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component in order to perform synthesis optimizations. For this reason, Bambu adopts
a pre-characterization approach. The latency and resource occupation of every posit FU
are obtained by synthesizing them for multiple combinations of bit lengths, frequencies
and target devices. This has a direct impact on the scheduling stage of the HLS design
flow, and is a common approach adopted by other HLS tools such as LegUp [11]. It is
worth noting that this pre-characterization needs to be performed only once, and allows
performing aggressive optimizations. Then, such characterizations are used to select the
most appropriate configuration for each posit FU and schedule the operations according to
the design constraints.

As already mentioned, this work also proposes the use of posit arithmetic in memory
(case #3 in Figure[7.2)), while keeping the logic of the accelerator in floating-point. Using
posits as lossy compressed information storage (in 32-bit precision) can reduce the amount
of data transferred up to a factor of 2 with respect to the double-precision accelerator while
maintaining decent accuracies. Also, such an approach is compatible with commercial HLS
tools that do not support posit arithmetic. When the data in memory is in a different format
or precision with respect to the logic of the accelerator, data conversion must be performed
before and after performing computations in the accelerator. For that reason, posit-to-float
and float-to-posit units are designed to convert input data and output results from the
accelerator, respectively. Such FUs are implemented in FloPoCo (as well as the rest of the
units of the proposed library), so the same parameterized design is used for different bit
lengths. In Bambu, it is possible to map C functions to handwritten HDL modules, which
makes this process straightforward. What is more, such modules could be also appended to
accelerators generated using floating-point, which makes this a suitable option for those
HLS tools without support for posit arithmetic. However, when using this hybrid approach,
the corresponding conversions must be considered in the HLS scheduling stage, as data are
converted before and after the real computation.

It is apparent that 32-bit posits boast higher accuracy (or precision bits) compared to their
32-bit floating-point counterparts but fall short of the precision provided by 64-bit floats.
Consequently, converting from a more accurate format to a less accurate one necessitates
meticulous handling of proper rounding to mitigate potential errors. While decreasing
the bit count in memory yields evident advantages in accelerator design—enabling higher
computing bandwidths and resulting in lower power and energy consumption—it comes at
a cost. This trade-off involves the need for additional hardware dedicated to data conversion,
and there is the potential for increased error due to rounding.

7.2.4. Limitations

With the aforementioned modifications, the HLS tool Bambu demonstrates the capability
to generate posit-based accelerators on par with its floating-point counterparts. However, it
must be noted the posit arithmetic introduces distinct operations not found in the IEEE 754,
such as fused operations beyond FMA [123]. The current approach does not directly support
these operations as it would necessitate the introduction of new operations in the C language.
Nevertheless, leveraging the capability of Bambu to map C functions to handwritten HDL
modules opens up the possibility of incorporating such functions within the HLS process.

An additional limitation of the proposed approach is that Bambu allows for the simulation
of the generated design before initiating synthesis to verify its correctness. Unfortunately,
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this functionality relies on the compilation and execution of the C source code, making it
unsupported in the case of posit arithmetic.

One potential approach to address these limitations is to leverage arbitrary precision
types supported by certain HLS tools. This is the case of MArTo and Vitis HLS. Nonetheless,
adopting this solution introduces additional challenges, including the necessity to re-
implement algorithms utilizing proprietary libraries and to adjust the source code to
integrate such implementations.

These considerations highlight the need for further exploration and potential enhance-
ments in the integration of posit arithmetic within HLS tools like Bambu. Addressing these
challenges could unlock the full potential of posit-based accelerators, ensuring both accurate
simulation and seamless incorporation of posit-specific operations into the HLS workflow.

7.3. Hardware evaluation

While previous works have already analyzed the hardware cost of posit arithmetic in
the context of individual arithmetic operations, there is not much information about how all
these pieces fit together. In this section, an analysis was conducted to assess the impact of
various arithmetic formats on the design of hardware accelerators for real applications.

7.3.1. Experimental setup

The effects that each of the schemes depicted in has in terms of hardware
resources and latency when performing HLS, were evaluated. It is also important to have
an understanding of the accuracy of each approach. For cases #1, #2 and #3, both 32 and
64-bit precision were considered. When the memories and accelerator logic have different
representations, 32-bit posit format (Posit32) is used on the memory side.

To compare the performance of the different approaches, a set of numerical benchmarks
from the PolyBench 4.2 suitd'was employed. This suite includes many common algorithms
in fields such as linear algebra, data mining, and image processing. Specifically, the following
representative benchmarks were selected:

= 3mm: Linear algebra kernel that consists of three matrix multiplications arranged in
the form G = ((AB)(CD)).

» cholesky: Cholesky decomposition of a positive-definite matrix A into a lower trian-
gular matrix L such that A = LLT.

= covariance: Computes the covariance of N data points, each with M attributes.

» fdtd-2d: Simplified finite-difference time-domain method for 2D data. It models
electric and magnetic fields based on Maxwell’s equations.

= gemm: General matrix-matrix product from BLAS, C' = aAB + C.

» ludemp: LU decomposition followed by forward and backward substitutions to solve
a system of linear equations.

Thttps://sourceforge.net/projects/polybench/
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7.3. Hardware evaluation

PolyBench implements each benchmark in a single file, with some header parameters and
a series of compile-time directives, including the data format and dataset size. PolyBench
was configured to use 32-bit and 64-bit precision for all the experiments. For numerical
accuracy evaluation, the code structure was kept unchanged, including the initialization
phase which populated the input data to the algorithms, just modifying the data format
and test size for different experiments.

For hardware evaluation, emphasis is placed on the HLS-generated accelerators for
the main kernel computation. Consequently, the initialization phase is excluded during
synthesis, with the kernel core remaining unaltered. Instead, a wrapper is introduced
around the kernel, facilitating the creation of a local copy of the data within the accelerator.
This has two consequences. First, when working with arrays, it is faster to access the
accelerator’s local memory rather than the host machine’s memory, which significantly
reduces the latency of the accelerators. On the other hand, in case #3, where the memory
data is assumed to be in posit format but the computation is performed in floating-point, it
is necessary to convert the data to the latter format before operating, and back to the former
at the end of the computation. Although this conversion could be applied each time an
operation is performed, in cases such as GEMM, where the same piece of data is used for
several intermediate computations, this approach has a negative impact on operator latency.
However, performing this conversion only once per single datum and storing it in local
memory allows for a reduction of the number of conversions (and clock cycles), at the cost of
higher hardware resource costs. To have a fair comparison across the proposed approaches,
this approach is considered in all the experiments. Performing data conversions at every
single operation might reduce the amount of memory required in the FPGA at the cost of
increasing the data transfers between the accelerator and the host device, but such a study
is out of the scope of this work.

The HLS for each application was executed using Bambu, targeting a Xilinx Artix-7
(XC7A100T-1CSG324C) FPGA device. Notably, the HLS with Bambu incorporated the
options --no-iob (ensuring that primary ports from the I/O buffers are disconnected,
and large arrays can be instantiated in the target device) and --experimental-setup=VVD
(which provides similar settings for RTL synthesis as the commercial solution Vivado HLS).
Under this approach, all objects and internal variables that need to be stored in memory are
allocated on BRAMs rather than on external memory. To select a suitable target frequency for
the HLS, comprehensive tests were conducted for individual arithmetic operators, targeting
different maximum clock frequencies, which allowed us to obtain more details in this regard.
Xilinx Vivado 2021.2 was used to perform the logic synthesis for the comparison of hardware
resources.

To generate floating-point logic for the accelerators, the option --flopoco=float was
used, so the FPUs are the ones provided by FloPoCo. However, such units are non-compliant
with the IEEE 754 standard: although the memory format is in IEEE 754 format, subnormals
are flushed to zero to save resources. This could produce inaccurate results in applications
that make use of such small-magnitude data. Also, exceptions are handled in a much simpler
way as required by the standard, and just a single rounding mode is implemented (round to
nearest, ties to even), rather than the five rounding rules defined in the standard. Therefore,
it should be kept in mind that a fully IEEE 754-compliant implementation would incur a
much higher overhead than the current one. On the other hand, Bambu was extended with
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the option --flopoco=posit to allocate posit FUs in the final accelerator. Such units are
fully compliant with the current posit standard [51].

Lastly, it is important to mention that all programs in this evaluation were compiled with
the -03 optimization option, which applies a standard set of optimizations. By adopting this
approach, the focus is placed squarely on the capabilities and limitations of the HLS tool
itself, without introducing additional custom optimization strategies. This allows for a clear
assessment of the baseline performance achievable through compiler optimizations alone.

7.3.2. Accuracy evaluation

Before proceeding with the synthesis evaluation, it is important to ascertain the benefit
of each of the encodings proposed in this work in terms of numerical accuracy. To evaluate
the error of each approach, software simulations were conducted for each experiment
across multiple dataset sizes, ranging from MiNI to LARGE. The error is computed by the
Frobenius normP| against the result obtained with an extended precision format. Such a
metric becomes useful when comparing the precision of different arithmetic formats, as it
effectively measures how much two simulations deviate from each other by penalizing large
errors and giving less importance to minor differences. Indeed, it can be used for either
scalars or matrices and vectors, which is the case in the PolyBench applications.

To obtain these metrics, the results of the three cases depicted in[Figure 7.2| (under both
32 and 64-bit precision) were compared to the same algorithm computed using the double
extended 80-bit format present in x86 processors. The relative error results (with respect to
the norm of the baseline) are shown in[Figure 7.4 Note the logarithmic scale on the Y-axis.
The trend in every benchmark is a significantly lower error when using posit numbers. This
is up around one order of magnitude for 32 bits, and between two and three orders less in
the case of 64 bits, depending on the benchmark.

Case #3, which mixes both arithmetic formats reveals that using Posit32 in memory
rather than Float64 and performing computations in the former precision can be a useful
option when posit circuitry is not available, and provides less error than using Float32 and
even Posit32. On the other hand, results show that, from the point of view of accuracy, there
is no benefit in performing computations with a less accurate format than the stored data.

After characterizing the error of the various proposed formats and approaches, the
subsequent step involves evaluating the performance of specific accelerators using HLS.

7.3.3. Operation-level evaluation

Prior to the HLS of the PolyBench applications, a synthesis evaluation of the basic
arithmetic operators has been conducted as the initial step in the assessment of the FPGA
implementation results. This evaluation aimed to provide a more fine-grained and detailed
analysis of the outcomes, isolating as much as possible the library of posit arithmetic
operators from the rest of the HLS tool. By focusing on individual operations within the
hardware design, in-depth insights can be gained into the performance, efficiency, and

2The Frobenius norm is an extension of the Euclidean or element-wise 2-norm, i.e., it is computed as the
square root of the sum of the square of all the elements, where each element is the computed difference from
the baseline.

98



7.3. Hardware evaluation

Format
[ Float32 I Float64
3 Posit32 I Posit64
[ PositmemFloat32 [ PositmemFloat64

3mm cholesky
1074 4
10—7 4
10—6 4
1079 A
= _ 10—8 4
e _ e
% 1071 4 g 10-10
2 1o 2
© © 10-12 |
(5 [J)
o o
10715 4 10-14
10717 4 10716 4
SMALL MEDIUM SMALL MEDIUM LARGE
covariance fdtd-2d
10—5 4
10-8 4
B 101
w w
GZJ 10—12 g
- 1 -
© ©
i ()
= o1 =
10—16 4
MINI SMALL MEDIUM LARGE MINI SMALL MEDIUM LARGE
gemm ludcmp
10—6 4
10—8 4
. .
< [
i} fivj 10-10 4
[ [
= 2
© © 10712 4
& &
10-14 4
10—16 4

SMALL MEDIUM SMALL MEDIUM

Figure 7.4: PolyBench benchmarks error comparison for different number formats.

potential bottlenecks at a granular level. The findings and observations obtained from this
operation-level evaluation will guide the subsequent evaluation of complete applications.

FPGA synthesis reports usage of lookup tables (LUTs), flip-flops (FFs) and digital signal
processors (DSPs). The synthesis results for each arithmetic unit, as well as the clock cycles
obtained by the RTL simulation, are reported in [Figure 7.5 Posit adders require about 1.5x
hardware resources (LUTs and FFs) than the corresponding float units, while this overhead
is between 2x and 6 x for the rest of the operators. Nonetheless, the amount of resources
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required by Posit32 is always fewer than by Float64 units. Regarding the frequency, all the
FUs except the Float64 multiplier satisfy the timing target conditions up to 150 MHz. For
a target frequency of 200 MHz a few operators violate the timing constraint, and none of
them reach 300 MHz. Therefore, 150 MHz is a clear candidate as the target frequency for
the HLS of complex applications. Finally, it must be noted how the iterative algorithm used
for division and square root has a direct impact on the latency of such units as the target
frequency increases, especially for the Posit64 format.

In addition to the resources shown in[Figure 7.5, HLS results show that, independently
of the target frequency, the 32 and 64-bit floating-point multipliers require 2 and 9 DSPs,
respectively, and the corresponding posit multipliers make use of 2 and 12 DSPs, respectively.
Also, the design of the floating-point division includes a table for fast computation, which
requires 7 and 14 extra BRAMs when synthesizing the 32 and 64-bit designs, respectively.

Case #3 proposed in this work considers input data to be in Posit32 format, while the
computation done within the accelerator is in floating-point. For this hybrid scenario, input
and output data conversion must be done, so it is important to evaluate separately the
hardware overhead of such conversions. Synthesis results are reported in[Figure 7.6 As
can be seen, the library of posit converters can be synthesized with Bambu up to 300 MHz
seamlessly. In addition, the units exhibit quite a low latency (3 cycles or less) when targeting
up to 150 MHz.

Comparison with previous works

To the best of our knowledge, MArTo [161] is the only library that provides posit
arithmetic support for HLS up to date. It consists of a templatized C++ library compliant
with Vitis HLS. It currently offers standalone posit adders, subtracters, and multipliers,
but does not support operations such as division, square root, or comparison, unlike the
proposed work. Vitis HLS 2021.2 is employed to perform HLS of the designs, targeting the
same device (Artix-7) and frequency (150 MHz). The RTL synthesis is performed by Xilinx
Vivado with the default configuration. Although the focus of this work is posit arithmetic,
floating-point designs are generated as well for better comparison and understanding of the
results. It is worth mentioning that while MArTo provides arithmetic units designs for posit
arithmetic, the floating-point units are from the proprietary Xilinx Floating-Point Operator
IP.

In the same manner as with Bambu, experiments are firstly conducted for single arithmetic
operators. Note that, in this case, not only a different posit operator library is being used,
but also the HLS tool changes. Therefore, such an operator-level evaluation allows to isolate
as much as possible the differences between different HLS tools and to be able to analyze
in more detail the differences between the two posit operator libraries. The synthesis
results for posit addition and multiplication units provided by MArTo under different target
frequencies are depicted in[Figure 7.7}

In contrast with the proposed library of posit operators, in this case, the Posit32 units
require even more area than the corresponding Float64 operators. When compared with
on average the 32-bit floating-point adders generated with FloPoCo/Bambu
require up to 1.5x more LUTs and 1.33 x more FFs than the ones generated with MArTo/ Vitis
(respectively, 1.26x and 1.36x for 64-bit adders). However, the situation is very different
with respect to posit adders. The units generated with the latter tools require on average
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Figure 7.5: Bambu HLS results for basic arithmetic operators.

4.14x more LUTs and 2.66 x more FFs than the proposed 32-bit units (respectively, 3.7 x
and 2.25x for 64-bit posit adders). The same behavior is observed in the multiplier units,
which also make use of DSP units, again with an overhead for those multipliers defined at
the MArTo library.
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Figure 7.6: HLS results for posit-float converters.

If comparing the latency of the operators, noticeable differences are found between
the posit libraries. The 32-bit adders from MArTo require 1.74x more cycles, on average,
than the proposed units (1.54 x more for 64-bit adders), and for the 32-bit multipliers, the
overhead is 1.36 x more cycles, on average (1.25x for the 64-bit units).

Overall, it can be concluded that at the operation level, the library of posit operators
for HLS proposed in this work presents more efficient units in terms of both area and
performance than those proposed in previous works.

7.3.4. Application-level evaluation

By considering the behavior of a diverse range of applications, we aim to assess the
suitability and efficacy of utilizing floating-point and posit formats in accelerators for
real-world applications. The chosen PolyBench programs were synthesized with Bambu.
This evaluation leverages the frequency results obtained from the operation-level analysis.
In consideration of the above results, a target frequency of 150 MHz has been set for all
experiments.

Synthesis results for the multiple benchmarks under the mint dataset size are depicted in
Larger sizes mainly affected the latency of the accelerators, in the same proportion
for all the cases. Although each benchmark yields different results, similar patterns can
be found in each of the metrics. In addition, the geometric mean across the proposed
benchmarks is included for the sake of comprehension.
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Figure 7.7: Vitis HLS results for basic arithmetic MArTo [161] operators.

As can be seen, when comparing LUTs and FFs between cases #1 and #2, there are
two patterns clearly distinguishable. For the applications that only require addition and
multiplication, the posit overhead is slightly higher than for the floating-point case, between
1.06x and 1.45x. On the other hand, for cholesky, covariance and ludemp benchmarks,
the overhead of posit accelerators ranges from 1.58x to 3.96x. This corresponds to the
applications using division and square root. As shown in [Figure 7.5] those posit operators
required much more hardware resources in comparison with the floating-point ones,
especially in the case of Posit64. Such a discrepancy suggests that the posit division and
square root operators are not optimized as well as the corresponding floating-point units.
Overall, the Posit32 accelerators have an average overhead of 1.46x and 1.72x in terms of
LUTs and FFs, respectively, and similarly, for the 64-bit case, the LUTs and FFs overhead is
1.73x and 2.12 %, respectively.

As for the use of DSPs, all benchmarks show exactly the same result, which in turn is
the same as the one requiring a single multiplier unit, as mentioned above. This reveals that
the amount of floating-point or posit multipliers is constant (and equal to one) across the
experiments. This is in line with the behavior of Bambu, which allocates a single instance of
each function and/or floating-point operation.

For BRAMs evaluation, again two different patterns can be distinguished between the
applications that use division and those that do not. As has been mentioned, floating-point
division units require 7 and 14 extra BRAMs for 32 and 64-bit designs, respectively. For the
rest of the applications, the amount of BRAMs required by posit-based accelerators is the
same as that used by floating-point kernels since they are encoded with the same number of
bits.
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Figure 7.8: Bambu HLS results for PolyBench benchmarks.

Although the target frequency is set at 150 MHz, as shown in this cannot
be satisfied by all benchmarks. In particular, only 32-bit benchmarks satisfy this timing
condition in most cases. The other time-related metric, latency, presents more differences
between number formats. Posit32 requires between 1.09x up to 1.56x more cycles than
Float32 accelerators (1.30 x more on average), while the overhead for 64-bit formats ranges
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from 1.29x to 1.98x (1.59x more on average). Again, the higher increments are on the
benchmarks that make use of division and square root operators.

Case #3 is worth mentioning separately. The amount of DSPs and BRAM s is exactly the
same as their floating-point counterpart, since the arithmetic units employed in this hybrid
scenario are the same as for case #1. However, as depicted in[Figure 7.6 such conversions
introduce certain hardware overhead (about 10-15% more LUTs for 32-64 bits, and about
18-19% more FFs for 32-64 bits, respectively). In addition, the posit-float conversion also
requires some extra clock cycles, but this is just 1 or 2 cycles per conversion, which results in
less than 3% of overhead when considering any of the PolyBench programs.

Comparison with previous works

For a further comparison, MArTo was used to generate posit-based accelerators for the
aforementioned PolyBench applications supported by this tool, i.e., excluding cholesky,
covariance and ludemp because they use division and square root, which is not supported.
Within MArTo, posit multiplications return an internal data format that must be converted
back into posit, and subtractions must be re-written as additions with negative numbers,
among other changes that must be done in the source code. Again, Xilinx Vitis was used to
perform the HLS of the designs.

As can be seen in [Figure 7.9 the designs obtained with Vitis HLS lead to very different
synthesis results than the ones generated with Bambu. At first glance, it can be seen that
in this scenario the Posit32 accelerators generally require more LUTs (and in some cases
more FFs) than the Float64 accelerators, and also exhibit higher latency than the latter. In
contrast to the previous case, the synthesis results for Vitis vary considerably among the
benchmarks. Although there are important differences in the floating-point case, let us focus
on the comparison in the posit designs between the two HLS tools. Comparing the Vitis
accelerators with the one generated by Bambu, it can be seen that, except for the fdtd-2d
application (where the posit designs do not use any DSPs), the designs generated by Vitis
generally require more hardware resources (between 2.6 x and 8.8 x more LUTs, 2.1x and
16.3x more FFs, and 0.91x and 8.5x more DSPs, depending on the application and format).
On the other hand, the number of BRAMs used for Vitis designs is half that of Bambu
designs.

This hardware overhead has certain advantages in terms of frequency, as the designs
generated with MArTo and Vitis meet the target frequency in all the benchmarks, even for
the 64-bit scenario. The latency is also lower than for the Bambu accelerators. This may
seem to contradict the conclusions of the previous operator-level comparison. However,
there are two aspects that need to be highlighted here. First, as can be seen, not only is the
latency of the posit-based accelerators lower, but so is that of the floating-point accelerators.
Also, according to the official Xilinx documentation [172], the default operation of Vitis HLS
is to first maximize performance, while Bambu generates a single instance of each function
or floating-point operation (even if there are multiple call points in the program), thus
providing more area-efficient designs.

The reason for this discrepancy in results is therefore the scheduling and binding
algorithms used by the different HLS tools, rather than differences in RTL design. However,
it should be remembered that the purpose of this study is to analyze the impact of the
different encodings, rather than to compare the performance of different HLS tools. In this
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Figure 7.9: Vitis HLS results for PolyBench benchmarks.

sense, the results obtained with Vitis for the PolyBench application follow the same patterns
observed in the previous analysis for the basic arithmetic operations, i.e., the use of posit
arithmetic requires higher latency and more hardware resources than even Float64.
Despite the potential benefits of Vitis HLS, the evaluations indicate that the proposed
posit library leads to higher performance and lower area under the same HLS tool. Specif-
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ically, the conducted experiments show that the Posit32 (respectively, Posit64) designs
produced by MArTo require, on average, 1.57 x (respectively, 1.64 x) more clock cycles than
the corresponding float designs. However, the same set of Posit32 (respectively, Posit64)
accelerators proposed in this work exhibit a lower latency overhead of 1.15x (respectively,
1.40x) compared to the float designs. Also, in terms of area requirements, the posit designs
from MArTo present a higher increment factor with respect to the corresponding designs
in floating-point. For example, the Posit32 designs from previous work use on average
3.1x more LUTSs and 2.67 x more FFs than the Float32 designs, while the increment in the
proposed work is just of 1.15x and 1.19x for LUTs and FFs, respectively. Similar figures are
obtained for 64-bit precision.

7.4. Conclusions

Building upon the operators introduced in this chapter outlines a compre-
hensive HLS flow that incorporates support for posit arithmetic. This enables the creation
of custom accelerators harnessing the superior accuracy inherent in the posit arithmetic
format. Furthermore, a novel memory customization approach is introduced, employing
posit numbers in memory while maintaining the logic of accelerators in floating-point.
This approach capitalizes on posit benefits in scenarios where support for this alternative
format is lacking. The implementation leverages open-source tools, utilizing FloPoCo for
the RTL library of posit operators and Bambu for HLS. The outcome of this work is publicly
accessible through an open-source GitHub repositoryf}}

To showcase the capabilities of the proposed workflow and analyze the impact of different
arithmetic formats, floating-point and posit kernels for computer-intensive applications
were deployed. Results consistently demonstrate that posit arithmetic outperforms classical
floating-point notations in terms of accuracy, all without increasing memory usage or
requiring additional bits for numerical representation. This finding is particularly valuable
in scenarios where memory is a critical resource, or where the cost of expanding memory
outweighs the benefits of improved accuracy.

However, the extra accuracy comes with associated costs. Specifically, the 32-bit posit-
based accelerators require about 1.46 x more LUTs, 1.73 x more FFs, and 1.30 x more clock
cycles than their corresponding floating-point counterparts.

In comparing the proposed HLS flow with previous works relying on commercial HLS
tools, the FPGA synthesis outcomes reveal that the posit designs exhibit reduced overhead
compared to those from earlier studies. Overall, these findings emphasize a clear trade-off
between precision and hardware resources in posit arithmetic. Consequently, the decision to
use and implement a specific format should be left to the discretion of hardware designers,
considering their specific requirements and constraints.

Finally, in the three chapters of this part, the bottom-up process of designing funda-
mental hardware components for posit arithmetic has been systematically demonstrated,
culminating in the generation of hardware DSAs centered around this alternative format.
Despite the evident advantages in accuracy showcased in various evaluations, it is important
to acknowledge the associated trade-off: a higher hardware overhead. The field of research
on posit arithmetic is still in its early stages. While ongoing efforts continue to uncover new

Shttps://github.com/artecs-group/posit-hls
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benefits and innovative ways to leverage and design with this format, it remains more costly
than its floating-point counterpart. A potential avenue to address this challenge is exploring
alternative representations and operations for posits that could mitigate implementation
costs, even at the expense of some precision inherent in the posit format. The upcoming
chapters delve into the extension of these concepts, considering novel arithmetic formats
built upon the standard posit. This exploration reflects a dynamic approach, seeking ways
to strike a balance between implementation costs and precision, as the research community
navigates the evolving landscape of posit arithmetic.
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Logarithmic-approximate posit arithmetic

As elucidated in the variable-length field introduced by the posit format
inherently introduces a hardware overhead. This concern becomes particularly notorious
when addressing energy-efficient and /or high-performance designs.

Approximate computing emerged as a paradigm that efficiently addresses this challenge
by allowing for energy savings and performance enhancement through the relaxation
of accuracy requirements for error-tolerant applications [53, [111]. Given the existence of
human perceptual limitations and redundant input data, numerous applications inherently
tolerate errors, including multimedia signal processing, machine learning, and pattern
recognition [39, 21]. The key to approximate computing is to carefully use estimations
only on non-critical information. Attempting to estimate important data (such as control
operations) may lead to disastrous outcomes, like program crashes or erroneous output.

Several research efforts have delved into approximation techniques, exploring approaches
such as lower-bit precision or inexact multipliers in both fixed-point [100, 78] or floating-point
arithmetic [68] [18]. These techniques aim to reduce the power consumption of arithmetic
computations while minimizing accuracy degradation in applications like image filtering or
deep learning.

In this regard, a bold step is taken in this chapter by suggesting the integration of
approximated posit units. More precisely, the objectives pursued in this chapter are:

1. Algorithms for performing the costly operations of posit multiplication, division,
and square root in an approximate manner are proposed. Specifically, logarithmic
approximations of the previously mentioned posit operations are proposed to reduce
the hardware cost of such operators. Additionally, their maximum expected error is
analyzed.

2. Itis demonstrated how the proposed approximations can be applied to error-tolerant
applications. To illustrate this, multiple use cases from signal processing, machine
learning, and deep learning are computed with the approximate posit operators.
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3. The proposed algorithms are implemented in hardware to evaluate their cost and
demonstrate the resource reduction that can be obtained in comparison with exact
posit units.

Section 8.1| presents the basic properties on which the proposed logarithmic approxi-
mation relies. [Sections 8.2} [8.3|and [8.4] explains how such approximation is adapted in the
case of multiplication, division, and square root, and hardware implementation schemes
are presented for each operation. The error of each approximate operation is studied in
[Section 8.5 In[Section 8.6| the proposed posit approximated units are evaluated under mul-
tiple error-tolerant applications. The proposed algorithms are implemented and evaluated
through ASIC synthesis in [Section 8.7} as well as compared with the exact posit operators.
Finally, shows some conclusions and final remarks.

8.1. Approximating posits in the logarithmic domain

Typical number formats like fixed-point or floating-point, as well as posit, follow the
rules within the linear domain, where arithmetic operations are computed as we are used
to. However, in the logarithmic domain, operations like multiplication and division can be
performed with simple addition and subtraction, respectively.

To approximate posit numbers in the logarithmic domain, we will follow the approach
proposed by Mitchell in [110]. He proposes using an approximation in the conversion
process between the linear domain and the logarithmic domain, so some operations can be
performed in the latter domain with very few hardware resources, but with some error in
the result introduced by the approximated conversion.

The approximated conversion relies on the property of logarithms depicted by

logy(1+z) ~ x, for0 <z < 1. (8.1)

To take advantage of this property in posit arithmetic, some preliminary considerations
must be taken into account:

» The fraction of f posit numbers must be within range [0, 1). This is met for all posit
numbers apart from the exceptions.

= The hidden bit of the fraction must be always one. Considering a negative hidden bit
might cause issues when taking logarithms. Therefore, the sign-magnitude notation
of posit numbers will be considered throughout this chapter (for more information

about different posit notations, see|{Appendix A.

= The sign bit can be taken separately, so it does not interfere when calculating logarithms.
The (absolute) value can be considered in the logarithmic domain, to which the sign is
then added.

Based on these conditions, we proceed to approximate posit numbers in the logarithmic
domain. Recall that the value of a non-exceptional posit number X is given by[Equation (1.4
Therefore, taking logarithms on both sides, such a posit can be approximated in the

logarithmic domain as shown by

logy X = (1) x 2 xr+e+logy(1+ f) ~ (—1)° x2** xr+e+ f. (8.2)
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Figure 8.1: Resource distribution of a Posit32 multiplier.

For notational simplicity, the scaling factors formed by the regime and the exponent can be
reassembled, so that 2°° x r + e = k. Hence, k + f is the approximation of the logarithm
value of X, where k and f are usually named characteristic and fraction, respectively [110].

By the aforementioned approximation, arithmetic operations of approximated values
can be performed in the logarithmic domain and the result can be obtained back to the
linear domain without the need for conversion, as detailed in [110]. The next sections will
detail the procedure for performing multiplication, division and square root based on this
approximation method, as well as propose implementation algorithms for the different posit
logarithm-approximate units (PLAUS).

8.2. Posit logarithmic approximate multiplication

Multiplication in hardware can be computationally expensive, particularly when dealing
with real numbers, as it necessitates additional steps beyond the multiplication of fixed-point
values. As illustrated in specifically tailored for the posit format, hardware
multiplication constitutes the primary contributor to power consumption. To mitigate the
hardware complexity associated with multiplication, an alternative approach known as
logarithm multiplication has been proposed in the literature for either integer [78, 77,
and floating-point arithmetic [18) 16]. This approach eliminates the need for hardware
multipliers by approximating multiplication as fixed-point addition. This section introduces
the posit logarithm approximate multiplier and presents an implementation algorithm.
The operators explained in subsequent sections, namely division and square root, follow a
similar rationale.

Let us consider A and B to be two posit numbers in the sign-magnitude form (—1)° x
28 x (1 + f). The exact result of the product of such numbers, P = A x B, is given by

Pryaer = (—1)%4758 s okatks o (1 4 £4) x (1 + fp). (8.3)

Notice that, in order to properly accommodate the result into a posit number, a correction
must be applied if the product of fractions is greater or equal to one.
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Recall that in posit arithmetic there are no special cases to be taken care of, as the
denormal numbers in the case of IEEE 754 formats, a single rounding mode, i.e. round to
nearest even, and unique representations for zero and infinite values. Thus,
allows obtaining the product of any two posit numbers (except for the product by zero or
NaR, which is trivial). More details on the implementation of posit exact multiplication can
be found in

Once the exact posit multiplication is explained, the insights on how to approximate this
operation by taking advantage of the logarithmic multiplication will be described in detail.
Firstly, it is worth noting that in the multiplication operation, the computation of the sign
is independent of the computation of the other fields. Therefore, let us focus on positive
posit numbers from now on (under the sign-magnitude approach we are considering in this
chapter, computation with negative numbers just differs on the sign).

Converting numbers to the logarithmic domain allows to compute the multiplication as
the addition of fixed-point numbers. In such a case, the product is obtained by taking the anti-
logarithm of the sum of the logarithms of both operands. However, using the approximation

of the logarithm given by [Equation (8.1)| eliminates the need for the anti-logarithm step, as
depicted in

(—1)satsB x 2katks (1 4 fo 4 fB) if fa+ fB <1,
Pappro:s = (84)
(—1)satss x okatks+l o (f) 4 fp)  if fa+ fp > 1.

Notice that the sign computation is independent of the value, and to leverage logarithmic
approximation the addition of fractions must be in the range [0, 1), so a correction needs to
be applied (if the addition of fractions is greater or equal to one) to pack the result back to a
posit number.

Now, let us focus on the hardware implementation of the proposed logarithm approximate
posit multiplier. Firstly, notice that the one that is added to the fractions in the first case
of corresponds to the implicit bit of the resulting posit number C. Thus,
the resulting fraction (f¢) is always obtained from the addition of the input fractions. The
second case of [Equation (8.4)|increments the scaling factor by one, as the sum of fractions is
too large (> 1). However, note that in such a case the carry bit from the resulting fraction
field can be directly added as a carry-in to the exponent addition, that is, the resulting
scaling factor is corrected as k4 + kp + 1. This technique can be implemented in hardware
with the scheme shown in Note that, for such implementation, the implicit 1 bit
of the fraction does not need to be considered.

8.3. Posit logarithmic approximate division
From a mathematical point of view, performing the quotient of two posit numbers,

@ = A/B, B # 0, is analogous to the multiplication process. The exact result is obtained by
dividing the scale factors (subtracting the exponents) and the fractions with the implicit bit,

as depicted in [Equation (8.5)

Qewact = (—1)*A758 x 2Fa=FB 5 (1 4 £1)/(1 + fB). (8.5)
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1-bit [log,(n-1)1+1 es n-es-3
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A | sS4 reg, expa fa
B | Ss regs expg fg

Il Il
C |sc regc expc fc

Figure 8.2: Hardware implementation scheme for the proposed logarithm approximate
posit multiplication.

However, implementing the division of fixed-point numbers in hardware is extremely
costly [38]. As shown in[Section 5.5} it usually consists of successive subtractions (and even
multiplications, to accelerate the computation).

On the other hand, the logarithm of a quotient is equal to the difference between the logs
of numerator and denominator. Using this property, the approximated quotient is given by
Equation (8.6)

(8.6)

(—1)5a78 x 28A=FB 5 (14 fa— fp)  if fa— [ >0,
Qapproz = _ o )
(—1)%a=sB x 2ka=kB=1l » (2 4 f4 — fB) if fa— fB <0O.

As can be seen, the only difference concerning the approximate multiplier is the use of
subtraction instead of addition. Therefore, the hardware implementation of the proposed
logarithm approximate posit divider is essentially the same as shown in [Figure 8.2} simply
replacing the addition with subtraction in the scheme. Again, the proposed scheme allows
handling both conditions of simultaneously: when f4 — fp < 0, a bit is
subtracted from the subsequent fields (exponent and regime) and, in such a case, it is
necessary adding 2 to correct the subtraction f4 — fp, which is negative. But this just affects
the implicit fraction bit, while remains unchanged the explicit part of the fraction.

Finally, notice how this approach can reduce the hardware resources and delays tremen-
dously, since the multiple iterations needed to compute the division of fractions precisely
are replaced by a single subtraction.
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Figure 8.3: Hardware implementation scheme for the proposed logarithm approximate
posit square root.

8.4. Posit logarithmic approximate square root

The exact square root of a non-negative positive number is mathematically defined by
Equation (8.7)

Rezact = AJ2F x (1+ f) = 2°2 5 /1 + f. (8.7)

Similar to division, the computation of the square root of a fixed-point fraction demands
substantial hardware resources [38]. However, leveraging the conversion into the logarithmic
domain simplifies the calculation of this operation. It is important to note that square roots
can be expressed as powers with an exponent of 1/2. Furthermore, the logarithm of a
number raised to a power is equal to the exponent multiplied by the logarithm of the base
number. Therefore, an approximation of the square root of a posit can be obtained by using
where the logarithm of the square root is approximated as half of the fraction,

Rappro:]c = 2k/2 X (1 + f/2) (88)

It is worth mentioning that both [Equation (8.7)| and [Equation (8.8)| involve dividing
specific values by 2. However, when implementing these operations in software, multiplying
and dividing by powers of 2 can be accomplished by shifting the binary representation
of the values. Specifically, division by 2 can be achieved by right-shifting one bit (while
preserving the regime sign). Consequently, the hardware implementation of the posit
logarithmic approximation for square root, as depicted in can employ binary
shifting operations. Notably, the LSB of the fraction can be utilized as a rounding bit, thereby
reducing the overall error.

8.5. Approximation error

As mentioned earlier, the approximation of logarithms of posit numbers introduces a
small error in the computation of values in the linear domain. To analyze this error, the
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relative error formula defined in can be employed:

approx — exact _ approx

Byt = 1 (8.9)

exact exact

This formula quantifies the error that may arise when arithmetic operations are performed
using the proposed approximation schemes. The resulting error is not only independent of
the magnitude of the value but also provides information about whether the approximation
overestimates or underestimates the actual value.

Substituting in[Equation (8.9)| the exact and approximate expressions of [Equations (8.3)
and [(8.4)} [Equations (8.5)|and (8.6)| and [Equations (8.7)|and|(8.8)] yields error[Equations (8.10)

to[(8.12)] respectively.

1+ fa+fB .
(1+fA)(1+fB)_1 if fa+ f <1,
Emul = (810)

2(fa+ fB) .
A+ i)t g | Haris=1

1+ fa—fB)(1+ fB) .
B0 0 fa— S5 ) -
A—JB B .
2(1+fA) -1 lffA—fB<0.
_1+f/2_
Esqrt—\/m 1

Let us now examine the [Equations (8.10)[to (8.12)| to determine their maximum and
minimum values. It is worth noting that the relative errors of approximation, denoted as
Eul, Egiv, and Egg, are functions that solely rely on the fraction of the respective operands.
It is important to recall that the fraction f of any posit number is a value ranging between
zero and one.

[Equations (8.10)|to|(8.12)|can be verified to be continuous and differentiable. By computing
the derivatives of these equations, one can determine the critical points of the aforementioned
functions. Further details regarding these computations can be found in [110].

[Figures 8.4al and [8.4b|illustrates the contour map of the error functions E,;,,; an Eg,
according to the fractions f4 and fp. Additionally, depicts the plot of the error
function E,4, with respect to the fraction f.

The multiplication error function is non-positive, and its minimum is found at f4 =
fB = 1/2. Substituting these values into[Equation (8.10)|leads to E,,,; = —1/9, or —11.1%.
The maximum error in multiplication is zero and occurs when either f4 or fp is zero or one.

The maximum possible error in division is Eg;, = 1/8 or 12.5%, which occurs when
fa=0,fg =1/2,0r fa =1, fg = 1/2. This function is non-negative, and it reaches the
minimum (zero) when fg is zero or one, or when f4 and fp are equal.

The error in square root approximation is a monotonically increasing function. The
maximum error, when f = 1, is given by Eq+ = 3/sqrt(8) — 1, resulting in an error of 6.06%.
The minimum error in square root operation occurs when the fraction is zero, and in such
cases, the error is also zero. It is important to note that the fraction of any posit can never
reach unity since 0 < f < 1.

(8.12)
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Figure 8.4: Relative error plots between logarithmic approximate and exact posit operations.

The largest error observed among the proposed approximation methods is 12.5% in the
case of division. However, it is important to note that in error-tolerant applications such as
image filters or machine learning, these errors can be acceptable and have minimal impact
on the quality of the results, as will be demonstrated in [Section 8.6]

Furthermore, it is worth considering the effect of tapered precision in posit arithmetic
on the proposed approximate computing. Notably, extreme magnitudes in posit arithmetic
do not possess fraction bits, which are the source of error in the proposed methods. Hence,
from an analytical perspective, no error is introduced when dealing with such values in the
case of square root or multiplication. This holds true regardless of which operand has an
extreme magnitude, as evident in [Equation (8.10)|and [Figure 8.4al

However, the case of division is slightly different, as the error function exhibits non-
symmetry concerning the fractions of the numerator and denominator. When the denomi-
nator value represents an extreme magnitude (thus lacking fraction bits), the error is zero.
Conversely, an extreme magnitude in the numerator does not limit the relative error of the
division, but rather depends on the fraction value of the denominator. This behavior is
clearly illustrated in [Figure 8.4a) where the leftmost vertical region of the map encompasses
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all possible values in the range [0, 0.125]. Naturally, the same behavior can be observed
when exponent bits are shifted out.

For instance, consider the approximate computation of 1.32923 x 1030 = 2120 (the
maximum positive value) divided by 1.23794 x 102" = 2% in 32-bit posits. The result
is 1.07374 x 10° = 23, which precisely matches the exact result. However, when the
denominator is altered to 1.856 91 x 1027 (with a fraction value of 0.5), the result becomes
8.053 06 x 108, which is 12.5% greater than the exact quotient of 7.158 28 x 10°.

8.6. Application evaluation

This section presents a comprehensive evaluation of the proposed PLAUs in a range
of error-tolerant applications to assess their accuracy and usability. For ease of use, these
approximate operators were implemented in software using Universal library [137]. The
software modules were meticulously tested to ensure a one-to-one match with the hardware
designs discussed in

Considering that not all applications can benefit from approximate computing, a meticu-
lous selection of multiple applications from diverse domains, encompassing image process-
ing, machine learning, and deep learning, was undertaken. In these applications, achieving
approximate results proves to be sufficient for their intended purpose.

8.6.1. Digital image processing

As a first use case, the implementation of image filters and edge detectors, commonly
employed techniques in the field of computer vision for digital image processing, was carried
out.

In such experiments, attention was directed toward two specific techniques: the blur
filter and the Sobel operator. The blur filter, also known as average smoothing, is used to
reduce image noise by applying a filter across all pixels in the image through a convolution
operation. It involves the computation of the mean of values, which requires the use of
the division operator. On the other hand, edge detection is employed to identify points
in a digital image with discontinuities. It relies on calculating directional derivatives for a
specific orientation, involving convolution, Euclidean distance calculation, and a subsequent
normalization step.

Table 8.1| presents the results of applying these techniques to various 512 x 512 images
using both exact and approximate posit operators. To assess the quality of the results
obtained with approximate operators, the peak signal-to-noise ratio (PSNR) and structural
similarity index (SSIM) metrics were employed, comparing them to the results obtained
with exact operators.

As evident from the table, the exact and approximate images are practically indistin-
guishable to the human eye, and both metrics consistently yield high values. However,
upon closer inspection of the blurred images, one may observe a slight difference: the
approximately calculated images appear slightly brighter. This effect can be attributed to
the positive error introduced by the approximate division operator, where higher results
lead to brighter tones, closer to the color white.
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Table 8.1: Image processing accuracy results.
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PSNR: 51.0439 PSNR: 44.5427 PSNR:45.6212 PSNR: 38.2694
SSIM: 0.99909  SSIM: 0.99629  SSIM: 0.99629  SSIM: 0.99503

8.6.2. Machine learning

The second case study in this section focuses on the K-Nearest Neighbors (K-NN)
algorithm, which is a supervised classification or regression machine learning algorithm [158].
K-NN is categorized as a lazy learner algorithm, in contrast to eager learners like DNNs, as
it does not involve a traditional training stage to generate a model. Instead, it selects one
or more examples from the training data to determine the predicted value for the given
sample. This approach eliminates the need for model generalization.

In this application, the computation of the Euclidean distance between data points
is required, involving multiplication and square root operations. Consequently, these
operations are substituted with their corresponding approximate counterparts.

To evaluate the performance of the algorithm, four well-known datasets for classification
were chosen [36]. Each dataset was split into training and validation sets using a 70-30%
ratio. The optimal number of neighbors, denoted as k, for each case was determined using
the elbow method.

The total accuracy achieved by the algorithms is depicted in Surprisingly,
when comparing the use of approximate operators to the use of exact ones, the final
accuracy remains the same in both cases. Interestingly, slight differences were observed in
the intermediate results obtained with exact and approximate operators; however, these
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Table 8.2: K-NN accuracy results.

Dataset Instances Attributes Classes k&  Exact Approx.
Iris 150 3 3 5 9555%  95.55%
Wine 178 13 3 7 67.92% 67.92%
Glass 214 9 7 5 59.38% 59.38%
Breast Cancer 569 30 2 13 94.74%  94.74%

variations do not impact the overall accuracy of the algorithm. This result demonstrates the
robustness of the K-NN algorithm to the incorporation of approximate operations.

8.6.3. Deep learning

For the third use case, an evaluation of the impact of approximate posit multiplication
and division is conducted within the context of DNN inference.

Posit logarithmic approximate multiplication

To illustrate the effect of the proposed approximate posit multiplication in DNN infer-
ence, various CNN models were trained using posit arithmetic. Specifically, the LeNet-5
architecture was employed for the MNIST and Fashion MNIST (FMNIST) datasets, while the
Cuda-Convnet architecture was used for the CIFAR-10/100 datasets. Once trained, the exact
multiplications performed in the convolutional and fully connected layers of these models
were replaced with posit logarithm approximate multiplication for inference purposes.

All models were trained for 50 epochs using the Adam optimizer and a batch size of
128. Prior research [114,[101] has demonstrated that 16-bit posits can be employed for DNN
training without any loss in accuracy compared to the baseline 32-bit floating-point format
(Float32). Hence, each model was trained using the Posit(16, 1) format, and during the
inference stage, approximate posit multiplication was applied to the convolutional and
fully connected layers. Furthermore, a comparison was made between the inference results
obtained from the trained models using Float32 and bfloat16 data formats.

For performing computations in the posit format, software emulation through Deep
PeNSieve, the framework introduced in was employed. The framework was
extended to accommodate the posit logarithm approximate multiplication operation for
both scalar and matrix multiplication. It is important to note that, due to the absence of
native hardware support for posit arithmetic, computations in this format were limited
to CPU-only, making it challenging to train larger DNN models within a reasonable time
frame.

In order to demonstrate the impact of approximate posit multipliers on deeper networks,
the Pre-ResNet-20 and ResNet50 models [54, 55] were adopted for the CIFAR-10 and CIFAR-
100 datasets, respectively. For training these models, Qtorch+ [59] was used to emulate
training with posits while using a GPU environment. Subsequently, after training, the models
were ported to Deep PeNSieve, enabling the utilization of the approximate multiplier during
inference, as detailed above.
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Table 8.3: Top-1 accuracy results (%) for the inference stage.

Model Dataset Float32 bfloatl6 Posit(16,1) Posit(16, 1)approx
LeNet-5 MNIST 99.25 99.13 99.29 99.23
LeNet-5 FMNIST 90.33 88.36 90.11 89.65
Cuda-Convnet CIFAR-10 81.21 81.28 81.52 81.37
Cuda-Convnet CIFAR-100 52.44 51.56 52.36 51.80
Pre-ResNet-20 CIFAR-10 87.23 84.81 87.58 85.97
Pre-ResNet-20 CIFAR-100 59.29 49.53 59.96 54.81
ResNet-50 CIFAR-10 93.12 90.12 92.39 89.87
ResNet-50 CIFAR-100  73.11 69.16 73.32 65.95

The Top-1 accuracy achieved during inference when applying approximate posit mul-
tipliers to matrix multiplication within the DNNs is shown in For the smaller
models trained on Deep PeNSieve, the utilization of approximate posit multiplication results
in minimal accuracy degradation (less than 0.6%) compared to exact posit multiplication at
the inference stage. However, in the case of the ResNet models, notable accuracy drops are
observed when employing low-precision formats.

Two potential hypotheses were identified to explain this phenomenon. Firstly, the
introduced error by the approximate operators may accumulate through layers, leading to a
higher accuracy drop in deeper models. Secondly, the behavior of Qtorch+ may contribute to
this effect. Since Qtorch+ internally utilizes Float32 precision for computations (with posits
emulated by adding quantization layers before and after each operation), it may generate
suboptimal weight values, particularly when replacing the matrix multiplication operation,
which involves calculating numerous intermediate values in higher Float32 precision.

However, it is important to note that further research is required to determine the
underlying cause of this phenomenon, although it falls beyond the scope of this thesis.

Finally, it should be noted that in the bfloat16 format, intermediate products of matrix
multiplication are accumulated using Float32 accumulators [108], while posit-based compu-
tations are performed entirely with 16 bits, lacking quire accumulator for fused arithmetic
or other methods to extend precision.

Posit logarithmic approximate division

Although the inference step mainly consists of matrix multiplications, it is frequent to
incorporate pooling layers within DNNs to reduce the number of parameters to learn and
summarize information. Specifically, the average pooling layers (AvgPool in short) compute
the average value for patches of a feature map. In this scenario, the exact position division
operation within the AvgPool layers is replaced with the approximated version. To achieve
this objective, pre-trained widely recognized models [5] for image classification are chosen.
Next, all weights and activations are quantized into posit format, and the default average
pooling layers are then exchanged with a customized approximated version. The PyTorch
framework is used to generate the pre-trained models and run the inference process. For fast
posit format emulation, Qtorch+ is used [59]. In particular, pre-trained weights are converted
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Table 8.4: ImageNet validation set accuracy (%).

Float32 Positl6 Posit16approx
Format
Top-1 Top-5 Top-1 Top-5 Top-1 Top-5
AlexNet 56.556 79.088 56.546 79.084 56.546 79.084
GoogLeNet 69.772 89.534 69.772 89.546 69.830 89.526
ResNet-18 69.760 89.082 69.746 89.090 69.648 89.076
ResNet-50 80.854 95.438 80.840 95.440 80.776 95.430

MobileNetV3 75258 92.572 75278 92.578 74.674 92.302
EfficientNet-BO 77.698 93.524 77.704 93.524 77.200 93.366

into 16-bit posit format by just rounding the values to the nearest posit number. No extra
quantization or fine-tuning techniques are applied, as it has been shown that 16-bit posits
have sufficient accuracy to perform inference (and even training) of DNNs [114) 153} 96]].

presents the inference results of various models on the well-known ImageNet
dataset [86]. For completeness, the accuracy of each pre-trained model is reported in floating-
point format. As shown, in almost all cases, accuracy barely decreases when approximating
the division of AvgPool layers. Only in MobileNetV3 and EfficientNet-B0 networks, a greater
degradation of accuracy is observed (0.6% and 0.5% less, respectively). The reason behind
this might be the depth of the networks. These models have a higher number of AvgPool
layers that are being computed approximately, so it is expected that the error will increase
in these cases. Meanwhile, the remaining models only have one AvgPool layer at the end of
all convolutional layers, and indeed, in such models, the decrease in accuracy is much lower,
not decreasing even by 0.1% in the worst case.

8.7. Hardware evaluation

After assessing the accuracy of the proposed PLAUSs across various applications, this sec-
tion presents synthesis results that highlight the hardware advantages of using approximate
units.

The proposed architectures have been implemented in FloPoCo, which generates the
corresponding VHDL code. To conduct a comprehensive evaluation of these units, several
metrics such as area, power, energy, and area-delay product (ADP) are compared against
their exact module counterparts. The designs of the exact posit units presented in[Chapter 5|
are used for such a comparison. All the designs are implemented as combinational circuits
with a 45 nm standard cell library from TSMC. Standard cell synthesis has been performed
using Synopsys Design Compiler®.

compares the synthesis results for various posit formats with 2 exponent bits.
Significant resource savings are observed in nearly all scenarios, except for the specific
multiplier units with smaller bit lengths (8 and 16 bits), which exhibit slightly less delay
compared to their approximate counterparts. This can be attributed to the disparity in the
posit interpretation and decoding between the two types of units. While the approximate
units employ a sign-magnitude interpretation, the exact units utilize the two’s complement
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Table 8.5: Synthesis results for exact and approximate posit operators.

Design Bits Are2a Power Delay 123;DP Energy
(pm?)  (mW) (ms)  (nm®-s) (pJ)
8 516.50 0.66 1.06 547.49 0.70
16  1883.95 3.03 2.06 3880.94 6.24
<  Exact
.8 32  7468.31 14.19 3.46 25840.34 49.09
g 64 29429.64 63.42 6.22  183052.33 394.50
i% 8 418.66 0.51 1.18 494.01 0.60
25 16 972.08 1.15 2.07 2012.21 2.38
Approx.
32 2207.59 2.79 3.21 7086.35 8.96
64  4535.60 5.63 5.82 26397.17 32.78
8 841.78 1.05 2.75 2314.90 2.88
Exact 16 274290 5.25 7.47 20489.48 39.20
c 32 10349.74 2575 27.61 285756.34 710.90
:% 64 39751.39 109.48 101.96 4053051.43 11162.92
5 8 423.36 0.52 1.18 499.56 0.61
16 983.14 1.16 2.06 2025.26 2.40
Approx.
32 2230.64 2.82 3.21 7160.34 9.04
64  4581.93 5.68 5.81 26621.02 33.02
8 444.06 0.57 1.06 470.70 0.60
Exact 16  1923.00 3.00 3.61 6942.01 10.84
§ 32 8066.18 1575 13.84 111635.99 217.94
; 64 32509.81 73.79 52.70 1713267.22  3888.93
—
g_' 8 262.95 0.24 0.81 212.99 0.20
n 16 600.00 0.55 1.49 893.99 0.81
Approx.
32  1396.38 1.47 2.25 3141.86 3.31

64  2848.51 294 3.94 11223.12 11.57

approach, which is more efficient from the hardware perspective (see[fAppendix A). Moreover,
for such small bit lengths, the hardware multipliers and adder units exhibit comparable
performance, further contributing to the reduced delay of the exact operators in these
particular scenarios. Nevertheless, the ADP and energy metrics, which can be used to
represent energy efficiency, indicate that resource savings are still achieved with the use
of approximate multipliers. On the other hand, for Posit32, the proposed approximate
multipliers can achieve 70% area reduction and 80% power reduction, and even bigger
savings for the 64-bit case, namely 85% and 91% less area and power, respectively.

The savings become even more striking when considering division and square root
operations, both of which utilize the non-restoring algorithm in the case of exact operations.
The implementation of this algorithm necessitates one iteration for each bit of the fraction,
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resulting in a relatively slow process. Conversely, the logarithmic approximation of these
operations exhibits exceptional speed. Indeed, the approximate division unit achieves a
substantial reduction in delay, ranging from 57% (for Posit8) to 94% (for Posit64). This
significant reduction in delay, combined with the corresponding decrease in area and power
requirements, makes the approximate division unit highly energy-efficient.

Likewise, the logarithm-approximate square root operation demonstrates substantial
improvements in terms of delay, area, and power consumption. The approximate square
root unit can reduce the delay by 24% for 8-bit precision up to 93% for 64-bit precision.
Additionally, it achieves a reduction in area ranging from 41% to 91% and a decrease in
power consumption ranging from 58% to 96% for 8-bit and 64-bit precision, respectively.

To conduct a more comprehensive evaluation, the different combinational units for the
Posit32 format have been synthesized, targeting a wide range of maximum clock frequencies
from 50 MHz to 1200 MHz. Remarkably, all the PLAU designs successfully synthesized at
clock frequencies up to 1150 MHz, surpassing the frequency of their exact counterparts by
more than double. In comparison, the exact posit multiplier reached a clock frequency of
only 550 MHz, while the divider and square root unit achieved frequencies of 150 MHz and
250 MHz, respectively.

To analyze the results for each operator, presents the comparative cost of
the approximate posit units in relation to their exact counterparts at different operating
frequencies. As depicted in the ADP and energy savings increase for higher
frequencies, ranging from 73.1.7% to 78.9% and from 78.5% to 87.7%, respectively.
and exhibit a similar trend, with the proportion of area and power resources required
by approximate units compared to exact units decreasing as frequencies rise. Notably,
as observed in the previous unconstrained synthesis, both the approximate division and
square root units demonstrate greater resource savings than the approximate multiplier
unit. Specifically, the division unit exhibits ADP and energy reductions ranging from 94.2%
to 97% and from 95.7% to 98.2%, respectively. Similarly, the approximate square root unit
reduces ADP by 94.7% up to 96.9% and energy by 95.7% to 98%.

8.8. Conclusions

The preceding chapters have highlighted a fundamental trade-off in posit arithmetic:
while this format offers higher accuracy, it comes at the expense of increased hardware
overhead. To address this challenge, this chapter has explored the usage of approximate
computing techniques within posit arithmetic, highlighting its potential to strike a trade-off
between accuracy and efficiency in computer arithmetic.

Specifically, the logarithmic approximation paradigm has been adapted to posit multipli-
cation, division, and square root—three of the most energy-intensive arithmetic operations.
Through meticulous algorithm design, implementation strategies for the various posit
logarithm-approximate units (PLAUs) have been proposed, and the error on such approxi-
mations has been examined. The conducted analysis has also provided insightful boundaries
for the approximation errors associated with each operation. Notably, the approximated
multiplication exhibits a negative error not lower than —11.11%, while the division and
square root approximations have positive relative errors bounded by 12.5% and 6.06%,
respectively.
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Figure 8.5: Resource usage of the approximate operators compared to the exact ones.

In order to validate the error limitations and assess the practical implications of our
proposed approximate operators, extensive experiments were conducted on fault-tolerant

126



8.8. Conclusions

applications. These applications encompassed image filters, machine learning algorithms,
and DNNs. Digital image processing and machine learning applications showed no degra-
dation in accuracy or quality of results when using approximate operators. This highlights
the resilience of these applications to approximation computing techniques. Regarding
DNNs, different PLAUs have been used during inference for reducing the computational
requirements of this phase. In smaller models, negligible errors were observed with the
introduction of approximate operators. However, as the depth of the models increased, a
slight degradation in performance was observed. This could potentially be attributed to the
accumulation of errors across successive layers. This phenomenon underscores the need
for careful consideration of the approximation impact when dealing with deeper neural
networks.

Furthermore, the synthesis evaluation conducted in this study has demonstrated the
competitiveness of the approximate units compared to their exact counterparts, particularly
in terms of energy efficiency. The approximate Posit32 multiplication, division, and square
root units demonstrated their ability to synthesize designs for maximum frequencies that
surpassed those achievable by their exact counterparts, with frequency improvements
exceeding double (or even seven times higher in the case of division). Moreover, when
targeting the same frequency, the approximate units exhibited significant reductions in ADP
and energy, ranging from 78.9% to 97% and from 87.7% to 98.2%, respectively. These findings
firmly establish the energy-saving potential of the proposed PLAUs. In summary, the results
of this chapter demonstrate that the proposed PLAUs strike a compelling trade-off between
accuracy and efficiency when compared to their non-approximate counterparts. The tested
fault-tolerant applications, along with the synthesis evaluation, support the notion that
these units provide a feasible solution for enhancing computational performance while
reducing energy consumption.

In the next chapter, a different approach for diminishing the hardware resources of posit
arithmetic units is presented. Unlike the approximate method presented in this chapter,
such another approach does not compromise the accuracy of the results. Consequently, it is
not confined to error-tolerant applications, although the reduction in resources may not be
as pronounced.
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Half-unit-biased posit arithmetic

While posit formats share similar elements with FP formats, as demonstrated in[Chapter 5
their arithmetic units are currently more costly. The contribution outlined in
addresses this challenge by employing approximate computation techniques, sacrificing a
certain degree of accuracy in the results. Nevertheless, one of the defining characteristics of
the posit format is its inherent high accuracy, surpassing that of the floating-point format
and yielding more precise results.

This prompts the question of whether any technique exists to curtail the hardware
requirements of the posit format without compromising result accuracy. Given the relative
novelty of posits, a thorough exploration of their hardware implementations may not yet be
exhaustive. Numerous contemporary techniques employed in FUs have the potential for
application to posit units, offering avenues to reduce their hardware costs.

Among these techniques, the Half-Unit-Biased (HUB) approach recently emerged as a
viable strategy to alleviate the implementation cost of arithmetic units dealing with real
numbers subjected to rounding to the nearest [164].

This chapter studies the usage of the HUB formats to implement the computation within
posit-based systems. To that end, addition and multiplication FUs for this new format are
designed and evaluated.

The main objective of the chapter is to demonstrate whether the HUB approach can be
applied to the posit format to provide similar hardware reduction as to other formats, while
maintaining the same accuracy. Specifically, in this chapter:

1. The posit HUB format is defined. To the best of our knowledge, this is the first work
that proposes the combined implementation of the HUB and posit formats.

2. Functional units for addition and multiplication of posit HUB numbers are carefully
designed.

3. The error of standard posit and posit HUB formats are analyzed experimentally for
the aforementioned operations.
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4. The proposed posit HUB designs are implemented and synthesized for comparison
with conventional posit adders and multipliers presented in

The chapter is structured around the list of contributions outlined below.
undertakes a comprehensive review of the fundamentals of the HUB format and introduces
the conceptual framework of posit HUB numbers. delves into architectures
tailored for implementing posit HUB operations, with a specific focus on extending posit
addition and multiplication to the proposed posit HUB format. Additionally, the section
investigates rounding mechanisms and the conversion process between formats.
conducts an experimental error analysis to assess the viability of utilizing HUB formats as
opposed to conventional ones. undertakes a comparative examination of ASIC
implementations for the proposed adders and multipliers. Finally, culminates
the chapter by presenting the principal contributions and providing concluding remarks.

9.1. Half-unit biased formats

HUB is a number format used in computer arithmetic. It is an emerging format that
shifts the represented numbers by half ULP, i.e., it considers an implicit least significant
bit (iLSB). Thanks to this iLSB, this format simplifies two’s complement and round-to-nearest
operations by preventing any carry propagation, which saves power consumption, time,
and area.

The HUB format was initially defined in [62]. Until now, the efficiency of using the
HUB formats has been demonstrated in either fixed-point representation [60} (129} [30] or the
floating-point format [61} 163, [163]. However, this technique could be applied to almost any
representation of real numbers, as long as it uses rounding to the nearest integer. This is
exactly the case with posit arithmetic, whose only rounding mode is the one mentioned
above.

In this section, the ideas used in [62] are formalized and extended to optimize posit
processing datapaths. A new representation system is defined, which allows simplifying
the computation of round-to-nearest rounding and complement operation.

9.1.1. The posit HUB format

In the case of floating-point,a HUB number is defined as an FP number whose significand
is a HUB fixed-point number and its exponent is a conventional one. That means the
significand has an iLSB set to one, and consequently, each floating-point HUB number
corresponds to the middle point of two consecutive floats. That allows performing rounding-
to-nearest by an actual truncation and two’s complement by bit inversion. This simplification
at the logic level produces remarkable savings in the hardware implementation of FPUs [61,
63].

Posits only use round-to-nearest, making them a great candidate for using the HUB
approach. However, unlike floating-point HUB, which only applies the HUB approach to the
significand (the only field rounded in FP), posits require the HUB approach to be applied to
the entire posit number since posits might also require rounding the exponent. Considering
this, we define a posit HUB as a posit number with an iLSB set to one, except for the zero
value. Recalling[Figure 1.5] the generation of a posit format of one bit larger size involves

130



9.2. Posit HUB architectures

Table 9.1: Posit6 format decodification.

Binary Conventional HUB

s r e f value s r e f value
0 1170 -3 2 0 0.000976 562 5 0 -3 3 0 0.001 953125
00101 0 -1 1 05 0.1875 0 -1 1 0.75 0.21875
01000 0 0 0 O 1.0 0 0 0.25 1.25
0 0 4 0 O 65 536 0 5 0 0 1048 576
1 1]-1 —4 0 O —65 536 -1 -4 2 0 —16 384
110000 | =1 0 0 O —1.0 -1 0 0 025 —0.875
11010 -1 2 0.5 —0.1875 -1 2 0.75 —0.156 25
1 01| —1 2 0 —0.0009765625 | —1 3 0 —0.000488 281 25

adding a 0 bit to the right of the existing posit, and filling the gaps with posits ending in 1.
Hence, an n-bit posit HUB is like a conventional (n + 1)-bit posit but the LSB is always set to
one. Consequently, the iLSB is part of either the regime (if there is no negated regime bit in
the posit number), the exponent (if such a field has less than two bits), or the fraction (if the
posit number has the maximum number of exponent bits).

The introduction of the iLSB produces that, in the HUB version, the numbers exactly
represented by the conventional posit format are shifted to the midpoint between those and
the next posit number (in logarithmic scale when affecting the exponent). Consequently,
round-to-nearest is obtained by truncating either the fraction or the exponent when coding
a posit HUB number.

shows several examples comparing the values represented for conventional
and HUB 6-bit posit numbers. The s, r, e, and f columns represent the corresponding values
in[Equation (1.5)|extracted from the bit representation, namely, sign, regime, exponent and
fraction values. Recall that the HUB format considers an iLSB. Notice how the same bit
patterns always result in greater values when interpreted under the HUB format. This is
observed in both positive and negative cases, since all values are biased in the same direction.

Like in the case of floating-point, the HUB format for posit allows performing rounding-
to-nearest by an actual truncation and two’s complement by bit inversion. However, the
two’s complement of a posit number results in the additive inverse (or opposite) number.
Therefore, HUB also simplifies posit subtraction.

9.2. Posit HUB architectures

As detailed in[Section 5.2 posit arithmetic units initially decode the operands to acquire
the exponent and the fraction. This process involves detecting the size of the regime and
shifting the exponent and fraction bits accordingly to the left. Consequently, the sizes of
the exponent and fraction are expanded to their regular dimensions. In contrast to the
floating-point implementation, where the inclusion of the iLSB can be deferred until just
before the fixed-point operation [163], in posit arithmetic, the iLSB must be included at this
stage to append it to the correct position—whether it be the fraction, the exponent, or the
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Figure 9.1: Architecture of a posit HUB decoder and decoder modules.

regime. This is depicted in[Figure 9.1a) which highlights in blue the extra hardware that is
required in comparison with the conventional posit decoder illustrated in [Figure 5.3|

After the inclusion of the iLSB, the resulting value becomes a regular number but with
one additional bit. It is worth noting that when utilizing a power of 2 as the bit length of
the posit, the length of the regime does not increase; only the fraction field is expanded.
Consequently, the corresponding number can be processed with regular posit circuits,
considering the presence of an extra bit. However, depending on the specific operation,
certain simplifications are applied to these circuits to enhance the implementation results,
as elaborated below.

The second significant difference arises during the encoding/packing phase. Here, the
regime is generated based on the scaling factor of the result, and the exponent and fraction
bits are shifted to the right accordingly. In the conventional implementation, depicted in
the discarded bits play a role in rounding the fraction (or the exponent if all the
fraction bits are discarded). This rounding necessitates additional logic and an addition
operation. However, in the HUB implementation, no supplementary operation is needed
after the shifting, as values are rounded through truncation. [Figure 9.1b| visually represents
the logic that is omitted for the HUB circuit, highlighted in red.

Beyond adjustments to the decoder and encoder logic, specific modifications may be
applied to the datapath, depending on the implemented operation. These modifications
serve to simplify the circuit or address corner cases. The subsequent subsections provide a
detailed explanation of additional adjustments to the datapath of both the multiplier and
adder.
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9.2.1. Posit HUB adder

To implement addition, the significands are added after aligning the one with the
smallest exponent to the right. Three additional bits, including a sticky bit, are retained
from the shifted significand for subsequent normalization and rounding steps to achieve
proper rounding to the nearest value. In the case of the HUB version, these additional bits
are unnecessary since no rounding is performed. However, an extra bit is needed in the
fixed-point adder due to the inclusion of the iLSB. Furthermore, specific corner cases require
special attention in the HUB version:

= Alignment of a Negative Number. If a negative number is aligned for more bits than
the size of the significand (i.e., the smallest operand is smaller than the weight of the
LSB of the other operand), it results in an incorrect effective subtraction of one ULP
from the larger significand. This arises due to sign extension and the limited number of
bits in the adder. In the conventional implementation, this situation is spontaneously
resolved by rounding. However, it poses an issue in the HUB version as rounding is
eliminated. To address this, a logical right-shifting is employed instead of arithmetic
right-shifting when this situation is detected.

= Catastrophic Cancellation after Right-Shifting. In scenarios where catastrophic
cancellation occurs after right-shifting the significand of the smallest number by one
bit for alignment, the discarded LSB is required for normalization. In the conventional
case, this bit is retained in the rounding bit as a side effect. For the HUB version, this
bit must be appended to the result of the addition before normalization.

9.2.2. Posit HUB multiplier

To implement multiplication, once the posit operands are decoded, the significands are
constructed by appending the implicit leading bits (1 or —2) to the fraction bits. Subsequently,
both significands undergo multiplication, and the exponents are summed. In the case of
the HUB version, it necessitates a fixed-point multiplier that is one bit wider due to the
presence of the iLSB. However, the computation of the sticky bit and the guard bit is rendered
unnecessary since rounding is eliminated during the encoding step. As will be detailed in
this implies that HUB introduces a marginal increase in area for low frequencies.
Nevertheless, this increment is offset as frequency rises, thanks to the shorter datapath.

9.2.3. Comments about conversion and rounding
Conversion between numbers of different sizes

The process of converting between posit formats of differing sizes, while maintaining
the same exponent size, is inherently uncomplicated. In the design philosophy of posits,
expanding a posit format to a wider bit length is a straightforward task, involving the mere
padding of zeros. Specifically, in the context of the posit HUB, it is crucial to preserve the
information encapsulated in the iLSB of the original number, which aligns with the MSB of
the appended bits.

Contrastingly, the conversion to a narrower bit length necessitates a rounding operation.
Notably, the posit arithmetic framework supports a rounding-to-nearest tie-to-even approach,
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wherein examination of the last bit and determination of whether the discarded bits are all
0 (sticky bit) is imperative. This scrutiny governs the decision to round up, prompting the
incremental adjustment of the truncated posit bitstring when necessary. It is pertinent to
acknowledge that these conversion operations engender a substantial hardware overhead.

Furthermore, it is essential to highlight that the rounding-up operation, inherent in the
conversion process, may potentially result in an overflow, which is incompatible with posit
arithmetic design principles. However, under the HUB format such a complexity is evaded,
since the truncation of the bitstring is sufficient to obtain an accurately rounded conversion.
It is noteworthy that the iLSB of the original number plays an important role in ensuring
the sticky bit is always set to 1, thus eliminating the existence of tie cases in the conversion
process.

Conversion between conventional and HUB formats

The process of converting numbers between a conventional format and its corresponding
HUB format, wherein both formats share the same number of explicit bits and exponent
size, unfolds in a distinct manner. This conversion scenario becomes relevant when data
interchange transpires between systems operating in these disparate formats. Notably, owing
to the inherent dissimilarity in exactly represented numbers for each format (excluding zero
and NaR instances), this conversion invariably introduces rounding and, consequently, a
rounding error.

Moreover, in the context of this conversion, each exactly represented number in one
format consistently finds itself positioned equidistant between two numbers of the alternate
format, which creates a tie case. This characteristic simplifies the hardware requirements, as
the computation of the sticky bit becomes unnecessary. However, it must be noted that the
magnitude of the rounding error consistently stands at 0.5 ULP.

Rounding in HUB formats

Following each arithmetic operation, such as addition or multiplication, a crucial step
involves rounding the resultant value. Leveraging its iLSB, the posit HUB format executes a
round-to-nearest operation through a straightforward truncation process, thereby streamlin-
ing the hardware complexity. However, it is important to acknowledge that a potential bias
in the rounding may manifest under certain conditions, specifically when a tie situation
arises.

In the realm of HUB numbers, a tie condition occurs when the outcome of an operation,
after normalization, exhibits a bit 0 in the position of the iLSB, with all subsequent bits to
its right being 0. In other words, when the bits discarded after truncation amount to zero.
This circumstance leads to a rounded tie-to-away significand, as the significand consistently
rounds up.

Addressing this concern involves the application of a technique analogous to that
employed for HUB floating-point numbers [164]. This entails detecting the tie condition and
rectifying the result through a rounding-down process. However, it is crucial to note that
the implementation of such unbiased operators inevitably leads to an increase in both area
and power consumption. This, however, falls beyond the immediate scope of this chapter.
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9.3. Error analysis

In this section, the experimental evaluation focuses on the error introduced by the
posit HUB format, comparing it with the error associated with conventional posits. The
purpose of this analysis is to verify that using HUB does not compromise the accuracy when
dealing with posits. This is especially relevant in the case of posits, since because of their
variable-length fields, the iLSB might affect not just the fraction, but also the exponent or
regime, so the value of the half ULP is not constant, as in the case of fixed- or floating-point
arithmetic.

To validate the proposed approach across a representative spectrum of scenarios, all
experiments were conducted encompassing the various arithmetic operations proposed in
the previous section.

9.3.1. Experimental setup

An empirical error study by Monte Carlo simulation is provided to demonstrate that the
posit HUB could be used instead of the conventional posit format in real numbers-specific
applications while guaranteeing the same level of precision. To test the arithmetic operations,
two randomly uniform Posit24 numbers within the range [—2%0, —2729] U [2729229] were
utilized. This range is deemed acceptable for data from real applications and offers variability
in the width of the regime. In such a data range, neither overflow nor underflow will occur
in the products. They were converted into conventional 16-bit posit and HUB format, using
round-to-nearest, so both formats have an initial error with the same probability. The exact
result of the operation is computed using twice the number of bits and compared with the
obtained result in both conventional and HUB 16-bit posit formats by calculating the relative
error. The Universal library [137] was used to emulate the computation of such formats via
software.

9.3.2. Results and discussion

The relative error with respect to the exact result is computed for addition and multipli-
cation, as well as for the conversion operation from Posit24 to Posit16 (this is to check that
no extra error is introduced in the conversion, so the inputs for both HUB and conventional
formats have the same error, on average). Each experiment was repeated 10® times for each
tested operation. In the case of addition, the results that produced zero and subtractive
cancellations, which were less than 0.01%, were excluded. The high relative errors produced
by these cases would hide the behavior of the error in the cases of interest.

[Figure 9.2/ shows the histograms of the computed rounding error for each operation,
whereas [Table 9.2 shows the main statistical parameters corresponding to these errors.
Although the rounding error values corresponding to both approaches are always different,
the probability distributions of these errors are quite similar, as shown by the histogram and
the statistical parameters. For all the operations, statistical parameters are almost the same,
but the mean because the rounding implemented for the HUB version may produce some
bias. Nonetheless, the value is still very low and enough for many applications. Unbiased
rounding could also be implemented [164], but its study is out of the scope of this thesis
and will be studied in future work.
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Figure 9.2: Histograms of the rounding error for arithmetic operations.

The outcomes from both theoretical and experimental investigations demonstrate that
HUB formats can serve as an alternative to the traditional posit representation for handling
real-number computations. It is important to note that utilizing the HUB format for solving
real-number calculations may not produce identical outputs compared to those obtained
using standard posits. Yet, the precision of the calculations would remain unchanged.
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Table 9.2: Statistical parameters of rounding error distribution.

Format min mean max o SNRg4s
Addition

Posit —0.9922 4.921e—07 0.9542 2.475e—03  56.02
HUB —0.9655 —1.697e—05 0.9532 2.465e—03  56.00
Multiplication

Posit —0.1158 9.290e—08 0.1163 1.951e—03  25.71
HUB —0.1298 —4.074e—06 0.1302 1.954e—03  25.81
24-to-16 precision conversion

Posit —3.891e—03 —5.405e—08 3.891e—03 3.987e—04  56.64
HUB —7.812e—03 —1.751e—06 3.876e—03 3.987e—04  56.64

9.4. Hardware evaluation

In this section, the main hardware implementation results of the posit HUB circuits
presented in are presented and compared with the conventional units designed
in

To get a detailed evaluation of the hardware cost of the application of HUB format in
posit arithmetic, the circuits presented in for posit HUB numbers, along with the
posit units presented in have been modeled in FloPoCo to generate synthesizable
VHDL.

9.4.1. Synthesis results and comparison

The previous posit HUB adders and multipliers have been synthesized using Synopsys
Design Compiler® with a 45nm standard cell library from TSMC. To provide a more
comprehensive evaluation, two different kinds of synthesis have been performed:

= First, units for different bit lengths (8, 16 and 32 bits) have been synthesized with no
timing constraints. These results are split into components, i.e. encoder, decoder and
arithmetic core for a detailed evaluation. This evaluation shows how the HUB format
affects the different submodules within each design, and how that scales with different
bit lengths.

= Then, for the case of Posit32 units, the same units have been synthesized targeting differ-
ent maximum clock frequencies, ranging from 200 MHz to 800 MHz. This evaluation
attempts to illustrate the performance that the HUB format can achieve.

Posit HUB adder

illustrates the area, power, and delay characteristics reported by the synthesis
tool for both approaches across various bit lengths of adders. The observed behavior remains
consistent across all bit lengths. The iLSB in HUB has a negligible impact on decoding and
the addition core, while the complexity of the encoder is significantly reduced, courtesy of
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Figure 9.3: Synthesis results for conventional and HUB Positn adders.

rounding removal. On a global average, the HUB format exhibits an 8.4% reduction in area,
a 9.0% reduction in power, and a 9.3% reduction in delay.

For a more comprehensive evaluation, Posit32 adders were synthesized to target different
maximum clock frequencies. [Figure 9.4a|presents a comparison of area and energy results for
both approaches. Similar to the unconstrained scenario, posit HUB adders generally exhibit
substantially smaller area requirements compared to conventional ones. This behavior is
mirrored in energy consumption, with most HUB results clearly surpassing conventional
counterparts. Notably, HUB adders achieve a clock frequency of 750 MHz, outpacing
conventional ones, which reach only 650 MHz. This discrepancy arises from HUB savings
in the rounding logic, a critical component of the path.

To facilitate comparison, presents a normalized version of these results,
incorporating the ADP. As anticipated, the reductions in area and energy are highly
significant, peaking at 15% for area and 20% for energy at the maximum clock frequency.
The average reductions for area and energy stand at 8.5%. Consequently, the HUB version
achieves a reduction in ADP of up to 15%, with a mean reduction of 10%.

Posit HUB multiplier

The area, power, and delay results from the synthesis of various multipliers are depicted
in where subcomponents are distinguished. A consistent trend is observed
across diverse bit lengths. While the HUB format streamlines the logic for the posit encoder
(thanks to rounding removal), this simplification does not fully offset the area and power
increments induced by HUB in the multiplication core, averaging 6.1% and 10.7%, respectively.
Nevertheless, the delay of HUB multipliers experiences a substantial average reduction of
12.9%, compensating for the area and power increase, particularly at high frequencies.

In-depth comparison of Posit32 conventional and HUB multipliers, targeting various
maximum clock frequencies, is presented in Unlike the more pronounced
differences observed in adders, distinctions in multipliers are subtler. Conventional posit
multipliers exhibit less area when targeting lower frequencies, while the HUB case generally
demonstrates slightly lower area requirements at higher frequencies. Conversely, energy
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Figure 9.4: Comparison of conventional and HUB Posit32 adder implementations.

consumption and the ADP are generally lower for HUB multipliers, particularly at lower
frequencies, where the reduction exceeds 12%, as illustrated in[Figure 9.6b| This aligns with
the findings in showcasing lower delays for HUB operators. On average, energy
is reduced by 3.7%, and ADP by 4.8%. Notably, similar to adders, HUB multipliers achieve a
clock frequency of 650 MHz, surpassing conventional counterparts limited to 600 MHz.

9.5. Conclusions

This chapter delves into the exploration of the Half-Unit-Biased (HUB) approach within
posit-based systems, presenting a novel perspective on mitigating the implementation
cost of arithmetic units dealing with real numbers under rounding to the nearest. As an
integral part of this endeavor, addition and multiplication FUs for the posit HUB format
were meticulously designed and evaluated.
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Figure 9.5: Synthesis results for conventional and HUB Positn multipliers.

The primary objective of this chapter was to determine if the HUB approach, a technique
originally developed for FPUs, could be successfully applied to posit units. The aim was to
achieve a reduction in hardware costs similar to other formats while preserving accuracy.
This study stands as the pioneering work proposing the integration of HUB with posit
arithmetic and corresponding FUs.

The findings from the comprehensive evaluation highlight the substantial benefits of
adopting the posit HUB format. Particularly noteworthy is the significant enhancement
observed in adders, especially when targeting higher frequencies. The advantages extend
to multipliers, primarily attributed to the observed reduction in energy consumption.
Importantly, the posit HUB format demonstrates an increased capability to reach higher
frequencies, further affirming their viability. While the savings in posit arithmetic units using
the HUB approach may not match those in FPUs, the demonstrated value is unmistakable.
These savings are achieved without compromising accuracy, maintaining the same level
attained with conventional posits.

In conclusion, this chapter underscores the promising potential of the posit HUB format
in the realm of posit arithmetic units. The observed hardware reduction, coupled with the
preservation of accuracy and improved frequency capabilities, positions posit HUBs as a
valuable avenue for future research. Subsequent work may explore the implementation of
more complex operators, such as fused multiply accumulation units, to further unravel the
full spectrum of possibilities offered by posit HUBs in advanced computing architectures.
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10.1. Conclusions and main contributions

As described in the motivation of this thesis (Section 1.1)), within the current trend in the
specialization of computer architectures, the suitability of IEEE 754 floating-point numbers
for all kinds of applications is questioned nowadays. To achieve performance improvements
in the post-Moore era, new arithmetic formats have been proposed for their usage in
specific applications. Among the various alternative formats proposed, the posit format is
perhaps the most promising to replace the floating-point standard in different modern HPC
applications. However, this novel format currently lacks the necessary hardware support,
which difficulties its adoption and the investigation of its capabilities.

In this context, the primary objectives of this Ph.D. thesis were: (1) “to explore the
characteristics and properties of the posit format, assessing its viability as an alternative to the
prevailing IEEE 754 floating-point format in modern applications”, and (11) “to propose designs
for posit arithmetic units that offer hardware support for this format, with a special emphasis on
enhancing energy-efficiency and performance”.

To achieve these goals, both software and hardware approaches were considered targeting
different scenarios, all of them with the previous goals as common objectives. The main
contributions of this thesis can be summarized as follows:

= We have shown that the posit number format usually provides higher accuracy in
common scientific applications than the IEEE 754 floating-point format when using
the same amount of bits, or precision.

= We have demonstrated how, for the case of deep learning, training classical DNNs with
Posit(16, 1) format provides no accuracy degradation compared with 32-bit formats
with no modification of the training flow. In addition, 8-bit posit formats are suitable
for low-precision inference of such models, provided that the matrix multiplications
are performed without rounding using fused operations.

= We have determined the hardware implementation cost of posit arithmetic units. The
designs proposed outperformed previous implementations, corroborating the quality
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of the results. In comparison with conventional floating-point units, the corresponding
posit operators present an overhead in terms of area and performance, but not as
much as doubling the bit length. A demonstration has also been provided to show the
scalability of these implementations in designing custom accelerators based on this
arithmetic format, while achieving similar output metrics.

In addition to these general contributions, each proposal explores a different scenario,
and therefore, each of them has some specific contributions:

Posit arithmetic in deep learning applications

A framework to accurately simulate DNN inference and training using the posit format
for all internal operations has been developed targeting different bit lengths. Evaluations of
different models show that 16-bit posits provide similar accuracy as 32-bit formats on training.
In addition, the framework has the capability of successfully performing low-precision
(8-bit) inference with exact accumulation of products using fused arithmetic.

Hardware design for posit arithmetic

A full set of posit functional units has been developed for the basic arithmetic operations
of addition, subtraction, multiplication, division, and square root. Also, a unit for fused
MAC operation has been proposed to perform the exact accumulation of a large number of
products. The proposed designs explore different implementation alternatives to provide
competitive units. Experimental results reveal how, compared with implementations from
previous works, the proposed approach increases energy efficiency consistently in all the
tested scenarios.

Leveraging the proposed arithmetic operations, posit arithmetic has been incorporated
into an HLS tool to automatically generate application-specific accelerators based on this
format. This approach is proven to work on a wide variety of applications, with similar
capabilities as floating-point. The evaluations show a similar trend as in the case of standalone
operators.

Alternative arithmetic formats based on posit

Approximate computing techniques have been incorporated into posit arithmetic to
notably reduce the hardware requirements of multiplication, division, and square root units,
in compensation for a possibly inaccurate result. Digital image processing, machine learning
and deep learning are application areas that have proven to benefit greatly from this type of
computation.

Another contribution of this dissertation is the development of the HUB posit format,
which integrates the benefits of the HUB approach into the original posit arithmetic proposed
by John Gustafson. This format has proven to reduce the hardware complexity by suppressing
the rounding logic, while maintaining the same accuracy and the rest of the properties of
conventional posit format.
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10.2. Related publications

The contributions of this thesis are supported by the publication of multiple articles in
different peer-reviewed international conferences and journals. Publications are classified
as directly and indirectly related to the content of the dissertation. Below they are listed in
chronological order, along with the importance metrics when appropriate.

10.2.1. Directly related publications

MurirLo, R., HorMiGoO, J., DEL BArrIO, A. A., AND BoTeLLa, G. HUB Meets Posit:
Arithmetic Units Implementation. IEEE Transactions on Circuits and Systems I1: Express Briefs
71,1 (2024), 440-444

MuriLro, R., DeL Barrio, A. A., BoteLLa, G., AND PiLaTo, C. Generating Posit-Based
Accelerators With High-Level Synthesis. IEEE Transactions on Circuits and Systems I: Regular
Papers 70, 10 (2023), 4040-4052

MuriLro, R., DEL BARrIO, A. A., AND BoTELLA, G. A Suite of Division Algorithms for
Posit Arithmetic. In 2023 IEEE 34th International Conference on Application-specific Systems,
Architectures and Processors (ASAP) (2023), vol. 2023-July, IEEE, pp. 4144

MuriLLo, R., MarLrLaséN, D., DeL Barrio, A. A., aNnD BoTterLra, G. PLAUs: Posit
Logarithmic Approximate Units to Implement Low-Cost Operations with Real Numbers. In
Conference for Next Generation Arithmetic (CONGA) (2023), vol. 13851, pp. 171-188

MuriLro, R., DeL Barrio, A. A., aND BoteLra, G. Efectos de la Precisiéon Numérica en
las Aplicaciones Cientificas. In Jornadas SARTECO (2022), pp. 663-669

MuriLro, R., DeL BarriO, A. A., AND BoteLLa, G. The Effects of Numerical Precision
In Scientific Applications. In 2022 Annual Modeling and Simulation Conference (ANNSIM)
(2022), IEEE, pp. 152-163

MuriLLo, R., MaLrasgn, D., DeL Barrio, A. A., aND BoteLLa, G. Comparing Different
Decodings for Posit Arithmetic. In Conference for Next Generation Arithmetic (CoONGA) (2022),
vol. 13253, pp. 84-99

Murirro, R., DeEL Barrio Garcia, A. A., BoreLra, G., Kim, M. S., Kim, H., aND
BacHErzADEH, N. PLAM: a Posit Logarithm-Approximate Multiplier. IEEE Trans. on
Emerging Topics in Computing 10, 4 (2022), 2079-2085

MuriLLo, R., MaLLasEN, D., DeL Barrio, A. A., aAND BoteLLa, G. Energy-Efficient
MAC Units for Fused Posit Arithmetic. In 2021 IEEE 39th International Conference on Computer
Design (ICCD) (2021), pp. 138-145

MuriLLo, R., DEL Barrio, A. A., AND BoteLLA, G. Posit Arithmetic Units for Deep
Neural Networks. In Jornadas SARTECO (2021), pp. 617-622

MurirLo, R., DeL BarriOo, A. A., aND BoreLLa, G. La Aritmética del Futuro: una
Reflexién sobre los Planes de Estudio. Ensefianza y Aprendizaje de Ingenieria de Computadores
(2020), 49-60
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MuriLro, R., DeEL BarRrIO, A. A., AND BoTeLLA, G. Customized Posit Adders and
Multipliers using the FloPoCo Core Generator. In 2020 IEEE International Symposium on
Circuits and Systems (ISCAS) (2020)

MuriLLo, R., DEL Barrio, A. A., AND BoTeLLA, G. Deep PeNSieve: A deep learning
framework based on the posit number system. Digital Signal Processing: A Review Journal 102
(2020), 102762

10.2.2. Indirectly related publications

MaLraséNn, D., MuriLLo, R., DeL BArriOo, A. A., BoteLLa, G., PiNUEL, L., AND PrieTO-
Martias, M. PERCIVAL: Deploying Posits and Quire Arithmetic into the CVA6 RISC-V
Core. In Proceedings of the 20th ACM International Conference on Computing Frontiers (2023),
Association for Computing Machinery, pp. 375-376

MaLrasiéN, D., MuriLLo, R., DEL BArriO, A. A., BotELLa, G., PINUEL, L., AND PrIETO-
Marias, M. Customizing the CVA6 RISC-V Core to Integrate Posit and Quire Instructions. In
2022 37th Conference on Design of Circuits and Integrated Circuits (DCIS) (2022), IEEE, pp. 01-06

MaLraséNn, D., MuriLLo, R., DeL BArriO, A. A., BoteLLa, G., PiNUEL, L., AND PrieTO-
Matias, M. PERCIVAL: Open-Source Posit RISC-V Core With Quire Capability. IEEE
Transactions on Emerging Topics in Computing 10, 3 (2022), 1241-1252

MuriLLo MonNTERO, R., DEL BarrIO, A. A., AND BotELLA, G. Template-Based Posit
Multiplication for Training and Inferring in Neural Networks. arXiv e-prints (2019)

10.3. Open-source repositories

In addition to the scientific contributions, the research conducted in this Ph.D. thesis
has yielded several source code projects. The code for all these projects has been compiled
into repositories, and they have been released under open licenses, ensuring that the code is
accessible to the public, fostering collaboration and allowing anyone to utilize or extend it
for their own purposes:

» The software repository for scientific applications (Chapter 3): https://github.com/
RaulMurillo/ANNSIM_22.

» The Deep PeNSieve software repository (Chapter 4): https://github.com/
RaulMurillo/deep-pensieve.

» The FloPoCo-posit hardware repository, containing the posit units generated by
FloPoCo for addition, subtraction, multiplication (Chapter 5) and fused MAC

ter 6), as well as the comparison between posit encodings (Appendix A): https:

//github.com/RaulMurillo/Flo-Posit.

» The posit-HLS repository (Chapter 7): https://github.com/RaulMurillo/
posit-hls.
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10.4. Open research lines

» The approximate-posit hardware /software repository (Chapter 8): https://github.
com/RaulMurillo/CoNGA_23.

= The posit-HUB repository (Chapter 9): https://github.com/RaulMurillo/
hub-posit.

It is worth mentioning that two of the above repositories have been included in official
sites. The FloPoCo sources have been added to the official FloPoCo repository[l} Also, the
proposed Deep PeNSieve framework is mentioned on the official site for posit contributions?|
as a software solution that employs posits.

10.4. Open research lines

The research developed in this Ph.D. thesis has addressed the evaluation of posit arith-
metic in software applications, as well as the design and development of the corresponding
arithmetic units to provide hardware support for this format. The techniques proposed have
tackled different scenarios, from software emulation of the format in consideration, to RTL
design and implementation of energy-efficient operators. However, some interesting points
of future research have emerged during the evolution of this thesis.

Some of the open research lines are:

= The computation of DNNs in real hardware platforms such as FPGAs. The use of
software emulation of posit computation was the main limitation in the experiments
conducted in Computing posits in a hardware platform would increase
throughput, enabling the evaluation of larger models with a greater number of
parameters.

» The fused MAC operation stands out as one of the key innovations introduced by the
posit format. Although this thesis has delved into the design of this unit, the findings
indicate that while the accuracy of this component is commendable, it comes at a
substantial hardware cost. Hence, optimizing the hardware datapath of this operation
holds the potential for noteworthy enhancements in advancing the utilization of this
arithmetic format.

» The approach presented in extends HLS with posit support for all the
operations found in floating-point. Nonetheless, the inclusion of the fused MAC
operation is currently absent in the suggested workflow. Looking ahead, future work
will explore the integration of fused posit arithmetic, utilizing the quire accumulator,
into the HLS flow to achieve even more accurate results. Furthermore, the proposed
workflow will undergo further optimization to narrow the current gap between posit
and floating-point arithmetic.

= One interesting area of future research is the development of posit-based accelerators
for deep learning. The work presented in could be extended in this direction.
For instance, ONNX is an existing standard format for exchanging neural network

Thttps://gitlab.com/flopoco/flopoco/-/tree/posit_utils
2https://en.wikipedia.org/wiki/Unum_(number_format)
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models. Bambu can be utilized to generate hardware accelerators from ONNX models.
Alternatively, the hls4ml tool [37] proposes an approach where the pre-processing
step relies on a library of C++ components optimized for HLS. The intermediate
representation produced by hls4ml is highly specialized and dependent on Vivado
HLS. However, it will be possible to adapt it, so that Bambu can be used instead.

The posit units presented in this thesis have already been implemented into a RISC-V
core with the capability to execute posit-based programs in C language [106]. Future
work will explore the implementation of posit units into other RISC-V cores with
parallelization capabilities like Sargantana [154] or Ara [13].
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Interpretations of posit arithmetic

Posit arithmetic has caught the attention of the research community as one of the most
promising alternatives to the IEEE 754 Standard for Floating-Point Arithmetic. However,
the recentness of the posit format makes its hardware less mature and thus more expensive
than the floating-point hardware. Most approaches proposed so far decode posit numbers
similarly to classical floats.

However, the posit format was proposed as a hardware-friendly version of Type II
unums, keeping reciprocation between negative and positive numbers, in the same manner
as signed (two’s complement) integers do. By following this design principle, in this thesis, a
novel decoding approach for posit numbers is proposed, which in contrast with the previous
one, considers negative posits to have a negative fraction. This alternative interpretation is
proven to be equivalent to the float-like decoding proposed in previous works. Also, in this
chapter, a generic implementation for the latter is presented and offers comparisons of posit
addition and multiplication units based on both schemes.

ASIC synthesis reveals that this alternative approach enables a faster way to perform
operations while reducing the area, power and energy of the FUs. What is more, the proposed
posit operators are shown to improve the state-of-the-art implementations in terms of area,
power and energy consumption.

A.1. Sign-magnitude interpretation

Posit arithmetic is a floating-point format for representing real numbers. Thus, the
numerical value p of a normal posit datum was initially defined in [52] by [Equation (A.1)|

p=(=1)"x (2%7)" x2¢ x (1 + f), (A.1)

where s is the sign, e is the integer encoded by the exponent field, r is the value encoded
in the regime field as indicated by [Equation (1.3), and f is the normalized fraction (this

is, the value encoded by the fraction bits normalized, so 0 < f < 1). Under this decoding
approach, if a value is negative (when the sign bit is 1), its two’s complement is computed
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before extracting the regime, exponent, and fraction, so values e, r and f in[Equation (A.1)|
are always considered from the absolute value of the posit.

The main differences with the standard floating-point format are the utilization of
an unsigned and unbiased exponent, the hidden bit of the significand is always “1” (no
subnormal numbers are considered), and the existence of the variable-length regime field.
However, notice that this decoding is quite similar to the one for classical floating-point
numbers: it deals with a sign bit, a signed exponent (regime and exponent can be gathered in
a single factor) and a significand with a hidden bit. As a consequence, the core of the circuit
design for both arithmetic formats would be similar too. Indeed, this float-like decoding
scheme is the one used by most posit arithmetic units from the literature [15, 72} 113], as
well as by the approximate posit units proposed so far [121}133].

A.2. Two’s complement interpretation

The previous decoding scheme of posit numbers deals with negative numbers in a
similar manner as signed integers do. From a hardware perspective, converting posits to
their absolute value before decoding them adds an extra area and performance overhead,
especially when compared with IEEE 754 floats. To address this issue, Isaac Yonemoto,
co-author of [52]], proposes a different way of decoding posit numbers: for negative values,
the most significant digit of the significand is treated as “—2" instead of “1”. The rest of
the fields remain the same, but under this approach, there is no need to compute the two’s
complement (absolute value) of each negative posit. This is consistent with the way posits
were initially intended, as a mapping of the signed (two’s complement) integers to the
projective reals. The value p of a posit number is now given by [Equation (A.2)|

p= ((1 _ 38) + f) % 2(1—25)><(265r+e+s). (AZ)

When considering this approach, the significand (1 — 3s + f) belongs to the interval
[-2,—1) for negative posits and to [1,2) for positive ones, so such signed fixed-point
representation requires two integer (or hidden) bits that depend on the sign of the posit.
More precisely, in this case, negative posits prepend 10 to the fraction bits as the two’s
complement hidden bits, while positive posits prepend 01. Note how this contrasts with the
unsigned fixed-point representation of the significand in the floating-point and previous
sign-magnitude posit formats interpretation. Therefore, this approach eliminates complexity
in the decoding and encoding stages but requires redesigning some logic when implementing
posit operators.

A.3. Equivalence between interpretations

Previous works have examined the effect of two’s complement notations in floating-point
arithmetic [6]. However, in such a case, some features or properties are lost with respect to
the IEEE 754 standard for floats. Next, a proof is presented establishing the equivalence of
both sign-magnitude and two’s complement interpretations of posit numbers. Therefore, all
properties are preserved regardless of the used approach. The impact of each approach is

found on the hardware implementation, as will be discussed in|Appendix A.4
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Theorem 1. For any given posit bit string that encodes a number other than zero or NaR,

[tion (A.1)|and |Equation (A.2) are equivalent.

Proof. When the sign bit is 0 (i.e. the bit string encodes a positive number), it is trivial that
both expressions evaluate the same.

On the other hand, the case when s = 1 requires more attention. First, note that in such a
case, two’s complement of the bit string must be computed before evaluating
Hence, all the bits at the left of the rightmost 1 are inverted. Let us denote by Z the two’s
complement of the bit field x, and by z the one’s complement (or bitwise negation) of x.
Three cases have to be considered, depending on which field that bit belongs to.

(1)

(111)

AA4.

If the rightmost 1 bit belongs to the fraction field, the fraction f # 0. In such a case,
when computing the two’s complement of the bitstring, both regime and exponent are
bitwise flipped (so we have 7 and €); just the two’s complement of f ( f)is required.
Hence, [Equation (A.1)|turns into|Equation (A.3)|

p=(—1)!x (2265)F x 2¢ % (1+ f). (A.3)

Due to the fact that 0 < f < 1, it yields f =1— f.On the other hand, regime and
exponent fields are bitwise flipped, so from equation we have that
7 = —r — 1, and since the exponent is a non-negative value represented with es
bits, then & = 2°° — 1 — e. Substituting this expression in [Equation (A.3)| yields to
[Equation (A.2)|

If the rightmost 1 bit belongs to the exponent field, then f = 0 and e # 0. For the
same reason as in the previous case, we have 7 = —r — 1. But now the exponent

field for expression |[Equation (A.1)is in two’s complement rather than inverted, so we

have € = € + 1 = 2°° — e. On the other hand, f = 0, so the significand in expression

Equation (A.1) evaluates 1, while [Equation (A.2) evaluates the significand as —2. This

compensates for the difference in the exponents.

If the rightmost 1 bit belongs to the regime, then e = f = 0. Note that such a bit
corresponds either to the last regime bit (when the regime is a sequence of 0’s) or to
the second last bit of the regime (when it is a sequence of 1’s). In both cases, taking
the two’s complement of the regime field before computing |[Equation (A.1) has the
effect of reversing the sequence of identical bits and modifying its size by one bit.
This, according to yields 7 = —r. Substituting this in [Equation (A.T)|
gives an exponent of —2°°r. On the other hand, substituting s = land e = f = 0in
[Equation (A.2)|results in —2°°r — 1 as exponent. Nevertheless, since the fraction is
zero, in this latter case the significand is evaluated as —2, which compensates for the
difference of exponents.

O

Hardware evaluation

There are not many works that implement posit numbers under the two’s complement
interpretation. The first implementation of posit adders and multipliers based on this
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Figure A.1: Hardware synthesis for Posit32 adders.

interpretation appeared in [161], and more details about such a scheme were introduced
in [48]. Also, presents different energy-efficient fused posit MAC units that follow the
same approach as [161].

This section evaluates the hardware impact of each posit interpretation. To achieve an
accurate evaluation, combinational units for each interpretation approach are implemented
following state-of-the-art optimizations. The units based on the two’s complement interpre-
tation are the ones presented in The designs are synthesized targeting a 45nm
TSMC standard-cell library with no timing constraint and typical case parameters using
Synopsys Design Compiler®.

Synthesis results for Posit32 addition units are shown in[Figure A.T] In order to provide
a more fine-grained evaluation, the hardware requirements of each individual component
are shown separately. As can be seen, the two’s complement approach reduces substantially
the hardware requirements for both decoder and encoder modules. But also, using two’s
complement interpretation simplifies the core of the addition operator: in contrast with the
sign-magnitude approach, which requires detecting the larger operand and performing
addition or subtraction according to the signs of the inputs, with the two’s complement
notation it just needs to check for the value with larger binade, and the resulting sign can
be extracted from the addition of fractions, since those are already signed. This results in
reductions of 23%, 33% and 12% in terms of area, power and delay, respectively.

The results for multiplier units are shown in[Figure A.2} In this case, although the savings
in hardware resources in the decoder and encoder modules are preserved when using a
two’s complement design, the total savings are less than in the previous case of the addition.
The reason for this is in the core of the multiplication unit. When using a two’s complement
design, not only can significant improvements not be made to the core of the multiplier,
but the fractions to be multiplied have an extra hidden bit, so the hardware multiplier will
have to be larger, which will have a negative impact on the area of the unit. Anyway, the
improvements introduced in the decoder and encoder modules of the two’s complement
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Figure A.2: Hardware synthesis for Posit32 multipliers.

designs compensate the multiplier overhead, thus obtaining reductions of 3.3%, 4.8% and
20% in the area, power and delay of the whole unit.
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Third-party software

The software used in this Ph.D. thesis can be divided into two different groups, each
related to a different part of this document. All the experiments carried out in [Part I, related
to software applications were done by emulating posit computation via software, while the
experiments shown in relied on hardware design tools. To evaluate the new data
formats presented in [Part Il both software emulation and hardware-oriented tools were
used.

B.1. Posit emulation software

The main library used to emulate computations with posit arithmetic used along this
thesis (primarily in the experimental section of is Universal [137]. Universal
Numbers Library, or simply Universal, is a header-only C++ template library that provides
implementations of various number representations and standard arithmetic operations on
arbitrary configurations. It includes posit and floating-point number systems, as well as
other less common formats like fixed-points, linear floats, SORNSs, or interval and adaptive-
precision integers. As data types, operators and implicit type conversions are properly
defined in the library, it is just necessary to include the necessary parts of the library to
emulate the desired arithmetic types, as shown in [Listing B.1}

Due to the template-based design of the library, it is straightforward to evaluate the
same algorithms under a wide variety of arithmetic formats and precisions. This library has
also been used to generate the corresponding testbenches for verification of the proposed
arithmetic units in Moreover, the library provides functionality for manipulating
the emulated data types at the bit-level. Therefore, it has also been used to carry on the

experiments in and E}
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1| // bring in the parameterized type of interest, in this case

2| // a fixed-sized, arbitrary configuration posit number system

3| #include <universal/number/posit/posit.hpp>

4

5| // define your computational kernel parameterized by arithmitic type
6| template<typename Real>

7| Real MyKernel (const Real& a, const Real& b) {

8 return a * b; // replace this with your kernel computation

9| }

11| constexpr double pi = 3.14159265358979323846;

13| int main() {

14 using Posit32 = sw::universal::posit<32,2>; // 32-bit posit with 2 exponent bits
15

16 Posit32 a = sqrt(2);

17 Posit32 b = pi;

18 // finally, call your kernel with your desired arithmetic type

19 std::cout << "Result: " << MyKernel(a, b) << std::endl;

20| }

Listing B.1: Example program using posits with Universal.

Deep learning

Regarding computations with DNNs, two different tools have been used in this thesis.
While both of them allow us to perform either inference or training of deep learning models,
it is worth mentioning the differences among them.

The framework proposed in this thesis, Deep PeNSieve, relies on other two libraries:
SoftPosit [97] and a modified version of TensorFlow [I[]} This customized version of
TensorFlow relies on SoftPosit as well, and allows implementing neural network architectures
using posit datatype for the weights and biases, as shown in[Listing B.2} Models declared in
Deep PeNSieve can be trained with the usual TensorFlow commands. Such an implementation
ensures that all the internal computations within the inference/training phase are emulated
in posit arithmetic with SoftPosit.

Moreover, Deep PeNSieve allows performing inference using the quire accumulator
for matrix multiplications. This is implemented on top of SoftPosit functionality for fused
MAC, while wrapped as a layer module within TensorFlow. Therefore, it just requires
substituting the fully connected and convolutional layers within the original model with the
corresponding fused layers, while the weights and biases remain unchanged. This simplifies
the programming a lot. However, although TensorFlow supports running computations on
GPU, the posit is emulated, so the computations are just on CPUs and the performance of
this framework is not comparable to that obtained with floating-point data, and the models
that can be evaluated on inference/training are limited to a couple of hidden layers.

On the other hand, Qtorch+ [59] is used to train larger DNN models on GPU. This tool
is based on QPyTorch [176], a low-precision arithmetic simulation framework, which is
also built on top of PyTorch [138]. Qtorch+ introduces posit data support with round to
nearest mode into QPyTorch, including Posit(n, es), n < 16, formats. QPyTorch supports
quantizing different numbers in the training process with customized low-precision formats.

Thttps://github.com/xman/tensorflow/tree/posit-1.11.0
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1| import tensorflow as tf

2

3| tf_type = tf.positl6

4

5/ def LeNet(x):

6 # Layer 1: Convolutional. Input = 32x32x1. Output = 28x28x6.

7 convl_W = tf.Variable(tf.truncated_normal (shape=(5, 5, 1, 6), dtype=tf_type))
8 convl_b = tf.Variable(tf.zeros(6, dtype=tf_type))

9 convl = tf.nn.conv2d(x, convl_W,

10 strides=[1, 1, 1, 1], padding='VALID’) + convl_b

11 convl = tf.nn.relu(convl)

12 # Pooling. Input = 28x28x6. Output = 14x14x6.

13 convl = tf.nn.max_pool(convl, ksize=[1, 2, 2, 1],

14 strides=[1, 2, 2, 1], padding=’'VALID’)

15 # Layer 2: Convolutional. Output = 10x10x16.

16 conv2_W = tf.Variable(tf.truncated_normal (shape=(5, 5, 6, 16), type=tf_type))
17 conv2_b = tf.Variable(tf.zeros(16, dtype=tf_type))

18 conv2 = tf.nn.conv2d(convl, conv2_W,

19 strides=[1, 1, 1, 1], padding='VALID’) + conv2_b

20 conv2 = tf.nn.relu(conv2)

21 # Pooling. Input = 10x10x16. Output = 5x5x16.

22 conv2 = tf.nn.max_pool(conv2, ksize=[1, 2, 2, 1],

23 strides=[1, 2, 2, 1], padding=’'VALID’)

24 # Flatten. Input = 5x5x16. Output = 400.

25 fc® = tf.contrib.layers.flatten(conv2)

26 # Layer 3: Fully Connected. Input = 400. Output = 120.

27 fcl_W = tf.Variable(tf.truncated_normal ( shape=(400, 120), dtype=tf_type))
28 fcl_b = tf.Variable(tf.zeros (120, dtype=tf_type))

29 fcl = tf.matmul (£fc®, fcl_W) + fcl_b

30 fcl = tf.nn.relu(fcl)

31 # Layer 4: Fully Connected. Input = 120. Output = 84.

32 fc2_W = tf.Variable(tf.truncated_normal ( shape=(120, 84), dtype=tf_type))
33 fc2_b = tf.Variable(tf.zeros(84, dtype=tf_type))

34 fc2 = tf.matmul (fcl, fc2_W) + fc2_b

35 fc2 = tf.nn.relu(fc2)

36 # Layer 5: Fully Connected. Input = 84. Output = 10.

37 fc3_W = tf.Variable(tf.truncated_normal( shape=(84, 10), dtype=tf_type))
38 fc3_b = tf.Variable(tf.zeros (10, dtype=tf_type))

39 logits = tf.matmul (fc2, fc3_W) + fc3_b

40

41 return logits

Listing B.2: Example of DNN model declaration with Deep PeNSieve.
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Figure B.1: Simplified overview of the FloPoCo class hierarchy.
Source: [33].

This is achieved with pre- and post-quantization layers, which can be applied to activations,
weights and gradients without the need to modify the original model.

However, QPyTorch relies on PyTorch functions for the underlying computation, such
as matrix multiplication. This means that the actual computation is done in single-precision
floating-point. Therefore, QPyTorch is not intended to be used to study the numerical
behavior of different accumulation strategies. Consequently, although Qtorch+ can leverage
the fast GPU computation, it does not offer precise results. The authors of this tool argue
that they assume the dot product is done using the quire and the output format has enough
precision to hold the output value, while this might not be as accurate as using an actual
quire accumulator or any software that emulates it like Deep PeNSieve.

B.2. Hardware design tools

The proposed designs have been implemented into FloPoCo, an open-source C++
framework for the generation of arithmetic datapaths. FloPoCo works with a command-line
interface that inputs operator specifications and outputs synthesizable VHDL [33].

This tool facilitates the automatic generation of operators with specified parameters,
enabling the creation of posit operators for arbitrary values of Posit(n, es) while maintaining
a consistent base design. FloPoCo adopts a design approach based on simple object-oriented
concepts. As depicted in each datapath in the design is represented as an
Operator. To implement posit units within FloPoCo, new instances are created by inheriting
from the Operator class. Additionally, various pre-implemented subcomponents, such
as shifters and integer adders, can be utilized as needed. When FloPoCo is executed, it
constructs a list of Operators based on those specified on the command line, along with
all their sub-components. Subsequently, it generates VHDL code for all of them. The tool
also builds up pipeline information, according to the specified frequency and target device.
Then the outputVHDL () method merges the VHDL stream with the pipeline information to
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Figure B.2: VHDL generation flow with FloPoCo.
Source: [33].

produce the final VHDL code for the pipelined datapath. Additionally, this method declares
all necessary VHDL signals, entities, components, and other elements, streamlining the
design process for VHDL code architects. [Figure B.2| provides an overview of this VHDL
generation flow.

The proposed designs for posit FUs, which include support for correct rounding, have
been integrated into the official FloPoCo git repository, and the generated VHDL instances
are publicly available to facilitate their use and dissemination. Simulations with extensive
testing vectors are performed to verify the functionality of the proposed designs. These
testing vectors have been generated with the Universal reference library [137].

leverages another tool for hardware-software codesign, Bambu, which is an
open-source research framework for HLS [139,40]. Bambu supports various target FPGAs,
allowing the generated accelerator to be programmed onto a board. Notably, it is designed
with a high degree of modularity and includes support for floating-point operations through
integration with FloPoCo. The selection of Bambu as the HLS tool for this work is motivated
by its open-source philosophy and seamless integration with FloPoCo.

Bambu takes a behavioral description of the specification, typically written in C/C++, as
input and generates the HDL description of the corresponding RTL implementation. The
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Figure B.3: Bambu compilation flow.
Source: [40].

output is compatible with commercial RTL synthesis tools, accompanied by a testbench for
simulating and validating the behavior. Such a workflow is depicted in [Figure B.3]
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Similar to the software compilation flow, this HLS flow comprises three distinct phases:
front-end, middle-end, and back-end. In the front-end, the input code undergoes parsing and
translation into an intermediate representation, which is then utilized in the subsequent parts
of the flow. The middle-end encompasses target-independent analyses and optimizations.
Finally, in the back-end, the actual HLS of the specification is executed. It is during this
phase that the workflow modifications detailed in[Chapter 7| have been implemented.
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