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Abstract

We propose a category of bundles in order to perform Lagrangian

reduction by stages in covariant Field Theory. This category plays an

analogous role to Lagrange-Poincaré bundles in Lagrangian reduction by

stages in Mechanics and includes both jet bundles and reduced covariant

configuration spaces. Furthermore, we analyze the resulting reconstruc-

tion condition and formulate the Noether theorem in this context. Finally,

a model of a molecular strand with rotors is seen as an application of this

theoretical frame.
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1 Introduction

Symmetry represents the core of many (and probably the most important) tools
developed to tackle dynamical systems. In particular, since the geometric for-
mulation of Mechanics (for example, Arnold [2], Marsden [1], Moser [20] and the
references therein among other), special attention has been always given to those
systems endowed with a group of symmetries. When the system is modelled on
a manifold as the configuration space, the symmetry is expressed in terms of
smooth actions of Lie groups. One natural procedure is thus the construction
of the quotient of the manifold by the group in the case of actions satisfying
certain good properties. This is the so-called reduction procedure, which can be
performed both in the Lagrangian and in the Hamiltonian geometric pictures
of systems and that has attired and still attires the attention of many papers
and books (a good reference of the, can be [18]). With the word system we can
include the evolution of particles governed by variational principles, symplectic
forms or Poisson brackets, or time evolution of sections of bundles (of which
Mechanics is a particular case) in a variational or multisymplectic approach. In
full generality, systems describing section of bundles with no-prescribed time
evolution (for example, covariant fields on space-times or geometric theories as
harmonic maps) are also included in this versatile panorama.
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Restricting ourselves to the Lagrangian or variational case, the Lagrangian
functions are defined in the phase space of the system, a manifold including in-
dependent variables (as positions) together with their derivatives. The tangent
bundle is the paradigmatic example in the case of Mechanics, which is general-
ized to jet spaces for Field Theories [15]. The constructions of the variations,
the variational principle and the equations for critical solutions is perfectly de-
scribed in terms of geometric objects. In parallel, when reduction is performed,
the new variations, the new variational principle as well as the new equations
are now written in the reduced phase spaces that is not a tangent or jet space.
This is the so-called Lagrange-Poincaré reduction first introduced in Mechanics
(see [9] for a historical account) and generalized for arbitrary bundles in [8] and
[12]. An important consequence of the new nature of the reduced phase space
arises when one needs to concatenate consecutive reductions. Indeed, there are
many situations where the symmetry group is split in two or more parts of com-
pletely different properties. This difference may require a separate reduction
for each part, a procedure called reduction by stages. The work of Cendra,
Marsden and Ratiu [9] gave the convenient setting for this recursive reductions
scheme that has been extensively used in the literature (just to mention some,
the reader can go to [4], [10], [13], [14], [16]). For that, a new category of phase
spaces is introduced: the Lagrange-Poincaré category in Mechanics. See also [3]
for the complete description of this category that closes some of the issues left
open in [9].

The goal of this work is the construction of the Lagrange-Poincaré category
for Field Theories. This includes the definition of the new phase manifolds, the
variations, the variational principle and the equations for the critical sections
of the configuration bundles. As we already learned from Lagrange-Poincaré
reduction, these equations are split into two groups known as horizontal and
vertical equations. Everything fits in a reduction program so that the reduced
objects and principles by the action of a groups remain in the category and
hence they can be object of repetitive reductions. This new category includes
the Lagrange-Poincaré category in Mechanics as a particular case. The structure
of the paper is as follows. In section 2 we provide the required preliminaries.
This section also recalls the Lagrange-Poncaré category in Mechanics. In section
3, the Lagrange-Poincaré reduction principle for Field Theories is reviewed. In
sections 4 and 5, the construction of the Lagrange-Poincaré category for Field
Theories is introduced together with the detailed description of the variational
principle and equations. As we mentioned before, all this follows the spirit and
generalizes the particular case of Mechanics but, interestingly, this particulariza-
tion can be pushed back and some properties of the general case can be directly
derived from Mechanic as we show below. Section 6 analyzes and confirms the
correct behavior of the theory when successive reductions are performed. Sec-
tion 7 studies the reconstruction process from solution of the variational problem
after reduction, to solutions of the unreduced problem. One gets the charac-
teristic trait in Field Theories that one does not find in the Lagrange-Poincaré
category in Mechanics: a compatibility condition (that is always satisfied in
local neighborhoods) is needed to perform the reconstructions. This is already
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present since the first works on reduction for Field theories (see [7], [8]) and
continues in more recent works (see [5], [12], [6]). As usual in these papers we
describe it as the vanishing of the curvature of certain connection. If one thing
can be intrinsically attached with the notion of symmetry is that of Noether
current. In section 8 we explore this object in the new category and analyze
its conservation. In fact, it is proved that the Noether current is not conserved
in general, but it satisfies a specific drift law. The interesting property of this
law is that is makes part of the vertical equation when reduction is performed.
Roughly speaking, reductions make the vertical equation involve more and more
variables (and hence, the horizontal equations become smaller and smaller) by
adjoining the successive Noether drift laws to them.

We complete the work in section 9 with an example. One paradigmatic
instance of reduction by stages in Mechanics is the rigid body with rotors. Here
we analyze the geometric setting describing a molecular strand composed by a
chain of rigid bodies (as it is done in [11]) such that each body have one or more
rotors. This could be regarded as a model of linked molecules with a rotating
side chain(s). Simple proteins of aminoacids could fit in this context. Future
work will include further applications of the theory to other models which can be
inspired by the numerous applications of the reduction by stages in Mechanics
or can be taken from new systems of purely covariant nature.

2 Preliminaries

2.1 Principal bundles.

Let G be a Lie group acting freely and properly on the left on a manifold
Q. Then, the quotient Q/G is also a manifold and the projection πQ/G,Q :
Q → Q/G is a principal G-bundle. We recall that a principal connection A on
Q → Q/G is a 1-form on Q taking values on g, the Lie algebra of G, such that
A(ξQq ) = ξ, for any ξ ∈ g, q ∈ Q, and ρ∗gA = Adg ◦A, where ρg : Q → Q denotes
the action by g ∈ G and

ξQq =
d

dt

∣

∣

∣

∣

t=0

exp(tξ) · q ∈ TqQ.

Such a principal connection splits the tangent space as TqQ = HqQ ⊕ VqQ, for
all q ∈ Q, where

VqQ = kerTqπQ/G,Q = {v ∈ TqQ|TqπQ/G,Q(v) = 0}, q ∈ Q,

HqQ = kerAq = {v ∈ TqQ|Aq(v) = 0}, q ∈ Q,

are respectively called vertical and horizontal subspace. In fact, HqQ is iso-
morphic to Tx(Q/G), x = πQ/G,Q(q), through TqπQ/G,Q. The inverse of this

isomorphisms is called horizontal lift and is denoted by HorAq . The curvature of
a connection A is the g-valued 2-form

B(v, w) = dA(Hor(v),Hor(w)),
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where v, w ∈ TqQ and Hor(v) is the projection of v ∈ TqQ to HqQ.
The adjoint bundle to Q → Q/G is the associated bundle (Q× g)/G by the

adjoint action of G on g. We shall denote it by AdQ → Q/G and its elements
by [q, ξ]G, q ∈ Q, ξ ∈ g. Remarkably, AdQ → Q/G is a Lie algebra bundle since
it is a vector bundle equipped with a fiberwise Lie bracket given by

[[q, ξ1]G, [q, ξ2]G] = [q, [ξ1, ξ2]]G, [q, ξ1]G, [q, ξ2]G ∈ AdQx, x = πQ/G,Q(q).

The principal connection A on Q → Q/G defines a linear connection on the
vector bundle AdQ → Q/G, denoted ∇A and given by the covariant derivative
along curves

D[q(t), ξ(t)]G
Dt

=
[

q(t), ξ̇(t)− [A(q̇(t)), ξ(t)]
]

G
.

In addition, the curvature of A can be seen as a 2-form on Q/G with values in
the adjoint bundle as for any X,Y ∈ Tx(Q/G)

B̃(X,Y ) = [q, B(HorAq X,HorAq Y )]G.

The connection A induces a well-known vector bundle isomorphism

αA : TQ/G −→ T (Q/G)⊕AdQ (1)

[vq]G 7→ TqπQ/G,Q(vq)⊕ [q,A(vq)]G

used in Mechanics to reduce G-invariant Lagrangians defined on TQ. This kind
of reduction is called Lagrange–Poincaré reduction and it is described below.

2.2 Quotient of vector bundles.

Given a vector bundle V → Q, we say that an action ρ of a Lie group G on
V is a vector bundle action if for all g ∈ G, ρg : V → V are vector bundle
isomorphisms and the action induced on Q is free and proper. Then, there is a
vector bundle structure on V/G → Q/G with operations

[vq]G + [wq]G = [vq + wq]G and λ[vq]G = [λvq]G,

where [vq]G, [wq]G ∈ V/G stand for the equivalence classes of vq, wq ∈ Vq and
λ ∈ R. In the diagram

V V/G

Q/GQ

πV/G,V

πQ,V

πQ/G,Q

πQ/G,V/G

πQ,V and πQ/G,V/G are projections of vector bundles, πQ/G,Q is the projection of
a G-principal bundle and πV/G,V is a surjective vector bundle homomorphism.
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Suppose that V → Q has an affine connection ∇ or, equivalently, a covariant
derivative Dv(t)/Dt of curves v(t) in V . Let q(t) be a curve in Q and denote
q0 = q(t0) a fixed value of the curve, the horizontal lift of q(t) through v ∈ Vq0 at
t0 is an horizontal curve in V (that is, its covariant derivative vanishes) denoted
qhv (t) such that πQ,V ◦ qhv = q and qhv (t0) = v.

Let v(t) be a curve in V , q(t) = πQ,V (v(t)), q0 = q(t0) and x(t) = πQ/G,Q(q(t)).
If qh(t) is the horizontal lift in Q of x(t) with respect to A, we define the gq0(t)
in G such that

q(t) = gq0(t)qh(t).

Consider the curve vh(t) = g−1
q0 (t)v(t) in V , then

D

Dt

∣

∣

∣

∣

t=t0

v(t) =
D

Dt

∣

∣

∣

∣

t=t0

gq0(t)vh(t) =
D

Dt

∣

∣

∣

∣

t=t0

gq0(t)vh(t0) +
D

Dt

∣

∣

∣

∣

t=t0

gq0(t0)vh(t)

=
D

Dt

∣

∣

∣

∣

t=t0

gq0(t)v(t0) +
D

Dt

∣

∣

∣

∣

t=t0

vh(t) = ġq0(t0)
V
v(t0)

+
D

Dt

∣

∣

∣

∣

t=t0

vh(t)

Thus, the covariant derivative Dv(t)/Dt at t0 can be decomposed in horizontal
and vertical components

D(A,H)

Dt

∣

∣

∣

∣

t=t0

v(t) =
D

Dt

∣

∣

∣

∣

t=t0

vh(t),
D(A,V )

Dt

∣

∣

∣

∣

t=t0

v(t) = ġq0(t0)
V
v(t0)

.

Consequently, given X ∈ X(Q) and v ∈ Γ(Q, V ) we can define

∇
(A,H)
X v(q0) =

D(A,H)

Dt

∣

∣

∣

∣

t=t0

v(t), ∇
(A,V )
X v(q0) =

D(A,V )

Dt

∣

∣

∣

∣

t=t0

v(t), (2)

where v(t) = v(q(t)) and q(t) is an integral curve of X in Q such that q0 = q(t0).
Let X = Y ⊕ ξ̄ ∈ X(Q/G) ⊕ Γ(AdQ) ≃ Γ(TQ/G), using the identification

(1). There is a unique G-invariant vector field X̄ ∈ ΓG(TQ) on Q projecting
to X . Furthermore, X̄ = Y h ⊕ W with Y h ∈ X(TQ) the horizontal lift of Y
and W the unique vertical G-invariant vector field such that for all x ∈ Q/G,
ξ̄(x) = [q,A(W (q))]G with q ∈ π−1

Q/G,Q(x). Then, for [v]G ∈ Γ(Q/G, V/G) with

v ∈ ΓG(Q, V ) a G-invariant section, we define the quotient connection by
[

∇(A)
]

G,Y⊕ξ̄
[v]G = [∇X̄v]G,

the horizontal quotient connection is defined by
[

∇(A,H)
]

G,Y⊕ξ̄
[v]G = [∇Y hv]G = [∇

(A,H)

X̄
v]G

and the vertical quotient connection is defined by
[

∇(A,V )
]

G,Y⊕ξ̄
[v]G = [∇W v]G = [ξVv ]G,

where ξ satisfies ξ̄ = [πQ,V (v), ξ]G. Note that these are not connections in the
usual sense as derivation is performed with respect to sections of TQ/G instead
of sections of T (Q/G). Only the horizontal quotient connection can be thought
as a usual connection since it only depends on T (Q/G) ⊂ TQ/G.
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2.3 The LP category.

In Lagrange–Poincaré reduction the original Lagrangian L is defined on TQ, the
tangent bundle of the configuration space Q. However, the reduced Lagrangian
is defined on TQ/G ∼= T (Q/G) ⊕ AdQ which needs not be a tangent bundle.
To iterate Lagrange–Poincaré reduction, the category LP of Lagrange–Poincaré
bundles was introduced in [9]. Of course, this category, includes TQ/G and is
stable under reduction.

The objects of LP are vector bundles TQ ⊕ V → Q where TQ → Q is
the tangent bundle of a manifold Q, and V → Q is a vector bundle with the
following additional structure:

1. a Lie bracket [, ] in the fibers of V ;

2. a V -valued 2-form ω on Q;

3. a linear connection ∇ on V ;

4. and the bilineal operator defined by

[X1⊕w1, X2⊕w2] = [X1, X2]⊕ (∇X1
w2−∇X2

w1−ω(X1, X2)+ [w1, w2]),

where [X1, X2] denotes the Lie bracket of vector fields and [w1, w2] denotes
the Lie bracket in the fibers of V , is a Lie bracket on sections X ⊕ w ∈
Γ(TQ⊕ V ).

We shall not detail the morphisms of LP in this paper, instead they can be
found in [9]. Given a Lagrangian L : TQ⊕V → R defined on al element of LP,
a curve q̇(t)⊕ v(t) : [t0, t1] → TQ⊕ V is said to be critical if and only if

0 =
d

dε

∣

∣

∣

∣

ε=0

∫ t1

t0

L(q̇ε(t)⊕ vε(t))dt,

where q̇ε(t)⊕vε(t) is a variation of q̇(t)⊕v(t) such that δq̇ is the lifted variation
of a free variation δq and

δv =
Dw

dt
+ [v, w] + ωq(δq, q̇),

where w(t) is a curve in V with w(t0) = w(t1) = 0 and πQ,V (w(t)) = q(t). This
variational principle for Lagrangians is equivalent to the Lagrange–Poincaré
equations

δL

δq
−

D

Dt

δL

δq̇
=

〈

δL

δv
, ωq(q̇, ·)

〉

, (3)

ad∗v
δL

δv
=

D

Dt

δL

δv
, (4)

where ad∗ stands for the coadjoint action in V ∗ → Q.
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2.4 Reduction of LP bundles.

Reduction in the Lagrange-Poincaré category is as follows:

Proposition 1 [9, §6.2] Let TQ ⊕ V → Q be an object of LP with additional
structure [, ], ω and ∇. Let ρ : G × (TQ ⊕ V ) → TQ⊕ V be a free and proper
action in the category LP (for all g ∈ G, ρg is an isomorphism in LP) and A
a principal connection on Q → Q/G. Then, the vector bundle

T (Q/G)⊕AdQ⊕ (V/G)

with additional structures [, ]g̃, ωg̃ and ∇g̃ in AdQ⊕ (V/G) given by

∇g̃
X(ξ̄ ⊕ [v]G) =∇A

X ξ̄ ⊕
(

[∇(A,H)]G,X [v]G − [ω]G(X, ξ̄)
)

,

ωg̃(X1, X2) =B̃(X1, X2)⊕ [ω]G(X1, X2),

[ξ̄1 ⊕ [v1]G, ξ̄2 ⊕ [v2]G]
g̃ =[ξ̄1, ξ̄2]⊕

(

[∇(A,V )]G,ξ̄1 [v2]G

− [∇(A,V )]G,ξ̄2 [v1]G − [ω]G(ξ̄1, ξ̄2) + [[v1]G, [v2]G]G

)

is an object of the LP category called the reduced bundle with respect to the
group G and the connection A.

Suppose that L : TQ⊕ V → R is G-invariant. Taking into account the identifi-
cation (1) we can drop L to a reduced Lagrangian

l : T (Q/G)⊕AdQ⊕ (V/G) → R.

Denote by πG the projection of TQ⊕V → (TQ⊕V )/G and αTQ⊕V
A the identi-

fication between (TQ⊕V )/G and T (Q/G)⊕AdQ⊕ (V/G). A curve q̇(t)⊕ v(t)
is critical for the variational problem set by L if and only if the curve

ẋ(t)⊕ ξ̄(t)⊕ [v]G(t) = αTQ⊕V
A ◦ πG(q̇(t)⊕ v(t)),

is critical for the variational problem set by l (see [3]). Equivalently, q̇(t) ⊕
v(t) solves the Lagrange-Poincaré equations given by L in TQ⊕ V if and only
if ẋ(t) ⊕ ξ̄(t) ⊕ [v]G(t) solves the Lagrange–Poincaré equations given by l in
T (Q/G) ⊕ AdQ ⊕ (V/G). Hence, reduction can be made in this category and
the procedure can be iterated: if we reduce by N , a normal subgroup of G and
afterward by K = G/N , the final result is equivalent to a direct reduction by
G, whenever the auxiliary connections used along the process are conveniently
chosen.

3 Lagrange–Poincaré field equations

Let πX,P : P → X be a (non-necessarily principal) fiber bundle. Two local
sections ρ : U → P and ρ′ : U ′ → P represent the same 1-jet, j1xρ at x ∈ U ∩U ′
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if and only if ρ(x) = ρ′(x) and Txρ = Txρ
′. This defines an equivalence relation

and we denote by J1
xP the space of such classes. The 1-jet bundle is the space

J1P = ∪x∈XJ1
xP equipped with a natural smooth structure of fiber bundle

over P with projection j1xρ ∈ J1P 7→ ρ(x) ∈ P . The bundle J1P → P is affine
and modeled over the vector bundle T ∗X ⊗P V P, where the abuse of notation
T ∗X = π∗

X,PT
∗X has been used.

A first order Lagrangian density is a smooth fiber map L : J1P →
∧n

T ∗X ,
where n = dim(X). Suppose that X is oriented and Vol ∈ Γ(

∧n
T ∗X) is a

volume form, then the function L : J1P → R such that L = LVol is called
a Lagrangian. A section ρ of P → X is a critical section for the variatonal
problem defined by L = LVol if

d

dε

∣

∣

∣

∣

ε=0

∫

X

L(j1ρε) = 0

for all compactly supported variations ρε of ρ that are vertical, that is for all
x ∈ X , dρε(x)/dε|ε=0 ∈ Vρ(x)P . This variational principle is equivalent to the
fact that ρ(x) satisfies the Euler–Lagrange equations, which can be written in
an implicit way as

δL

δρ
− divP

δL

δj1ρ
= 0,

where δL/δj1ρ ∈ TX ⊗ V P ∗ is the fiber derivative in J1P , divP is defined for
V P ∗-valued fields using a connection ∇P in (V P ⊂ TP ) → P and δL/δρ the
horizontal differential with respect to ∇P .

Let Φ : G × P → P be a free and proper action such that for all g ∈ G,
πX,P ◦Φg = πX,P . Then P → Σ = P/G is a G-principal bundle and the action
in P can be lifted to J1P . This defines πG : J1P → (J1P )/G and, according to
[12], once fixed a connection A in P → Σ, there is an identification

αA : (J1P )/G →J1Σ⊕ (T ∗X ⊗Σ AdP ) (5)

j1ρ 7→j1σ ⊕ [ρ, ρ∗A]G

where σ = πΣ,P ◦ ρ = [ρ]G. We shall denote ρ̄ = [ρ, ρ∗A]G.Given a G-invariant
Lagrangian L : J1P → R is a G-invariant Lagrangian, and its reduced La-
grangian l : J1Σ ⊕ (T ∗X ⊗Σ AdP ) → R, the main result in [12] states that
the variational principle defined by L is equivalent to the fact that the reduced
section j1σ ⊕ ρ̄(x) satisfies the Lagrange-Poincaré equations;

ad∗
δl

δρ̄
− div∇

δl

δρ̄
= 0,

δl

δσ
− divΣ

δl

δj1σ
= 〈

δl

δρ̄
, iTσ B̃〉.

This is, in turn, equivalent to the variational principle

d

dε

∣

∣

∣

∣

ε=0

∫

X

l(j1σε ⊕ ρ̄ε)Vol = 0
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for variations j1σε ⊕ ρ̄ε such that δρ̄ = ∇Aη̄ − [η̄, ρ̄] − B̃(δσ, Tσ), where δσ is
an arbitrary vertical variation of σ, η̄ is an arbitrary section of AdP → X such
that πΣ,AdP η̄ = σ and ∇A is the connection on AdP induced by A and defined
§2. This procedure is called Lagrange–Poincaré reduction for field theoretical
covariant Lagrangians.

The attentive reader may have noticed that ∇A is a connection on AdP → Σ
and, consequently, acts on sections of AdP → Σ while η̄ is a section of AdP →
X . We shall now explain how to extend a connection to derive this kind of
sections. Let V → P be a vector bundle with connection ∇ and P → X a fiber
bundle, given f : X → V a section of V → X , define the ∇-derivative of f with
respect to ux ∈ TxX as

∇̃uxf =
D∇

Dt

∣

∣

∣

∣

t=0

f(c(t)) ∈ VπP,V f(x),

where c(t) is a curve in X such that ċ(0) = ux, D
∇/Dt is the usual covariant

derivative associated to ∇ and t 7→ f(c(t)) is a curve in V . As f is a section on
V → X ,

idX = πX,V ◦ f = πX,P ◦ πP,V ◦ f

and ρ = πP,V ◦ f is a section of P → X . Then, f(c(t)) = f ◦ πX,P ◦ ρ(c(t))
projects to curve ρ(c(t)) in P with Dρ(c(t))/dt|t=0 = Txρ(ux) and

∇̃uxf =
D∇

Dt

∣

∣

∣

∣

t=0

f(c(t)) = ∇Txρ(ux)f̄ ,

where f̄ is a local section of V → P around ρ(x) such that f̄ |im(ρ(X)) = f ◦πX,P .
Sometimes we will use the abuse of notation f = f̄ .

4 The FTLP category

We now define the category of bundles where reduction by stages for Field t
Theoretical covariant Lagrangians can be performed.

Definition 2 Given X a manifold called base space, the category FTLP(X) of
field theoretical Lagrange–Poincaré bundles over X is defined as follows:

(A) The objects of FTLP(X) are bundles of the form J1P⊕(T ∗X⊗P V ) → P ,
where πXP : P → X is a bundle not necessarily principal, T ∗X → P is
an abuse of notation for the pullback π∗

XPT
∗X → P , and V → P is a

vector bundle which is the vectorial part of an LP-bundle. In other words,
TP ⊕V → P is an LP-bundle, which in turn is equivalent to the existence
of

(i) a Lie bracket, [, ], in the fibers of V ;

(ii) a V -valued 2-form ω on P ;

(iii) a connection, ∇, on V → P ;
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(iv) a Lie bracket operation on the sections Z⊕u ∈ Γ(TP ⊕V ) defined by

[Z1 ⊕ u1, Z2 ⊕ u2] = [Z1, Z2]⊕∇Z1
u2 −∇Z2

u1 − ω(Z1, Z2) + [u1, u2]

(B) Let J1P1 ⊕ (T ∗X ⊗P1
V1) → P1 and J1P2 ⊕ (T ∗X ⊗P2

V2) → P2 be two
field theoretical Lagrange–Poincaré bundles over X with structures [, ]i,∇i

and ωi on Vi → Pi, i = 1, 2. A morphism, f : J1P1 ⊕ (T ∗X ⊗P1
V1) →

J1P2 ⊕ (T ∗X ⊗P2
V2) is a bundle map covering f0 : P1 → P2 that satisfies

(i) f0 : P1 → P2 is a bundle map between P1 → X and P2 → X covering
the identity on X,

(ii) f(J1P1) ⊂ J1P2 and f|J1P1
= j1f0, the 1-jet extension of f0,

(iii) f(T ∗X ⊗P1
V1) ⊂ T ∗X ⊗P2

V2 and f|T∗X⊗P1
V1

= idf0 ⊗ f̄ , where

idf0 ⊗ f̄ : T ∗X ⊗P1
V1 →T ∗X ⊗P2

V2

(p1, α)⊗ v 7→(f0(p1), α)⊗ f̄(v)

(p1, α) ∈ (π∗
XPT

∗X)p1
and f̄ : V1 → V2 is a vector bundle morphism

covering f0 and commuting with the structures on Vi given by [, ]i,∇i

and ωi on Vi → Pi, i = 1, 2. More explicitly, given u, u′ ∈ (V1)p1
,

Z,Z ′ ∈ (TP1)p1
and a curve v(t) in V1;

f̄([u, u′]1) = [f̄(u), f̄(u′)]2,

f̄(ω1(Z,Z
′)) = ω2(Tf0(Z), T f0(Z

′)),

and

f̄

(

D1v(t)

Dt

)

=
D2f̄(v(t))

Dt
,

are satisfied.

Remark 3 There are several special cases of objects in FTLP(X) appearing in
the present bibliography. For V = 0, we obtain 1-jet bundles used in Lagrangian
covariant Field Theory (for example, see [15]). Another instance of object in
FTLP(X) is the quotient of a 1-jet bundle J1P , by a proper and free lifted
action of a Lie group G on P found to be isomorphic to J1(P/G)⊕(T ∗X⊗(P/G)

AdP ) in [12]. In the case where P → X is G-principal bundle, the quotient
J1P/G is a FTLP(X) bundle of the form T ∗X ⊗ AdP which is the vector
bundle underlying the affine bundle of connections used in [7] to perform Euler–
Poincaré reduction.

Finally, the particular case when X = R and P = R×Q, with Q a manifold,
gives the LP bundle

T (R×Q)⊕Ad(R×Q) ≃ R× (TQ⊕AdP )

appearing when reducing time-dependent Lagrangians in classical Mechanics.
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There exists a way of thinking bundles in FTLP(X) as regular LP bundles.
First, we start by defining relevant subcategories of LP bundles.

Definition 4 Given X a manifold called base space, we define the subcategory
LP(X) of LP whose objects are LP bundles TP ⊕ V , such that P is the total
space of a fiber bundle P → X, and whose morphisms are LP morphisms,
f = Tf0 ⊕ f̄ : TP1 ⊕ V1 → TP2 ⊕ V2, such that f0 : P1 → P2 is a bundle map
over X, that means, f0 covers idX .

Proposition 5 The applications

F : LP(X) →FTLP(X)

TP ⊕ V 7→J1P ⊕ (T ∗X ⊗ V ),

F : Hom(LP(X)) →Hom(FTLP(X))

Tf0 ⊕ f̄ 7→j1(f0)⊕ (idf0 ⊗ f̄),

define a covariant functor with inverse. Thence, the categories LP(X) and
FTLP(X) are isomorphic.

Proof. Let TP ⊕ V ∈ LP(X),

F(idTP⊕V ) = F(T idP ⊕ idV ) = j1(idP )⊕ (ididP
⊗ idV ) = idF(TP⊕V ).

On the other hand, given f, g ∈ Hom(LP(X)) it is easy to see that F(g ◦ f) =
F(g)◦F(f) as T (g◦f) = Tg◦Tf and j1(g◦f) = j1g◦j1f . These two properties
prove that F is a functor. It has an inverse since

G : FTLP(X) →LP(X)

J1P ⊕ (T ∗X ⊗ V ) 7→TP ⊕ V,

G : Hom(FTLP(X)) →Hom(LP(X))

j1(f0)⊕ (idf0 ⊗ f̄) 7→Tf0 ⊕ f̄ ,

is well defined, G ◦ F = idLP(X), and F ◦ G = idFTLP(X).

Corollary 6 The following three statements are equivalent: j1(f0)⊕ (idf0 ⊗ f̄)
is an isomorphism; Tf0 ⊕ f̄ is an isomorphism; and f̄ is an isomorphism.

Proof. The first two statements are equivalent since F is an isomorphism
of categories. The third statement is equivalent to the others since f̄ fully
determines both j1(f0)⊕ (idf0 ⊗ f̄) and Tf0 ⊕ f̄ .

We shall define the notion of an action of a group G on an object of
FTLP(X).

11



Definition 7 An action in the category FTLP(X) of a group G on an object
J1P⊕(T ∗X⊗V ) of FTLP(X) is Φ : G×(J1P⊕(T ∗X⊗V )) → J1P⊕(T ∗X⊗V )
such that for each g ∈ G, Φg : J1P ⊕ (T ∗X⊗V ) → J1P ⊕ (T ∗X⊗V ) belongs to
Hom(FTLP(X)). We will say that this action is free and proper if the induced
action on P by the functions (Φg)0 is free and proper.

Proposition 8 Let J1P⊕(T ∗X⊗P V ) be an object of FTLP(X) and let [, ], ∇
and ω be the structure in V . Let G be a Lie group acting freely and properly on
J1P ⊕ (T ∗X ⊗P V ) and A a connection in the principal bundle P → Σ = P/G.
The bundle

J1Σ⊕ (T ∗X ⊗Σ (AdP ⊕ (V/G)))

with the structure [, ]g̃, ∇g̃ and ωg̃ on AdP ⊕ V as in Proposition 1 is an object
in FTLP(X) diffeomorphic to (J1P ⊕ (T ∗X ⊗P V ))/G via the bundle diffeo-
morphism

βA : (J1P ⊕ (T ∗X ⊗ V ))/G −→ J1Σ⊕ (T ∗X ⊗ (adP ⊕ (V/G))) (6)

[j1xs⊕ ((p, α), v)]G 7→ (TπΣ,P ◦ j1xs, [p, s
∗A]G + ((σ, α), [v]G)),

where p ∈ P , σ = πΣ,P (p) ∈ Σ, x = πX,P (p) ∈ X and j1xs ∈ J1
pP .

Proof. As G acts on J1P ⊕ (T ∗X ⊗ V ), for each g ∈ G there exists an isomor-
phism

Φg = j1((Φg)0)⊕ (id(Φg)0 ⊗ Φ̄g) : J
1P ⊕ (T ∗X ⊗ V ) → J1P ⊕ (T ∗X ⊗ V )

of the category FTLP(X). Therefore, by Corollary 6, G acts on TP ⊕ V =
F−1(J1P ⊕ (T ∗X ⊗ V )) with isomorphisms

F−1(Φg) = T (Φg)0 ⊕ Φ̄g : TP ⊕ V → TP ⊕ V.

The quotient of TP ⊕ V by this action using connection A is isomorphic to
another LP bundle, TΣ⊕AdP ⊕ (V/G) with structures [, ]g̃, ∇g̃ and ωg̃. This
bundle happens to be in LP(X) since Σ → X , then, from Proposition 5

F(TΣ⊕AdP ⊕ (V/G)) = J1Σ⊕ (T ∗X ⊗ (AdP ⊕ (V/G)))

is isomorphic to (J1P ⊕ (T ∗X ⊗P V ))/G. Finally, it can be checked that βA is
well defined and that

β−1
A : J1Σ⊕ (T ∗X ⊗ (adP ⊕ (V/G))) →(J1P ⊕ (T ∗X ⊗ V ))/G

δσ ⊕ ℓσ ⊕ ((σ, α), [v]G) 7→[(HorAp ◦ δσ + κp ◦ ℓσ)⊕ ((p, α), vp)]G,

where vp ∈ π−1
P,V (p) = Vp such that [vp]G = [v]G and κp : (AdP )σ → VpP

defined by κp([p, ξ]G) = ξPp .
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5 Variational problems in FTLP bundles

Let J1P ⊕ (T ∗X ⊗P V ) be a FTLP bundle. A Lagrangian density is a smooth
fiber map L : J1P ⊕ (T ∗X ⊗P V ) →

∧n
TX where n the dimension of X . We

will assume that X is orientable and we choose a volume form Vol ∈
∧n

TX ,
then, the Lagrangian density can be expressed as L = LVol with L : J1P ⊕
(T ∗X ⊗P V ) → R.

Let U ⊂ X be an open subset whose closure Ū is compact. We will only
consider smooth sections j1ρ ⊕ ν : Ū → J1P ⊕ (T ∗X ⊗P V ) such that ν ∈
Γ(Ū , T ∗X ⊗P V ) projects to a section ρ = πP,T∗X⊗V ◦ ν ∈ Γ(Ū , P ), the 1-jet
extension of which is j1ρ. These sections are called allowed sections. We say
that j1ρ⊕ ν ∈ Γ(Ū , J1P ⊕ (T ∗X ⊗P V )) is a critical section for the variational
problem defined by L if

d

dε

∣

∣

∣

∣

ε=0

∫

U

L(j1ρε ⊕ νε) = 0 (7)

for all smooth allowed variations j1ρε ⊕ νε. However, in order to define the
set of allowed variations we will first introduce a connection in T ∗X ⊗P V
from a connection ∇X in TX → X and a connection ∇ on V → P . In fact,
given ν ∈ Γ(P, T ∗X ⊗P V ), Z ∈ X(P ) and u ∈ X(U), the connection ∇L on
T ∗X ⊗P V → P is given by

(∇L
Zν)(u) = ∇Z(ν(u))− ν(∇X

TπX,P (Z)u). (8)

Definition 9 An allowed variation of an allowed section, j1ρ⊕ ν : Ū → J1P ⊕
(T ∗X⊗P V ), is a smooth map j1ρ(x, ε)⊕ ν(x, ε) : Ū × I → J1P ⊕ (T ∗X⊗P V ),
where I is an open interval with 0 ∈ I, such that:

1. for all ε ∈ I, j1ρε(x) ⊕ νε(x) : Ū → J1P ⊕ (T ∗X ⊗P V ) is an allowed
section and j1ρε ⊕ νε|∂U = j1ρ⊕ ν|∂U ;

2. for ε = 0, j1ρε(x)⊕ νε(x) = j1ρ(x)⊕ ν(x);

3. the variation of ν is of the form

δν ≡
D∇L

νε
Dε

∣

∣

∣

∣

ε=0

= ∇̃µ− [µ, ν] + ρ∗(iδρω),

where ω is the 2-form in the additional structure of V ,∇̃ is the ∇-derivative
of (V,∇) → P → X and µ ∈ Γ(Ū , V ) an arbitrary section with πP,V ◦µ = ρ
and µ|∂U = 0.

Remark 10 Let j1ρε ⊕ νε be an allowed variation of j1ρ⊕ ν, the variation of
ρε = πP,T∗X⊗PV ◦ νε is vertical in the sense that

δρ(x) ≡
dρε(x)

dε

∣

∣

∣

∣

ε=0

∈ Vρ(x)P = ker(Tρ(x)πX,P ).

Consequently, δj1ρ(x) ∈ Vρ(x)J
1P = ker(Tj1ρ(x)πX,J1P )

13



Remark 11 It is very important to realize that, since ρ = πP,T∗X⊗PV ν, an
allowed section (j1ρ, ν) is completely defined by ν ∈ Γ(Ū , T ∗X ⊗P V ). In a
similar way, an allowed variation is completely determined by δν since δρ is its
projection along the map V → X.

Remark 12 Given ux ∈ TxX ,

δν(ux) ≡
D∇L

νε
Dε

∣

∣

∣

∣

ε=0

(ux) =
D∇νε(ux)

Dε

∣

∣

∣

∣

ε=0

− ν(∇X
TπX,P (δρ)u) =

D∇νε(ux)

Dε

∣

∣

∣

∣

ε=0

,

where u is a local section of TX → X around x such that u(x) = ux and the
last equivalence is a consequence of δρ being vertical. Thus, the variation δν
does not depend on the connection ∇X on TX → X .

We now find the variational equations defined by these set of allowed sections
and variations. For any smooth function L : J1P ⊕ (T ∗X ⊗P V ) → R, the fiber
derivatives are defined as

〈

δL

δj1ρ
(j1ρ⊕ ν), α

〉

=
d

dǫ

∣

∣

∣

∣

ǫ=0

L((j1ρ+ ǫα)⊕ ν); (9)

〈

δL

δν
(j1ρ⊕ ν), β

〉

=
d

dǫ

∣

∣

∣

∣

ǫ=0

L(j1ρ⊕ (ν + ǫβ)), (10)

where α ∈ T ∗X ⊗ V P and β ∈ T ∗X ⊗ V . Therefore,

δL

δj1ρ
(j1ρ⊕ ν) ∈ TX ⊗ V P ∗,

δL

δν
(j1ρ⊕ ν) ∈ TX ⊗ V ∗,

and if we compose them with a section j1ρ(x)⊕ ν(x) ∈ Γ(Ū , J1P ⊕ (T ∗X ⊗V ))
we obtain δL/δj1ρ(x) in Γ(Ū , TX ⊗ V P ∗) and δL/δν(x) in Γ(Ū , TX ⊗ V ∗).

Given ∇P a linear connection on TP → P and ∇X a linear connection
in TX → X , using the dual and the product connections, there is a lineal
connection in T ∗X ⊗P TP . According to [19], this linear connection induces a

general connection∇J1P on J1P → P that does not depend on the choice of∇X .
Furthermore, we can choose ∇P to be projectable to ∇X and the connection in
∇J1P will be affine. In addition, we define an affine connection, ∇J1P ⊕∇L, in
J1P ⊕ (T ∗X ⊗P V ). Therefore, we define an horizontal derivative,

〈

δL

δρ
(j1ρ⊕ ν), Zp

〉

=
d

dǫ

∣

∣

∣

∣

ǫ=0

L(ζhj1ρ⊕ν(ǫ)); (11)

where Zp ∈ TpP and ζ(ǫ) is a curve in P such that ζ̇(0) = Zp and ζhj1ρ⊕ν(ǫ)

is the horizontal lift of ζ(ǫ) to (J1P ⊕ (T ∗X ⊗ V )) through j1ρ ⊕ ν using the

connection ∇J1P ⊕∇L. Thus,

δL

δρ
(j1ρ⊕ ν) ∈ T ∗P.
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We will also need a general notion of divergence of fields with values in a
vector bundle. Let E → P be a vector bundle with affine connection ∇ and
P → X a fiber bundle, we define for any χ ∈ Γ(X,TX ⊗ E∗) the divergence
div∇χ ∈ Γ(X,E∗) such that, for any η ∈ Γ(X,E),

div〈ξ, η〉 = 〈div∇χ, η〉+ 〈χ, ∇̃η〉,

where div is the usual divergence of a vector field in X (with respect to the
volume form Vol). In our exposition we will use the operators

div∇ : Γ(Ū , TX ⊗ V ∗) → Γ(Ū , V ∗);

divP : Γ(Ū , TX ⊗ V P ∗) → Γ(Ū , V P ∗);

induced by the connection ∇ in V → P , and the restriction of the connection
∇P to V P ⊂ TP .

Finally, we define the coadjoint operator in this context as

ad∗ : Γ(Ū , T ∗X ⊗ V )× Γ(Ū , TX ⊗ V ∗) →Γ(Ū , V ∗)

(ν1, ν2) 7→(µ 7→ adν1ν2(µ) = 〈ν2, [ν1, µ]〉

for all µ ∈ Γ(Ū , V ).

Proposition 13 Let J1P ⊕ (T ∗X ⊗ V ) be a FTLP bundle with a Lagrangian
density L : J1P ⊕ (T ∗X ⊗ V ) →

∧n TX and a volume form Vol ∈
∧n TX,

such that L = LVol. Let ∇P a linear connection in TP → P . Then an allowed
section j1ρ⊕ ν ∈ Γ(Ū , J1P ⊕ (T ∗X ⊗V )) is critical for the variational problem
defined by L if and only if it satisfies the Lagrange-Poincaré equations:

ad∗
δL

δν
− div∇

δL

δν
= 0, (12)

δL

δρ
− divP

δL

δj1ρ
− 〈

δL

δj1ρ
, iTρT

P 〉 = 〈
δL

δν
, iTρω〉, (13)

where TP is the torsion tensor of connection ∇P . Since this connection is
arbitrary we can always choose a connection without torsion and remove this
term.

Proof. Using the derivatives defined by equations 9, 10 and 11, we rewrite the
derivative of the action as;

d

dε

∣

∣

∣

∣

ε=0

∫

U

L(j1ρε ⊕ νε) =
d

dε

∣

∣

∣

∣

ε=0

∫

U

L(j1ρε ⊕ νε)Vol =

=

∫

U

〈

δL

δρ
(x),

dρε(x)

dε

∣

∣

∣

∣

ε=0

〉

Vol +

∫

U

〈

δL

δj1ρ
(x),

D∇J1P

j1ρε(x)

Dε

∣

∣

∣

∣

ε=0

〉

Vol

+

∫

U

〈

δL

δν
(x),

DLνε(x)

Dε

∣

∣

∣

∣

ε=0

〉

Vol.
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We know from the definition of allowed variation that

D∇L

νε
Dε

∣

∣

∣

∣

ε=0

= ∇̃µ− [µ, ν] + ρ∗(iδρω). (14)

On the other hand, since the variation of ρ is vertical and ∇P is projectable,

D∇J1P

j1ρε(x)

Dε

∣

∣

∣

∣

ε=0

(ux) =
D∇P

j1ρε(x)(ux)

Dε

∣

∣

∣

∣

ε=0

,

for all ux ∈ TxX . Consider ρε(γ(t)) where γ(t) is a curve such that γ̇(0) = ux.
From the formula

D∇P

Dε

d

dt
ρε(γ(t)) −

D∇P

Dt

d

dε
ρε(γ(t)) = TP

(

d

dε
ρε(γ(t)),

d

dt
ρε(γ(t))

)

,

we get that

D∇J1P

j1ρε(x)

Dε

∣

∣

∣

∣

ε=0

(ux) = ∇̃P
ux
δρ(x) + TP (δρ(x), Txρ(ux)) (15)

After substitution of equations 14 and 15, the derivative of the action is

d

dε

∣

∣

∣

∣

ε=0

∫

U

L(j1ρε ⊕ νε) =

=

∫

U

〈

δL

δρ
(x), δρ(x)

〉

Vol +

∫

U

〈

δL

δj1ρ
(x), ∇̃P δρ(x) + TP (δρ(x), T ρ)

〉

Vol

+

∫

U

〈

δL

δν
(x), ∇̃µ− [µ, ν] + ω(δρ(x), T ρ)

〉

Vol

=

∫

U

〈

δL

δρ
(x) − divP

δL

δj1ρ
(x) −

〈

δL

δj1ρ
, iTρT

P

〉

−

〈

δL

δµ
, iTρω

〉

, δρ(x)

〉

Vol

+

∫

U

〈

−div∇
δL

δν
(x) + adν , µ

〉

Vol,

where for the second identity it has been used that δρ|∂U = 0 and µ|∂U = 0.
Finally, from the last expression is clear that j1ρ(x)⊕ν(x) is critical if and only
if the Euler–Poincaré equations are satisfied.

6 Reduction by stages

In this section we shall see that the reduction procedure can be performed in
the category FTLP. Let J1P ⊕ (T ∗X ⊗ V ) be an object in FTLP, G a Lie
group acting freely and properly on J1P ⊕ (T ∗X ⊗ V ) and A a connection on
P → Σ = P/G. We recall from subsection 2.2 that the connection ∇ on V → P
induces an affine connection

[

∇(A,H)
]

G,Y
on V/G → Σ, for Y ∈ X(Σ). Hence,
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there is a
[

∇(A,H)
]

G
-derivative on V/G → Σ → X denoted by

[

∇̃(A,H)
]

G
. On

the other hand, the vertical component of the reduced connection,
[

∇(A,V )
]

G,ξ̄
,

is not a connection since we derive with respect to ξ̄ ∈ Γ(AdP ). However, given
a section [w] of V/G → X , we define for all x ∈ X

[

∇(A,V )
]

G,ξ
[w](x) = [ξVv ]G(x),

where v ∈ V such that πV/G,V (v) = [w](x), and ξ̄ = [p, ξ]G with p = πV,P (v).
This is well defined since ξ̄ = [gp,Adgξ]G and gξVv = (AdGξ)

V
gv .

Proposition 14 Let J1P ⊕ (T ∗X ⊗ V ) be an object in FTLP, G a Lie group
acting freely and properly on J1P ⊕ (T ∗X ⊗ V ), Vol a volume form on X and
L : J1P ⊕ (T ∗X ⊗ V ) → R a G-invariant Lagrangian.

Consider A a connection on P → Σ = P/G and

l : J1Σ⊕ (T ∗X ⊗ (AdQ⊕ (V/G))) → R

the reduced Lagrangian induced in the quotient via the identification (5). Given
a smooth local section j1ρ⊕ ν ∈ Γ(Ū , J1P ⊕ (T ∗X ⊗ V )), where ν = ((ρ, α), v),
we define the reduced local section

j1σ ⊕ ρ̄⊕ [ν]G = βA ◦ πG(j
1ρ⊕ ν) = (TπP,Σ ◦ j1ρ)⊕ [ρ, ρ∗A]G ⊕ ((σ, α), v),

where σ ∈ Γ(Ū ,Σ) is πΣ,P ◦ ρ. Then, the following statements are equivalent

(i) Section j1ρ ⊕ ν ∈ Γ(Ū , J1P ⊕ (T ∗X ⊗ V )) is a critical section for the
variational problem defined by L on J1P ⊕ (T ∗X ⊗ V ).

(ii) Section j1ρ⊕ ν ∈ Γ(Ū , J1P ⊕ (T ∗X ⊗ V )) satisfies the Lagrange-Poincaré
equations given by L in J1P ⊕ (T ∗X ⊗ V ).

(iii) Section j1σ⊕ ρ̄⊕ [ν]G ∈ Γ(Ū , J1Σ⊕ (T ∗X⊗ (AdQ⊕ (V/G)))) is a critical
section for the variational problem defined by l on J1Σ⊕ (T ∗X ⊗ (AdQ⊕
(V/G))).

(iv) Section j1σ⊕ ρ̄⊕ [ν]G ∈ Γ(Ū , J1Σ⊕ (T ∗X⊗ (AdQ⊕ (V/G)))) satisfies the
Lagrange-Poincaré equations given by l in J1Σ⊕ (T ∗X⊗ (AdQ⊕ (V/G))).

Proof. From Proposition 13, statements (i) and (ii) are equivalent. In an
analogue way statements (iii) and (iv) are equivalent. We will prove the result
by checking that statements (i) and (iii) are equivalent.

Let j1ρε ⊕ νε be an allowed variation of j1ρ⊕ ν and

j1σε ⊕ ρ̄ε ⊕ [ν]G,ε = βA ◦ πG(j
1ρε ⊕ νε),
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the projection of the allowed variation in J1P ⊕ (T ∗X ⊗ V ). Since

d

dε

∣

∣

∣

∣

ε=0

∫

U

L(j1ρε ⊕ νε)Vol =
d

dε

∣

∣

∣

∣

ε=0

∫

U

l(j1σε ⊕ ρ̄ε ⊕ [ν]G,ε)Vol =

=

∫

U

〈

δl

δσ
(x),

dσε(x)

dε

∣

∣

∣

∣

ε=0

〉

Vol +

∫

U

〈

δl

δj1σ
(x),

D∇J1
Σ

j1σε(x)

Dε

∣

∣

∣

∣

ε=0

〉

Vol

+

∫

U

〈

δl

δ(ρ̄⊕ [ν]G)
(x),

DLρ̄ε ⊕ [ν]G,ε(x)

Dε

∣

∣

∣

∣

ε=0

〉

Vol,

the variational problem defined by L on J1P ⊕ (T ∗X ⊗ V ) is equivalent to
consider variations of j1σ ⊕ ρ̄⊕ [ν]G obtained by projecting allowed variations
of j1ρ⊕ ν. Then, for all ux ∈ TxX ,

DLρ̄ε ⊕ [ν]G,ε

Dε

∣

∣

∣

∣

ε=0

(ux) =
Dg̃ρ̄ε ⊕ [ν]G,ε(ux)

Dε

∣

∣

∣

∣

ε=0

= ∇g̃
δσ ρ̄ε(ux)⊕

(

[∇(A,H)]G,δσ[v]G(ux)− [ω]G(δσ, ρ̄ε(ux))
)

= ∇g̃
δσ ρ̄ε(ux)⊕

(

[∇(A)]G,δρ[ν]G(ux)− [∇(A,V )]G,η̄[v]G(ux)− [ω]G(δσ, ρ̄ε(ux))
)

,

where η̄ is such that δρ = δσ ⊕ η̄. From Lagrange-Poincaré reduction in jet
bundles (see [12, Corollary 3.2]), we know that

∇g̃
δσ ρ̄ε(ux) = ∇̃ux η̄ − [η̄, ρ̄(ux)] + B̃(δσ, Tσ(ux)).

On the other hand, as the variation δν is allowed

[∇(A)]G,δρ[ν]G(ux) = [δν(ux)]G = [∇̃uxµ− [µ, ν(ux)] + ω(δρ, T ρ(ux))]G.

We rewrite this class in an alternative way. First,

[∇̃uxµ]G = [∇Tρ(ux)µ]G = [∇Tσ(ux)⊕ρ̄(ux)µ]G

= [∇(A,H)]G,Tσ(ux)[µ]G + [∇(A,V )]G,ρ̄(ux)[µ]G

= [∇̃(A,H)]G,ux [µ]G + [∇̃(A,V )]G,ux [µ]G,

where we have defined [∇̃(A,V )]G,ux [µ]G = [∇(A,V )]G,ρ̄(ux)[µ]G. We also have
that [[µ, ν(ux)]]G = [[µ]G, [ν(ux)]G], and

[ω(δρ, T ρ(ux))]G = [ω(δσ ⊕ η̄, T σ(ux)⊕ ρ̄(ux))]G

= [ω]G(δσ, Tσ(ux)) + [ω]G(η̄, T σ(ux)) + [ω]G(δσ, ρ̄(ux)) + [ω]G(η̄, ρ̄(ux)).

In conclusion, for projected allowed variations

DLρ̄ε ⊕ [ν]G,ε

Dε

∣

∣

∣

∣

ε=0

(ux) =
(

∇̃ux η̄ − [η̄, ρ̄(ux)] + B̃(δσ, Tσ(ux))
)

⊕

[∇̃(A,H)]G,ux [µ]G + [∇̃(A,V )]G,ux [µ]G − [[µ]G, [ν(ux)]G]− [∇(A,V )]G,η̄[v]G(ux)

+ [ω]G(δσ, Tσ(ux)) + [ω]G(η̄, T σ(ux)) + [ω]G(η̄, ρ̄(ux)),
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where η̄ ∈ Γ(Ū ,AdP ) such that πΣ,AdP (η̄) = σ, η̄|∂U = 0 and [µ]G ∈ Γ(Ū , V/G)
such that πΣ,V/G([µ]G) = σ, [µ]G|∂U = 0. We now see that this variations
coincide with the allowed variations in J1Σ ⊕ (T ∗X ⊗ (AdQ ⊕ (V/G))). An
allowed variation of section j1σ ⊕ ρ̄⊕ [ν]G satisfies

DLρ̄ε ⊕ [ν]G,ε

Dε|ε=0
(ux) = ∇̃g̃

ux
(η̄ ⊕ [µ]G)− [η̄ ⊕ [µ]G, ρ̄⊕ [ν]G(ux)]

g̃
G + ωg̃(δσ, Tσux)

where η̄⊕ [µ]G ∈ Γ(Ū ,AdP⊕(V/G)) such that πΣ,AdP⊕(V/G)(η̄⊕ [µ]G) = σ, and
η̄ ⊕ [µ]G|∂U = 0. The additional structure in AdP ⊕ (V/G) is the one detailed
in Proposition 1. Hence,

∇̃g̃
ux
(η̄ ⊕ [µ]G) = ∇g̃

Tσ(ux)
(η̄ ⊕ [µ]G)

= ∇Tσ(ux)η̄ ⊕
(

[∇(A,H)]G,Tσ(ux)[µ]G − [ω]G(Tσ(ux), η̄)
)

= ∇̃ux η̄ ⊕
(

[∇̃(A,H)]G,ux [µ]G + [ω]G(η̄, T σ(ux))
)

.

In addition,

[η̄ ⊕ [µ]G, ρ̄⊕ [ν]G(ux)]
g̃
G = [η̄, ρ̄(ux)]⊕ [∇(A,V )]G,η̄[ν]G(ux)

−[∇(A,V )]G,ρ̄(ux)[µ]G − [ω]G(η̄, ρ̄(ux)) + [[µ]G, [ν(ux)]G],

and
ωg̃(δσ, Tσ(ux)) = B̃(δσ, Tσ(ux))⊕ ω(δσ, Tσ(ux)).

These last three expressions prove that the allowed variations in J1Σ⊕ (T ∗X⊗
(AdQ⊕ (V/G))) are the same as the projection of the allowed variations of the
original space and, consequently, (i) and (iii) are equivalent statements.

Remark 15 Let N be a normal subgroup of G, and K = G/N the quotient
group. We can reduce L by N and afterwards by K. Let AN be a principal con-
nection on P → P/N and AG/N a principal connection on P/N → (P/N)/K.
These connections are said to be compatible with respect to A if for all u ∈ TP ,

A(u) = 0 ⇔ AN (u) = 0 and AG/N (TπP/N,P (u)) = 0.

In this case there exists a LP-isomorphism from T (P/G)⊕AdP ⊕ (V/G) to

T ((P/N)/K)⊕ k̃⊕ (ñ⊕ (V/N))/(G/N),

where n is the Lie algebra of N , k is the Lie algebra of K and ñ, k̃ their respective
adjoint bundles. Hence, it is equivalent to perform reduction directly than by
stages. This will later be exemplified in §9 below. For more details, see [9, §6.3]
and [3, §3.4].
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7 Reconstruction in FTLP

Given a critical section j1σ⊕ρ̄⊕[ν]G in Γ(Ū , J1Σ⊕(T ∗X⊗(AdQ⊕(V/G)))) for l,
we investigate the existence of a critical section j1ρ⊕ν in Γ(Ū , J1P⊕(T ∗X⊗V ))
for the unreduced Lagrangian L.

Let σ(x) = πΣ,V/G([ν]G(x)) = πΣ,AdP (ρ̄(x)). This section in Γ(Ū ,Σ) defines
the G-principal pull-back bundle σ∗P → X

σ∗P = {(x, p)|πΣ,P (p) = σ(x), x ∈ X, p ∈ P}

of the G-principal bundle P → Σ. In addition, σ∗P can be identified with
P σ = {p ∈ P |πΣ,P (p) ∈ σ(X)} by p ∈ P σ 7→ (πX,P (p), p) ∈ σ∗P. As σ(x) =
πΣ,AdP (ρ̄(x)), the section ρ̄(x) can be interpreted as a section of Γ(Ū ,AdP σ)
and there is an equivariant horizontal 1-form ωρ̄ ∈ Ω1(P σ, g) such that for all
x ∈ X and ux ∈ TxX ,

ρ̄(ux) = [p, ωρ̄(up)]G,

where p ∈ P σ and up ∈ TpP such that TπX,P (up) = ux. The connection A on
P → Σ induces a connection Aσ on P σ → X and recalling that the space of
connections of a principal bundle is an affine space modeled over the space of
1-forms taking values in the adjoint bundle, we define a connection Aρ̄ as:

Aρ̄ = Aσ − ωρ̄.

Theorem 16 Let A be a principal connection on the on the principal bundle
P → Σ and let L : J1P ⊕ (T ∗X ⊗ V ) → R be a G-invariant Lagrangian defined
in a FTLP bundle. Finally, let l : J1Σ⊕ (T ∗X ⊗ (AdQ⊕ (V/G))) → R be the
reduced Lagrangian.

Then, if j1ρ⊕ ν in Γ(Ū , J1P ⊕ (T ∗X ⊗ V )) satisfies the Lagrange-Poincaré
equations given by L in J1P⊕(T ∗X⊗V ), then the reduced section j1σ⊕ρ̄⊕[ν]G ∈
Γ(Ū , J1Σ⊕ (T ∗X ⊗ (AdQ⊕ (V/G)))) satisfies the Lagrange-Poincaré equations
given by l in J1Σ⊕ (T ∗X ⊗ (AdQ⊕ (V/G))) and connection Aρ̄ on P σ → Σ is
flat.

Conversely, given a solution j1σ ⊕ ρ̄⊕ [ν]G ∈ Γ(Ū , J1Σ ⊕ (T ∗X ⊗ (AdQ ⊕
(V/G)))) of the Lagrange–Poincaré equations given by l such that Aρ̄ is flat and
has trivial holonomy over an open set containing Ū , there is a family Φg(j

1ρ⊕ν),
g ∈ G, of solutions of the Lagrange–Poincaré equations given by L projecting to
j1σ⊕ ρ̄⊕ [ν]G. If the connection Aρ̄ is flat one can always restrict it to an open
simply connected set contained in U so that its holonomy on U is automatically
zero.

Proof. Suppose that j1σ ⊕ ρ̄⊕ [ν]G is the projection of j1ρ⊕ ν, in particular,
ρ̄ = [ρ, ρ∗A]G, where ρ is a section of P → X . Observe that for all p = ρ(x) ∈
P σ, Tρ(x)P

σ = Txρ(TxX)⊕ kerTρ(x)πΣ,P and any vp ∈ TpP
σ can be written as

vp = Txρ(vx) + ξPp , where vx ∈ TxX and ξ ∈ g. Then,

Aρ̄(vp) = Aσ(vp)− ωρ̄(vp) = A(vp)−A(Txρ(TpπX,P (vp)))

= A(Txρ(vx)) +A(ξPp )−A(Txρ(vx)) = ξ.
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Consequently, the horizontal subbundle defined by Aρ̄ is given by

HAρ̄

ρ(x) = Txρ(TxX),

the horizontal distribution is integrable, the integral leaves are given by

{Φg(ρ(x))|x ∈ X, g ∈ G} = Φg(Imρ),

and Aρ̄ is a flat connection on P σ → X .
Conversely, given j1σ⊕ρ̄⊕[ν]G and σ(x) = πΣ,V/G([ν]G(x)) = πΣ,AdP (ρ̄(x)).

Suppose that Aρ̄ is flat and has trivial holonomy over an open set containing
Ū . The horizontal distribution of Aρ̄ is integrable and the leaves cover the base.
Since the holonomy is trivial each fiber intersects the leaf exactly once, that is,
they are sections of P σ → X . Thus there is a family Φg(ρ(x)) of sections of
P → X that projects to σ via πX,Σ and such that

[ρ, ρ∗A]G = [ρ, ρ∗Aρ + ωρ̄]G = ρ̄.

Furthermore, there is a unique section ν(x) of T ∗X ⊕ V → X such that

πT∗X⊕(V/G),T∗X⊕V (ν(x)) = [ν](x), πP,T∗X⊕V (ν(x)) = ρ(x).

In addition, Φg(ν(x)) is the unique section of T ∗X ⊕ V → X such that

πT∗X⊕(V/G),T∗X⊕V Φg(ν(x)) = [ν](x), πP,T∗X⊕V Φg(ν(x)) = Φg(ρ(x)).

Thus, the family of sections Φg(j
1ρ ⊕ ν) = j1Φg(ρ) ⊕ Φg(ν), g ∈ G, projects

to j1σ ⊕ ρ̄ ⊕ [ν]G and, by equivalence (iv)⇒ (ii) in Proposition 14, they are
solutions of the Lagrange–Poincaré equations given by L.

The curvature of connection Aρ̄ can be rewritten in terms of the curvature
B of A. Then, the flatness of Aρ̄ gives the following reconstruction condition

B − d∇
A

ωρ̄ − ωρ̄ ∧ ωρ̄ = 0, (16)

where d∇
A

is the exterior derivative of g-valued forms induced by the covariant
derivative on AdP , ∇A, and the Cartan formula.

8 The Noether drift law in the FTLP and its

reduction

In this section, we define a Noether current for symmetries in FTLP bundles
and prove that is not a constant of motion. Instead there is a drift of this
current that reduces to the new vertical equation appearing in each step of the
reduction.

Definition 17 Let L : J1P ⊕ (T ∗X ⊗ V ) → R be a Lagrangian and G a Lie
group acting freely and properly on J1P ⊕ (T ∗X ⊗ V ) by isomorphisms in the
category FTLP. We define the Noether current as the function

J : J1P ⊕ (T ∗X ⊗P V ) → TX ⊗P g∗
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such that for all j1ρ⊕ ν ∈ J1P ⊕ (T ∗X ⊗P V )

J(j1ρ⊕ ν)((ρ, α) ⊗ (ρ, η)) =
δL

δj1ρ
(j1ρ⊕ ν)((ρ, α) ⊗ ηPρ ),

where (ρ, α)⊗ (ρ, η) ∈ T ∗X ⊗P g.

Proposition 18 Suppose that L is G-invariant and let j1ρ⊕ ν(x) be a section
satisfying the Lagrange–Poincaré equations. Then the Noether current satisfies

div
(

(j1ρ⊕ ν)∗J(ρ(x), η)
)

= −

〈

δL

δν
, ω(Txρ(•), η

P
p ) + ηVν(•)

〉

, (17)

where ω(Txρ(•), η
P
p )+ηVν(•) ∈ T ∗X⊗V acts by replacing the slot • by an arbitrary

element in TX. This is called the Noether drift law of L.

Proof. As the Lagrangian is G-invariant, for all η ∈ g,

0 =dL

(

d

dε

∣

∣

∣

∣

ε=0

exp(εη)(j1ρ⊕ ν)

)

=

〈

δL

δρ
,
d

dε

∣

∣

∣

∣

ε=0

exp(εν)ρ

〉

+

〈

δL

δj1ρ
,
D∇J1P

Dε

∣

∣

∣

∣

ε=0

exp(εη)j1ρ

〉

+

〈

δL

δν
,
DL

Dε

∣

∣

∣

∣

ε=0

exp(εη)ν

〉

.

Since exp(εη)j1ρ = j1(exp(εη)ρ), it is the lifted variation of the vertical varia-
tion exp(εη)ρ of ρ. Then, for all ux ∈ TX ;

D∇J1P

exp(εη)j1ρ

Dε

∣

∣

∣

∣

ε=0

(ux) =
D∇P

exp(εη)j1ρ(ux)

Dε

∣

∣

∣

∣

ε=0

= ∇̃P
ux
ηPρ + TP (ηPρ , Txρ(ux))

Furthermore, exp(εη)ν is a vertical variation and

DLexp(εη)ν

Dε

∣

∣

∣

∣

ε=0

(ux) =
D∇exp(εη)ν(ux)

Dε

∣

∣

∣

∣

ε=0

= ηVν(ux)
.

Then, the G-invariance of L can be written as,

0 =

〈

δL

δρ
, ηPρ

〉

+

〈

δL

δj1ρ
, ∇̃P

ux
ηPρ + TP (ηPρ , Txρ(ux))

〉

+

〈

δL

δν
, ηVν(ux)

〉

. (18)

Finally,

div
(

(j1ρ⊕ ν)∗J(ρ(x), η)
)

= div

〈

δL

δj1ρ
(j1ρ⊕ ν(x)), ηPρ(x)

〉

=

〈

divP
δL

δj1ρ
, ηPρ

〉

+

〈

δL

δj1ρ
, ∇̃P ηPρ

〉

=

〈

divP
δL

δj1ρ
, ηPρ

〉

−

〈

δL

δρ
, ηPρ

〉

−

〈

δL

δj1ρ
, TP (ηPρ , Txρ(•))

〉

−

〈

δL

δν
, ηVν(•)

〉

= −

〈

δL

δν
, ω(Tρ(•), ηPp ) + ηVν(•)

〉

,
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where we have used relation 18 and Lagrange–Poincaré equations.
The Noether current is G-equivariant so that it defines a bundle map in the

quotient by G

j : J1Σ⊕ (T ∗X ⊗Σ (AdP ⊕ (V/G))) → TX ⊗P AdP ∗

such that for all j1σ ⊕ ρ̄ ⊕ [ν]G ∈ J1Σ ⊕ (T ∗X ⊗Σ (AdP ⊕ (V/G))), and all
(σ, α) ⊗ η̄ ∈ T ∗X ⊗Σ AdP ,

j(j1σ ⊕ ρ̄⊕ [ν]G)((σ, α) ⊗ η̄) =

= J(j1ρ⊕ ν)((ρ, α) ⊗ (ρ, η)) =
d

dǫ

∣

∣

∣

∣

ǫ=0

L(j1ρ+ ǫ((ρ, α)⊗ ηPρ )⊕ ν)

=
d

dǫ

∣

∣

∣

∣

ǫ=0

l(j1σ ⊕ (ρ̄+ ǫ((σ, α) ⊗ η̄)⊕ [ν]G) =
δl

δρ̄
(j1σ ⊕ ρ̄⊕ [ν]G)((σ, α) ⊗ η̄).

Consequently, the reduced Noether current j coincides with δl
δρ̄ .

Proposition 19 The drift of the Noether current along critical sections j1σ ⊕
ρ̄⊕ [ν]G given by equation 17 projects to the equation

〈

divA
δl

δρ̄
, η̄

〉

=

〈

ad∗ρ̄
δl

δρ̄
, η̄

〉

−

〈

δl

δ[ν]G
, [∇(A,V )]G,η̄[ν]G + [ω]G(Tσ ⊕ ρ̄, η̄)

〉

,

(19)
where divA is the divergence of AdP ∗-valued vector fields induced by connection
∇A in AdP and η̄(x) = [ρ(x), η]G

Proof. We rewrite the left hand side of equation 17:

div
〈

J(j1ρ⊕ ν), (ρ, η)
〉

= div
〈

j(j1σ ⊕ ρ̄⊕ [ν]G), η̄
〉

=
〈

divAj(j1σ ⊕ ρ̄⊕ [ν]G), η̄
〉

+
〈

j(j1σ ⊕ ρ̄⊕ [ν]G), ∇̃
Aη̄

〉

=

〈

divA
δl

δρ̄
(j1σ ⊕ ρ̄⊕ [ν]G), η̄

〉

−

〈

δl

δρ̄
(j1σ ⊕ ρ̄⊕ [ν]G), [ρ̄, η̄]

〉

=

〈

divA
δl

δρ̄
(j1σ ⊕ ρ̄⊕ [ν]G)− ad∗ρ̄

δl

δρ̄
(j1σ ⊕ ρ̄⊕ [ν]G), η̄

〉

.

On the other hand, the right hand side of equation 17 projects to

−

〈

δl

δ[ν]G
, [ω]G(Tσ(•)⊕ ρ̄(•), η̄) + [ηVν(•)]G

〉

,

and we conclude by observing that [ηVν(•)]G = [∇(A,V )]G,η̄[ν]G(•).
The vertical Lagrange-Poincaré equations,

divg̃
(

δl

δρ̄
⊕

δl

δ[ν]G

)

− ad∗ρ̄⊕[ν]G

(

δl

δρ̄
⊕

δl

δ[ν]G

)

= 0,
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associated to the reduced bundle J1Σ⊕ (T ∗X⊕ (AdP ⊕ (V/G))) is an equation
in AdP ∗⊕(V/G)∗ acting on vectors η̄⊕[u]G ∈ AdP⊕(V/G). We can decompose
these equations restricting to each of the factors on AdP ⊕ (V/G). First,

〈

divg̃
(

δl

δρ̄
⊕

δl

δ[ν]G

)

, η̄ ⊕ [u]G

〉

= div

〈(

δl

δρ̄
⊕

δl

δ[ν]G

)

, η̄ ⊕ [u]G

〉

−

〈(

δl

δρ̄
⊕

δl

δ[ν]G

)

, ∇̃g̃(η̄ ⊕ [u]G)

〉

= div

〈(

δl

δρ̄
⊕

δl

δ[ν]G

)

, η̄ ⊕ [u]G

〉

−

〈

δl

δρ̄
, ∇̃Aη̄

〉

−

〈

δl

δ[ν]G
, [∇̃(A,H)]G[u]G

〉

+

〈

δl

δ[ν]G
, [ω]G(Tσ, η̄)

〉

= div

〈(

δl

δρ̄
⊕

δl

δ[ν]G

)

, η̄ ⊕ [u]G

〉

− div

〈

δl

δρ̄
, η̄

〉

+

〈

divA
δl

δρ̄
, η̄

〉

− div

〈

δl

δ[ν]G
, [u]G

〉

+

〈

div(A,H) δl

δ[ν]G
, [u]G

〉

+

〈

δl

δ[ν]G
, [ω]G(Tσ, η̄)

〉

=

〈

divA
δl

δρ̄
, η̄

〉

+

〈

div(A,H) δl

δ[ν]G
, [u]G

〉

+

〈

δl

δ[ν]G
, [ω]G(Tσ, η̄)

〉

On the other hand;
〈

ad∗ρ̄⊕[ν]G

(

δl

δρ̄
⊕

δl

δ[ν]G

)

, η̄ ⊕ [u]G

〉

=

〈

δl

δρ̄
⊕

δl

δ[ν]G
, [ρ̄⊕ [ν]G, η̄ ⊕ [u]G]

〉

=

〈

δl

δρ̄
, [ρ̄, η̄]

〉

+

〈

δl

δ[ν]G
, [∇(A,V )]G,ρ̄[u]G − [∇(A,V )]G,η̄[ν]G − [ω]G(ρ̄, η̄) + [[ν]G, [u]G]

〉

=

〈

ad∗ρ̄
δl

δρ̄
, η̄

〉

+

〈

ad∗[ν]G
δl

δ[ν]G
, [u]G

〉

+

〈

δl

δ[ν]G
, [∇(A,V )]G,ρ̄[u]G − [∇(A,V )]G,η̄[ν]G − [ω]G(ρ̄, η̄)

〉

.

Thus, the vertical Lagrange–Poincaré equations restricted to AdP are
〈

divA
δl

δρ̄
, η̄

〉

=

〈

ad∗ρ̄
δl

δρ̄
, η̄

〉

−

〈

δl

δ[ν]G
, [∇(A,V )]G,η̄[ν]G + [ω]G(Tσ ⊕ ρ̄, η̄)

〉

,

which according to Proposition 17 coincides with the drift of the Noether cur-
rent, while the vertical Lagrange–Poincaré equations restricted to V/G are

〈

div(A,H) δl

δ[ν]G
, [u]G

〉

=

〈

ad∗[ν]G
δl

δ[ν]G
, [u]G

〉

+

〈

δl

δ[ν]G
, [∇(A,V )]G,ρ̄[u]G

〉

,

obtained from the projections of the vertical Lagrange-Poincaré equations in-
duced by L.
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Remark 20 In the special case V = 0, the drift law becomes a conservation law
expressed as a vanishing of a divergence. Indeed, we recover the Noether theo-
rem for covariant invariant Lagrangians. In addition, the conservation of this
current is equivalent to the vertical Lagrange-Poincaré equation of the reduced
Lagrangian:

divA
δl

δρ̄
− ad∗ρ̄

δl

δρ̄
= 0.

9 The molecular strand with rotors

In this section we will discuss a problem of strand dynamics as an example of
the theory of reduction by stages. Our model is called the molecular strand with
rotors and consists of a mobile base strand repeating the same configuration with
different orientation. In turn, this configuration will have a moving piece that
can rotate, called rotor. In this example we will suppose that each configuration
has three rotors, each in the principal axes. However, the case with only one
rotor or multiple rotors non-necessarily along the principal axes follows directly
from our description. The particular case of this model when there are no rotors
has been the object of research, for example, in [11] following the same covariant
Lagrangian approach.

The principal bundle that we shall use has X = R
2 as the base space and

P = X×R
3×SO(3)×S

1×S
1×S

1 as the total space. The variables in R
2 willl

be denoted by (t, s), the first one can be thought as the time whereas the second
is the parameter of the stradt. The Lie group SO(3)× S

1 × S
1 × S

1 acts on P
since for any (x, r,Λ, θ) ∈ X ×R

3 ×SO(3)×S
1 ×S

1 × S
1, where x = (s, t) ∈ R

2

and θ = (θ1, θ2, θ3) ∈ S
1 × S

1 × S
1, the element (Γ, α) ∈ SO(3) × S

1 × S
1 × S

1

acts by
(Γ, α) · (x, r,Λ, θ) = (x,Γr,ΓΛ, θ + α).

We will first reduce by the normal subgroup SO(3) and then by S
1 × S

1 × S
1.

9.1 First reduction

We denote Σ = P/SO(3) = X×R
3 ×S

1 ×S
1 ×S

1, the first quotient space, and
(x, ρ, θ) ∈ Σ. The projection is given by

πΣ,P : X × R
3 × SO(3)× S

1 × S
1 × S

1 →X × R
3 × SO(3)× S

1 × S
1 × S

1

(x, r,Λ, θ) 7→(x, ρ = Λ−1r, θ)

and its derivative is

TπΣ,P : TP →TΣ

(x, r,Λ, θ, vx, vr, vΛ, vθ) 7→(x, ρ = Λ−1r, θ, vx, vρ = Λ−1vr − Λ−1vΛρ, vθ).

To identify J1P/SO(3) as a FTLP bundle we need a connection A on P → Σ.
In terms of the Maurer-Cartan connection, any connection A can be written as

A(x, r,Λ, θ, vx, vr, vΛ, vθ) = vΛΛ
−1 + Ã(x, r,Λ, θ, vx, vr, vΛ, vθ)
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such that for any η ∈ so(3), Ã(ηPx,r,Λ,θ) = 0 and for all v ∈ TP , Ã(Γv) =

AdΓÃ(v). In addition, since P → X is trivial, we can trivialize AdP as Σ×so(3)
via the identification

[(x, r,Λ, θ), ζ]SO(3) = [(x,Λ−1r, e, θ),AdΛ−1ζ]SO(3) = (x,Λ−1r, θ,AdΛ−1ζ).

Then, the covariant derivative in AdP

DA

Dτ
[x(τ), r(τ),Λ(τ), θ(τ), ζ(τ)]SO(3) =

[x(τ), r(τ),Λ(τ), θ(τ), ζ̇ (τ)− (ΛτΛ
−1 + Ã(x, r,Λ, θ, xτ , rτ ,Λτ , θτ ))× ζ̇(τ)]SO(3)

induces in Σ× so(3) the covariant derivative

DA

Dτ
(x(τ), ρ(τ), θ(τ), ζ(τ)) =

= (x(τ), ρ(τ), θ(τ), ζ̇ (τ) − Ã(x, ρ, e, θ, xτ , ρτ , 0, θτ )× ζ̇(τ)).

We lift the section (x, r(x),Λ(x), θ(x)) of P → X to the section in J1P → X ,

(x, r(x),Λ(x), θ(x)), ds + dt, rsds+ rtdt,Λsds+ Λtdt, θsds+ θtdt).

To project this section to J1Σ⊕ (T ∗X ⊗ (Σ× so(3))) we evaluate

A(x, r,Λ, θ, ds + dt, rsds+ rtdt,Λsds+ Λtdt, θsds+ θtdt) =

=ΛsΛ
−1ds+ ΛtΛ

−1dt+ Ã(x, r,Λ, θ, 1, rs,Λs, θs)ds+ Ã(x, r,Λ, θ, 1, rt,Λt, θt)dt

and

AdΛ−1A(x, r,Λ, θ, ds+ dt, rsds+ rtdt,Λsds+ Λtdt, θsds+ θtdt) =

= Ωds+ ωdt+ Āsds+ Ātdt = Ξds+ ξdt,

where Ω = Λ−1Λs, ω = Λ−1Λt,

Ās = AdΛ−1Ã(x, r,Λ, θ, 1, rs,Λs, θs) = Ã(x, r,Λ, θ, 1, ρs, 0, θs),

Āt = Ã(x, r,Λ, θ, 1, ρt, 0, θt), Ξ = Ω + Ās and ξ = ω + Āt. Consequently, the
bundle J1P/SO(3) is identified with FTLP bundle J1Σ⊕ (T ∗X ⊗ (Σ× so(3)))
via

πso(3) : J
1P/G →J1Σ⊕ (T ∗X ⊗ (Σ× so(3)))

j1(x, r(x),Λ(x), θ(x)) 7→j1(x, ρ(x), θ(x)) ⊕ (x, ρ(x), θ(x),Ξ(x)ds + ξ(x)dt)

and the reduced variables are ρ, ρs, ρt, θ, θs, θt, Ξ and ξ. The vertical Lagrange-
Poincaré equations are:

ad∗Ξds+ξdt

δl

δ(Ξds+ ξdt)
− div∇

δl

δ(Ξds+ ξdt)
= 0.
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Hence, since

ad∗Ξds+ξdt

δl

δ(Ξds+ ξdt)
= −Ξ×

δl

δΞ
− ξ ×

δl

δξ
,

and

div∇
δl

δ(Ξds+ ξdt)
= ∂s

δl

δΞ
− Ās ×

δl

δΞ
+ ∂t

δl

δξ
− Āt ×

δl

δξ
,

we conclude that the vertical Lagrange–Poincaré equations are

0 = ∂s
δl

δΞ
+ ∂t

δl

δξ
+Ω×

δl

δΞ
+ ω ×

δl

δξ
. (20)

On the other hand, the horizontal Lagrange–Poincaré equations applied to vari-
ation δρ⊕ δθ are

〈

δl

δ(ρ⊕ θ)
− ∂s

δl

δ(ρs ⊕ θs)
− ∂t

δl

δ(ρt ⊕ θt)
, δρ⊕ δθ

〉

=

=

〈

δl

δ(Ξds + ξdt)
, B̃((ds+ dt, ρsds+ ρtdt, θsds+ θtdt), (0, δρ, δθ))

〉

.

We shall note that δl/δ(ρ ⊕ θ) is not a partial derivative, instead we saw in
section 5 that

〈

δl

δ(ρ⊕ θ)
, δρ⊕ δθ

〉

=
d

dǫ

∣

∣

∣

∣

ǫ=0

l(uh
j1ρ⊕j1θ,Ξds+ξdt),

where u(ǫ) is a curve in Σ = X × R
3 × S

1 × S
1 × S

1 with u′(0) = (0, δρ, δθ)
and uh

j1ρ⊕j1θ,Ξds+ξdt(ǫ) = (u(ǫ), j1ρ(0), j1θ(0), ν(ǫ)) the horizontal lift to J1Σ⊕

(T ∗X ⊗ (Σ × so(3))) with ν(ǫ) = ν1(ǫ)ds + ν2(ǫ)dt such that v(0) = Ξds + ξdt
and ν(ǫ) is horizontal. From the connection in Σ× so(3) this means that

ν̇1(ǫ)ds+ ν̇2(ǫ)dt = A(0, δρ, 0, δθ)× (ν1(ǫ)ds+ ν2(ǫ)dt).

In particular, for ǫ = 0;

ν̇1(0)ds+ ν̇2(0)dt = A(0, δρ, 0, δθ)× (Ξds+ ξdt),

and
〈

δl

δ(ρ⊕ θ)
, δρ⊕ δθ

〉

=

〈

∂l

∂ρ
, δρ

〉

+

〈

∂l

∂θ
, δθ

〉

+

〈

δl

δΞ
, Ã(0, δρ, 0, δθ)× Ξ

〉

+

〈

δl

δξ
, Ã(0, δρ, 0, δθ)× ξ

〉

.

It is possible to split the horizontal equations in Σ in two parts. One related to
R

3 for which we make δθ = 0;
〈

∂l

∂ρ
− ∂s

δl

∂ρs
− ∂t

δl

∂ρt
, δρ

〉

+

〈

δl

δΞ
, Ã(0, δρ, 0, 0)× Ξ

〉

+ (21)

〈

δl

δξ
, Ã(0, δρ, 0, 0)× ξ

〉

=

〈

δl

δΞ
, B̃((1, ρs, θs), δρ)

〉

+

〈

δl

δξ
, B̃((1, ρt, θt), δρ)

〉

,
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and one related to S
1 × S

1 × S
1 for which δρ = 0;

〈

∂l

∂θ
− ∂s

δl

∂θs
− ∂t

δl

∂θt
, δθ

〉

+

〈

δl

δΞ
, Ã(0, 0, 0, δθ)× Ξ

〉

+ (22)

〈

δl

δξ
, Ã(0, 0, 0, δθ)× ξ

〉

=

〈

δl

δΞ
, B̃((1, ρs, θs), δθ)

〉

+

〈

δl

δξ
, B̃((1, ρt, θt), δθ)

〉

In conclusion, the equations of motion of the molecular strand after reduction
by SO(3) are equations (20), (21) and (22). Yet, they are only equivalent to
the unreduced equations if considered together with the reconstruction equa-
tion studied in §7 above. Observe that in AdP , ωρ̄ = ΛΞΛ−1ds + ΛξΛ−1dt.
Therefore,

dAωρ̄ = AdΛ(Ξt − Āt × Ξ− ξs + Ās × ξ)dt ∧ ds,

and

ωρ̄∧ωρ̄ = (ΛΞΛ−1ds+ΛξΛ−1dt)∧(ΛΞΛ−1ds+ΛξΛ−1dt) = −AdΛ(Ξ×ξ)dt∧ds.

The reconstruction equation (16) is then written as

ξs − Ās × ξ − Ξt + Āt × Ξ− Ξ× ξ +AdΛB̃((0, ρt, θt, 0, ρs, θs)) = 0. (23)

9.2 Second reduction

The group S = S
1 × S

1 × S
1 acts on J1Σ⊕ (T ∗X ⊗ (Σ× so(3))) by

α · (x, ρ, θ, ds+ dt, ρsds+ ρtdt, θsds+ θtdt)⊕ (x, ρ, θ,Ξds+ ξdt)

= (x, ρ, θ + α, ds+ dt, ρsds+ ρtdt, θsds+ θtdt)⊕ (x, ρ, θ + α,Ξds+ ξdt)

for all α ∈ S
1×S

1×S
1. Let R = Σ/(S1×S

1×S
1) = X×R

3. Since S1×S
1×S

1

is abelian, the identification AdΣ = R × R
3 is immediate and the principal

connection in Σ → R is trivial. Consequently, we have the identification

πS : J1Σ⊕ (T ∗X ⊗ (Σ× so(3)))/S → J1R⊕ (T ∗X ⊗ (R × R
3 × so(3)))

[(x, ρ, θ, ds+ dt, ρsds+ ρtdt, θsds+ θtdt)⊕ (x, ρ, θ,Ξds+ ξdt)]S 7→

(x, ρ, ds+ dt, ρsds+ ρtdt)⊕ (x, ρ, θsds+ θtdt,Ξds+ ξdt),

where J1R⊕ (T ∗X ⊗ (R×R
3 × so(3))) is a FTLP bundle with extra structure

given by;

∇s
vx,vρ(x, ρ, β(x, ρ), ζ(x, ρ)) =

= (x, ρ, βvx,vρ , ζvx,vρ − B̃((vx, vρ, 0), (0, 0, β))− Ã(vx, vρ, 0, 0)× ζ);

the R
3 × so(3)-valued 2-form ωs = 0⊕ [B̃]S ; and the Lie bracket

[(β1, ζ1), (β2, ζ2)]
s = 0⊕

(−A(0, 0, 0, β1)× ζ2 +A(0, 0, 0, β2)× ζ1 − B̃((0, 0, β1), (0, 0, β2)) + ζ1 × ζ2).
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The vertical Lagrange–Poincaré equations in the second step of reduction are

ad∗(θs,Ξ)ds+(θt,ξ)dt

δl

δ(θsds+ θtdt,Ξds+ ξdt)
− divs

δl

δ(θsds+ θtdt,Ξds+ ξdt)
= 0.

Given (δθ, δη) ∈ R
3 × so(3), we obtain that, on one hand,

〈

ad∗(θs,Ξ)ds+(θt,ξ)dt

δl

δ(θsds+ θtdt,Ξds+ ξdt)
, (δθ, δη)

〉

=

〈

δl

δ(θsds+ θtdt)
⊕

δl

δ(Ξds+ ξdt)
, [(θsds+ θtdt,Ξds + ξdt), (δθ, δη)]

〉

=

〈

δl

δΞ
,−A(0, 0, 0, θs)× δη +A(0, 0, 0, δθ)× Ξ− B̃((0, 0, θs), (0, 0, a)) + Ξ× δη

〉

+

〈

δl

δξ
,−A(0, 0, 0, θt)× δη +A(0, 0, 0, δθ)× Ξ− B̃((0, 0, θt), (0, 0, a)) + ξ × δη

〉

On the other hand,
〈

divs
δl

δ(θsds+ θtdt,Ξds+ ξdt)
, (δθ, δη)

〉

=

(〈

∂s
δl

δθs
+ ∂t

δl

δθt
, δθ

〉

+

〈

δl

δΞ
, B̃((0, ρs, 0), (0, 0, δθ))

〉

+

〈

δl

δξ
, B̃((0, ρt, 0), (0, 0, δθ))

〉)

⊕

〈

∂s
δl

δΞ
+ ∂t

δl

δξ
+A(0, ρs, 0, 0)×

δl

δΞ
+A(0, ρt, 0, 0)×

δl

δξ
, δη

〉

.

From these two expressions, it can be proven that the vertical Lagrange-Poincaré
equations can be split into two parts related to R

3 and so(3). These respectively
coincide with equations (22) and (20), except for the term δl/δθ which is zero
from the symmetry of the Lagrangian with respect to S1×S

1×S
1. The horizontal

Lagrange–Poincaré equations are
〈

δl

δρ
− ∂s

δl

δρs
− ∂t

δl

δρt
, δρ

〉

=

〈

δl

δΞ
, B̃((0, ρs, 0), δρ)

〉

+

〈

δl

δξ
, B̃((0, ρt, 0), δρ)

〉

.

In an analogous way as we did in the first step of reduction, we express the
horizontal derivative in terms of partial and fiber derivatives as

〈

δl

δρ
, δρ

〉

=

〈

∂l

∂ρ
, δρ

〉

+

〈

δl

δΞ
,A(0, δρ, 0, 0)× Ξ

〉

+

〈

δl

δξ
,A(0, δρ, 0, 0)× ξ

〉

.

Therefore, the horizontal Lagrange–Poincaré equation of step two coincides with
equation (21). In conclusion, equations (20), (21) and (22) are obtained as well
in the second step of reduction. However, in the first step of reduction equation
(22) is an horizontal equation whereas in step two it is vertical. Furthermore,
the reconstruction equation from the second step to the first one is easily seen
to be

∂tθs = ∂sθt. (24)
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Remark 21 The trivial Maurer-Cartan connection may not always be the more
convenient for a particular Lagrangian. In Mechanics, the study of a rigid body
with rotors in [17] is an example where the appropriate connection adapted to
the Lagrangian is the mechanical connection (the connection defined by a Rie-
mannian metric). Future work will study this example using the techniques of
reduction by stages developed in [3].

9.3 A particular Lagrangian

We now choose the particular Lagrangian in J1P ;

L(r, rs, rt,Λ,Λs,Λt, θ,θs, θt) =
1

2
〈rt, rt〉+

1

2
〈Λ−1Λt, IΛ

−1Λt〉

+
1

2
〈Λ−1Λt + θt,K(Λ−1Λt + θt)〉 − E(Λ−1Λs, θs, 〈r, r〉),

where I is the inertia tensor of the configuration of the strand, K is the inertia
tensor of the rotors and E is a function called potential energy. This Lagrangian
combines terms appearing in the Lagrangian given for the rigid body with rotors
in [17] and the Lagrangian proposed in [11] for the molecular strand. It is
invariant by SO(3) × S × S × S. If the first step of reduction is performed
by group SO(3) with the Maurer-Cartan connection, that is Ã = 0, then the
reduced Lagrangian is:

l(ρ, ρs, ρt, θ, θs, θt,Ω, ω) =
1

2
〈ρt + ω × ρ, ρt + ω × ρ〉+

1

2
〈ω, Iω〉

+
1

2
〈ω + θt,K(ω + θt)〉 − E(Ω, θs, 〈ρ, ρ〉),

For this Lagrangian the vertical Lagrange–Poincaré equations (20) takes the
form

0 =ρ× (ρtt + 2ω × ρt + ωt × ρ+ 〈ω, ρ〉ω) + (I +K)ωt +Kθtt

+ ω × ((I +K)ω +Kθt)− ∂s
δE

δΩ
+ Ω×

δE

δΩ
,

while the horizontal Lagrange–Poincaré equations (21) and (22) are

ω × (ρ× ω − 2ρt)− ρtt − ωt × ρ = 2ρ
∂E

∂〈ρ, ρ〉
,

Kωt +Kθtt = ∂s
δE

δθs
,

together with the reconstruction equation is

ωs − Ωt = Ω× ω.

In turn, the second step of reduction defines the reduced Lagrangian

l(ρ, ρs, ρt, a, b,Ω, ω) =
1

2
〈ρt + ω × ρ, ρt + ω × ρ〉+

1

2
〈ω, Iω〉

+
1

2
〈ω + b,K(ω + b)〉 − E(Ω, a, 〈ρ, ρ〉),
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whose vertical Lagrange–Poincaré equations;

0 = ρ× (ρtt + 2ω × ρt + ωt × ρ+ 〈ω, ρ〉ω) + (I +K)ωt +Kbt

+ ω × ((I +K)ω +Kb)− ∂s
δE

δΩ
+ Ω×

δE

δΩ
,

Kωt +Kbt = ∂s
δE

δa
,

the horizontal Lagrange–Poincaré equations are;

ω × (ρ× ω − 2ρt)− ρtt − ωt × ρ = 2ρ
∂E

∂〈ρ, ρ〉
,

and reconstruction equation at = bs, which makes this equations equivalent to
the ones in the previous step.
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Lagrange–Poincaré category, arXiv:1912.10763
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principal bundles by a subgroup of the structure group J. Geom. Phys. 74
(2013) 352369.
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